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Abstract

We parameterize solutions to the equality Φ3(x) = Φ3(a1)Φ3(a2) · · ·Φ3(an) when
each Φ3(ai) is prime. Our focus is on the special cases when n = 2, 3, 4, as this
analysis simplifies and extends bounds on the total number of prime factors of an
odd perfect number.

1. Introduction

In this paper we study prime factors of the third cyclotomic polynomial,

Φ3(x) =
x3 − 1

x− 1
= x2 + x+ 1,

with x ≥ 1 an integer. Congruence conditions on the divisors of Φ3(x) are well-

known and elementary. Any prime divisor p satisfies p ≡ 0, 1 (mod 3). We have

that

3 |Φ3(x) if and only if x ≡ 1 (mod 3),

and in this case 32 - Φ3(x). On the other hand, a prime p ≡ 1 (mod 3) is a divisor of

Φ3(x) if and only if x has order 3 modulo p. Similar statements hold for arbitrary

cyclotomic polynomials, and such results often appear in introductory textbooks in

number theory (for example, see Theorem 95 on page 166 of [2]).

For any choice of primes p1, p2, . . . , pn congruent to 1 modulo 3, and any choice

of exponents e1, e2, . . . , en ≥ 1, we can find some integer x ≥ 1 such that peii |Φ3(x)

and pei+1
i - Φ3(x), for each 1 ≤ i ≤ n. If these primes and exponents are chosen

randomly, any corresponding x is expected to be very large, and so we also expect

to find some prime divisor of Φ3(x) not equal to any of the pi’s.
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On the other hand, according to a conjecture of Bunyakovsky, Φ3(x) is prime

for arbitrarily large values of x. It is easy to check, numerically, that indeed this

polynomial is prime quite often. An asymptotic for the number of such primes

(up to a given size) is provided by the Bateman-Horn conjecture. At present, no

univariate polynomial of degree at least two has been proven to have infinitely many

prime values on integer inputs.

This article focuses on the situation when all of the prime factors of Φ3(x) are

of the same form, or in other words

x2 + x+ 1 = (a21 + a1 + 1)(a22 + a2 + 1) · · · (a2n + an + 1)

where each a2i +ai+1 is prime. When n ≥ 2 is fixed, our methods demonstrate that

any such factorization arises from a finite number of parameterizations, where both

an and x are expressed as rational functions evaluated in the variables a1, . . . , an−1.

Controlling the number and size of the prime divisors of Φ3(x) of the same form

is important in applications. For instance, many papers on odd perfect numbers,

especially those involving numerical searches, need such information; see [1, 3, 4].

In particular, the recent work of Zelinsky [5] on this topic is what motivated the

work in this paper. He raised the question of whether it is possible to have what

he termed a triple threat, which is a solution to

Φ3(x) = Φ3(a)Φ3(b)Φ3(c),

with the seven quantities x, a, b, c,Φ3(a),Φ3(b), and Φ3(c) all prime. Our work

shows that this and other similar situations are not possible. Consequently, our

work simplifies the proofs, as well as potentially extends the bounds achieved, in

the paper [5].

2. Factorization in the Eisenstein Integers

The results of this paper depend heavily on knowledge of factorization in the ring

of Eisenstein integers, R = Z[ζ3]. We will review the needed facts here.

First, rather than using the Z-basis {1, ζ3} for R, we will find it more convenient

to use the basis {1, ζ6}. Here, as usual, ζ6 = 1+
√
−3

2 . The norm with respect to this

basis takes the form

N(x+ yζ6) = (x+ yζ6)(x+ yζ6) = x2 + xy + y2.

