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Abstract

The constant CA(n) is defined to be the smallest natural number k such that any
sequence of k elements in Zn has a subsequence of consecutive terms whose A-
weighted sum is zero, where the weight set A ⊆ Zn \ {0}. If CA(n) = k, then a
sequence in Zn of length k − 1 which has no A-weighted zero-sum subsequence of
consecutive terms is called an A-extremal sequence. We characterize these sequences
for some particular weight sets.

1. Introduction

We begin with a very general setup. However, we will soon specialize to the group

Zn, which we will regard as a Zn-module. Throughout Section 1, R will be a

commutative ring with unity and A will be a non-empty subset of R.

Definition 1. Let M be an R-module and let A ⊆ R. For any k ≥ 1, a sequence

S = (x1, . . . , xk) in M is called an A-weighted zero-sum sequence if for 1 ≤ i ≤ k,

there exists ai ∈ A such that a1x1 + · · ·+ akxk = 0.

When A = {1}, an A-weighted zero-sum sequence is called a zero-sum sequence.

1Funded by CSIR, Govt. of India.
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Definition 2. For a finite R-module M and for a subset A ⊆ R, the A-weighted

Davenport constant of M denoted by DA(M) is defined to be the least positive

integer k such that any sequence in M of length k has an A-weighted zero-sum

subsequence.

This constant was introduced in [1] for finite abelian groups. It was earlier

introduced in [4] for finite cyclic groups, following a similar generalization in [2].

The following related constant was introduced in [7].

Definition 3. For a finite R-module M and for a subset A ⊆ R, we define the

constant CA(M) to be the least positive integer k such that any sequence in M of

length k has an A-weighted zero-sum subsequence of consecutive terms.

For any A ⊆ R, we have DA(M) ≤ CA(M) ≤ C{1}(M). The next result shows

that for a finite R-module M , we have C{1}(M) ≤ |M |. This argument which uses

the pigeonhole principle is well-known (see [1] and [7], for instance).

Theorem 1. Let M be a finite R-module with |M | = n and let S = (x1, . . . , xn)

be a sequence in M of length n. Then there exists 1 ≤ i