In particular, N(x + ζ6) = x2 + x + 1. Thus, understanding the integer prime

factorization of x2 + x+ 1 corresponds to understanding the prime factorization of

x+ ζ6 in R. Note that it is well-known that R is a Euclidean domain, and hence a

UFD, so we can freely speak about prime factorizations in R.
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The unit group of R is generated by ζ6. As N(ζ6) = 1, the norm of every unit

of R is 1. For any integer x ≥ 0, the unit multiples of x + ζ6 and of x+ ζ6, when

again written with respect to the basis {1, ζ6}, are as follows:

ζ06 · (x+ ζ6) = x+ ζ6, ζ06 · (x+ ζ6) = (x+ 1)− ζ6,
ζ16 · (x+ ζ6) = −1 + (x+ 1)ζ6, ζ16 · (x+ ζ6) = 1 + xζ6,

ζ26 · (x+ ζ6) = −(x+ 1) + xζ6, ζ26 · (x+ ζ6) = −x+ (x+ 1)ζ6,

ζ36 · (x+ ζ6) = −x− ζ6, ζ36 · (x+ ζ6) = −(x+ 1) + ζ6,

ζ46 · (x+ ζ6) = 1− (x+ 1)ζ6, ζ46 · (x+ ζ6) = −1− xζ6,
ζ56 · (x+ ζ6) = (x+ 1)− xζ6, ζ56 · (x+ ζ6) = x− (x+ 1)ζ6.

If x = 0, then the left column cycles through the units, and the right column repeats

the left column but shifted by two entries. If x = 1, then the left column cycles

through the unit multiples of the ramified prime 1 + ζ6, and the right column again

repeats the left column but shifted by one entry. If x ≥ 2, there are no repetitions

among the twelve entries.

For all twelve entries, if neither of the two coefficients (with respect to the basis

{1, ζ6}) is ±1, then the two coefficients add to ±1. This leads us to the following

fundamental fact.

Lemma 2.1. Given an element m + nζ6 ∈ R, with m,n ∈ Z, the following are

equivalent:

(1) It holds that m = ±1, or n = ±1, or m+ n = ±1.

(2) There exists some (unique) integer x ≥ 0, such that m+nζ6 is a unit multiple

of either x+ ζ6 or its complex conjugate.

Moreover, if we know which of the six cases occurs in (1), and we know the signs

of both m and n, then we can describe x as a linear polynomial in m and n.

Proof. We already observed, looking at the twelve entries above, that (2) implies

(1). Conversely, suppose that (1) holds. When m = 1, then if n ≥ 0 we can take

x = n, while if n < 0 we can take x = −n − 1. The other five cases work out

similarly. Finally, the uniqueness of x comes from the fact that

N(m+ nζ6) = N(x+ ζ6) = x2 + x+ 1,

which is a strictly increasing function of x when x ≥ 0.

The behavior of prime factorization in R is well-known. For our work, we will

only need the following basic facts. Given an integer a ≥ 1, if a2 + a+ 1 is prime in

Z, then it factors into two conjugate primes

a2 + a+ 1 = (a+ ζ6)(a+ ζ−16 ) = ζ−16 (a+ ζ6)(1 + aζ6).
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The prime is repeated only in the case when a = 1; indeed, 3 is the only prime in

Z that ramifies in R.

Suppose now that we have an equality

x2 + x+ 1 =

n∏
i=1

(a2i + ai + 1)

for some integers x, a1, . . . , an ≥ 1, where each a2i +ai +1 is an integer prime. Thus,

we have

ζn6 (x+ ζ6)(x+ ζ6) =

n∏
i=1

(ai + ζ6)(1 + aiζ6),

where the right side is a factorization into primes of R. We then know that x+ ζ6
is (up to a unit) a product of n primes, where exactly one of the two prime factors

of a2i + ai + 1 appears. Of course, x+ ζ6 is the product of the remaining, conjugate

prime factors. There are finitely many possibilities for whether ai + ζ6 or 1 + aiζ6
appears in the factorization of x + ζ6. Running through all of these possibilities,

and using Lemma 2.1, we are able to completely characterize the solutions to this

equality. In the next few sections we will fully demonstrate this process in the cases

when n = 2 and n = 3, and sketch it when n = 4.

3. Two Factors

The solutions to Φ3(x) = Φ3(a)Φ3(b), with both Φ3(a) and Φ3(b) prime, belong to

a single infinite family, as described by the following theorem.

Theorem 3.1. Let x, a, b ≥ 1 be integers satisfying

x2 + x+ 1 = (a2 + a+ 1)(b2 + b+ 1), (3.2)

where a ≤ b and both a2 + a+ 1 and b2 + b+ 1 are primes. Then, up to reordering

the variables, the solutions (a, b, x) belong to the infinite family

(a, a+ 1, (a+ 1)2).

Proof. We know that, up to a unit multiple, x + ζ6 is one of the four quantities:

(a+ ζ6)(b+ ζ6), (a+ ζ6)(1 + bζ6), (1 +aζ6)(b+ ζ6), or (1 +aζ6)(1 + bζ6). Thus, after

passing to the complex conjugate if necessary, we reduce to the first two cases.

Case 1. Suppose (a + ζ6)(b + ζ6) is equal to x + ζ6 or its conjugate, up to a unit.

We compute

(a+ ζ6)(b+ ζ6) = (ab− 1) + (a+ b+ 1)ζ6.
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By Lemma 2.1, we must have ab− 1 = ±1, or a+ b+ 1 = ±1, or ab+ a+ b = ±1.

Since 1 ≤ a ≤ b, the only option not immediately ruled out is when ab − 1 = 1.

Thus, ab = 2, and so a = 1 and b = 2. (Note that Lemma 2.1 asserts that x is

always uniquely determined by a and b, and in this case x = 4.) This is a special

case of the general solution stated in the theorem.

Case 2. Suppose (a+ ζ6)(1 + bζ6) is equal to x+ ζ6 or its conjugate, up to a unit.

We compute

(a+ ζ6)(1 + bζ6) = (a− b) + (ab+ b+ 1)ζ6.

By Lemma 2.1, we must have a−b = ±1, or ab+b+1 = ±1, or ab+a+1 = ±1. Again,

since 1 ≤ a ≤ b, the only option not immediately ruled out is when a − b = −1.

Thus, b = a+ 1, and one can directly check that x = (a+ 1)2 is the unique solution

to Equation (3.2).

Numerical searches suggest that there are indeed infinitely many cases where

Φ3(a) and Φ3(a+1) are simultaneously prime. This also would follow from standard

conjectures in number theory, such as Schinzel’s hypothesis H.

On the other hand, x is never prime in any of these solutions. Thus, as was

already known, there are no “double threats”.

4. Three Factors

The solutions to Φ3(x) = Φ3(a)Φ3(b)Φ3(c), with Φ3(a), Φ3(b), and Φ3(c) simulta-

neously prime, are slightly more complicated, with three sporadic solutions and one

infinite family of solutions. These are described by the following theorem.

Theorem 4.1. Let x, a, b, c ≥ 1 be integers satisfying

x2 + x+ 1 = (a2 + a+ 1)(b2 + b+ 1)(c2 + c+ 1), (4.2)

where a2 + a + 1, b2 + b + 1, and c2 + c + 1 are primes. Then, up to reordering

variables, the solutions (a, b, c, x) are either

• one of the three sporadic solutions (2, 2, 2, 18), (1, 2, 5, 25), (1, 3, 3, 22), or

• belong to the infinite family(
a, b,

ab

a+ b+ 1
,

ab

a+ b+ 1
(ab+ a+ b) + a+ b

)
such that a ≤ b.

Proof. The prime factors of x+ ζ6 are, up to units and up to conjugates and up to

permuting variables, one of two cases: (a+ζ6)(b+ζ6)(c+ζ6) or (a+ζ6)(b+ζ6)(1+cζ6).
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Case 1. We compute

(a+ ζ6)(b+ ζ6)(c+ ζ6) = (abc− a− b− c− 1) + (ab+ ac+ bc+ a+ b+ c)ζ6.

Without loss of generality we may assume 1 ≤ a ≤ b ≤ c. Since x2 + x+ 1 is never

divisible by 9, we also know b ≥ 2. By Lemma 2.1, we have abc−a− b− c−1 = ±1,

or ab+ ac+ bc+ a+ b+ c = ±1, or abc+ ab+ ac+ bc− 1 = ±1. The only options

not immediately ruled out are abc− a− b− c− 1 = ±1.

Case 1a. Suppose abc− a− b− c− 1 = 1. Solving for c, we get c = a+b+2
ab−1 . (Note

that ab − 1 6= 0, since b ≥ 2.) For c to be an integer, we need ab − 1 ≤ a + b + 2.

Solving this inequality in terms of b, we get b ≤ a+3
a−1 (which is valid only when

a 6= 1). As a ≤ b, this means a ≤ a+3
a−1 , or in other words a2 − 2a − 3 ≤ 0. This

means that a ∈ {1, 2, 3}.
First, if a = 3, then b ≤ a+3

a−1 = 3, hence b = 3. But then c = a+b+2
ab−1 = 1, which

contradicts the fact that b ≤ c.
Next, if a = 2, then b ≤ a+3

a−1 = 5, so b ∈ {2, 3, 4, 5}. The only option where

c = a+b+2
ab−1 is an integer at least as big as b is when b = 2 and c = 2. This is the

first listed solution.

Finally, consider when a = 1. Then b ≤ c = b+3
b−1 . Thus, from a computation

above, we have b ∈ {2, 3}. If b = 2 then c = 5, which is the second listed solution.

Finally, if b = 3 then c = 3, which is the third listed solution.

Case 1b. Suppose abc − a − b − c − 1 = −1. Solving for c, we get c = a+b
ab−1 . For

this to be an integer, we need ab− 1 ≤ a+ b. Solving in terms of b, we get b ≤ a+1
a−1

(unless a = 1). As a ≤ b, this yields a ≤ a+1
a−1 , or in other words a2 − 2a − 1 ≤ 0.

Thus a ∈ {1, 2}.
First, if a = 2, then b ≤ 3, and so b ∈ {2, 3}. Neither option gives an integer

value for c that is at least as big as b.

Finally, if a = 1, then c = b+1
b−1 . But since 2 ≤ b ≤ c, this leads to b = 2 and

c = 3. This solution is part of the infinite family (after permuting the variables).

Case 2. We compute

(a+ ζ6)(b+ ζ6)(1 + cζ6) = (ab− ac− bc− c− 1) + (abc+ ac+ bc+ a+ b+ 1)ζ6.

We again apply Lemma 2.1. The right coefficient is not ±1, nor is the sum of the

two coefficients ±1. Thus, the only options are ab − ac − bc − c − 1 = ±1. By

symmetry, we may assume a ≤ b.

Case 2a. Suppose ab− ac− bc− c− 1 = 1. Solving for c, we get c = ab−2
a+b+1 . First,

note that if a = 1 then c = b−2
b+2 , which is never an integer. Thus, we may assume

1 < a ≤ b. For a2 + a + 1 to be prime, we then must have a ≡ 0, 2 (mod 3), and

similarly b ≡ 0, 2 (mod 3). We consider each of these possibilities in turn.
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If both a and b are congruent to 0 modulo 3, then c ≡ 1 (mod 3). In that case,

the only way for c2 + c+ 1 to be prime is if c = 1. Thus, ab−2
a+b+1 = 1. Solving for b

we get b = a+3
a−1 . The only positive integer value of a ≡ 0 (mod 3) that makes b an

integer is a = 3. Hence b = 3, which again gives us the third sporadic solution.

Next, if both a and b are congruent to 2 modulo 3, then c ≡ 1 (mod 3). Thus,

once again we get c = 1 and b = a+3
a−1 . The only positive integer value of a ≡ 2

(mod 3) that makes b a larger integer is when a = 2. Hence b = 5, and this is the

second sporadic solution.

Finally, suppose that a ≡ 0 (mod 3) and b ≡ 2 (mod 3), or vice versa. We find

that the 3-adic valuation of c is negative in this case, so it cannot be an integer.

Case 2b. Suppose ab − ac − bc − c − 1 = −1. Solving for c, we get c = ab
a+b+1 .

Solving for x using Equation (4.2) yields the infinite family.

A computer algebra system (or some elbow grease) can quickly show that the

infinite family does indeed satisfy Equation (4.2). Numerical searches suggest that

there are in fact infinitely many integers a and b, where c = ab
a+b+1 is also an integer,

and simultaneously each of Φ3(a), Φ3(b) and Φ3(c) is prime in Z.

It still remains to fulfil our promise from the introduction, in showing that there

are no “triple threats”.

Proposition 4.3. It is impossible to have Φ3(x) = Φ3(a)Φ3(b)Φ3(c), with each of

the seven numbers x, a, b, c, Φ3(a), Φ3(b), and Φ3(c) simultaneously prime.

Proof. The three sporadic solutions cause no problems, since x is not prime in those

cases. For the infinite family, let us show that c = ab
a+b+1 is never prime when a

and b are. We have c = a
a+b+1b < b. Similarly, c = b

a+b+1a < a. However, the only

prime factors in the numerator of c are a and b. Thus, c cannot be prime.

5. Four (or More) Factors

A significant portion of the proofs of Theorems 3.1 and 4.1 involve nothing more

than case analysis and simple inequalities. These can easily be handled by a modern

computer algebra system, and the results can then, a fortiori, be checked by hand.

For instance, if we are interested in the situation with four factors, then blindly

using Mathematica’s “reduce” routine gives us the following result.

Proposition 5.1. Let x, a, b, c, d ≥ 1 be integers satisfying

x2 + x+ 1 = (a2 + a+ 1)(b2 + b+ 1)(c2 + c+ 1)(d2 + d+ 1),

where the four factors on the right side are each prime. Then, up to reordering the

variables (and suppressing x), the solutions (a, b, c, d) are either
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• one of the two sporadic solutions (2, 2, 2, 17), (2, 2, 3, 6), or

• belong to at least one of the four infinite families(
a, b, c,

abc− a− b− c− 2

ab+ ac+ bc+ a+ b+ c

)
such that a ≤ b ≤ c,

(
a, b, c,

abc− a− b− c
ab+ ac+ bc+ a+ b+ c

)
such that a ≤ b ≤ c,

(
a, b, c,

abc+ ab+ a+ b− c− 1

ac+ bc− ab+ c+ 1

)
such that a ≤ b and a ≤ c, or

(
a, b, c,

abc+ ab+ a+ b− c+ 1

ac+ bc− ab+ c+ 1

)
such that a ≤ b and a ≤ c.

The case when one of the entries of the quadruple (a, b, c, d) equals 1 is important

for applications in [5]. Mathematica tells us (and it is easy to verify) that there are

only finitely such tuples, namely (up to rearranging the entries) the following eight:

(1, 2, 2, 5), (1, 2, 2, 6), (1, 2, 3, 15), (1, 2, 3, 17),

(1, 2, 5, 24), (1, 2, 6, 14), (1, 2, 6, 15), (1, 3, 3, 21).

We note that the only tuple in this list without an even entry is (1, 3, 3, 21), and in

that case x = 484, which is even.

Numerical searches suggest that there exist infinitely many quadruples (a, b, c, d)

in each of the four infinite families such that Φ3(a), Φ3(b), Φ3(c), and Φ3(d) are

simultaneously prime. We might ask if there exists a “quadruple threat”, where

additionally a, b, c, d, and (the corresponding) x are also prime. The answer is yes;

namely, (2, 3, 3, 5), which has the corresponding x value of 191. This is the unique

example when any of the primes is even.

The paper [5] is mainly concerned about odd tuples. Notice that if we make

this additional restriction, then both the third family and the fourth family are

disqualified; we see that d must be even if a, b, and c are odd, in those families.

The second family is also disqualified for the following reason. First, we can check

that there are only finitely many solutions where one of the entries is 3, and none of

those solutions pans out. This forces the congruence conditions a, b, c ≡ 2 (mod 3),

in order for Φ3(a), Φ3(b), and Φ3(c) to be prime. In that case, d has a negative

3-adic valuation, so it is not an integer.

Perhaps surprisingly, the first infinite family is not disqualified, and a directed

search finds that taking x to be the seventy-seven digit integer

919390848087321062672763471326382268635

79171653778358025126018412980773335493
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we have the odd quadruple threat

Φ3(x) = Φ3(39640921169)Φ3(39640924811)Φ3(431466989439524477)

Φ3(135601684951723299939542158557248883821).

(The nine quantities were verified to be prime by using Mathematica’s “Prov-

ablePrimeQ” routine.) This was the only odd quadruple threat we found, but we

expect that there are infinitely many more examples, and possibly some of smaller

size.

A brief computer search shows that if any number x gives rise to an odd quadruple

threat, then the smallest prime factor of Φ3(x) is bigger than 1013; this bound could

easily be improved with further computations.
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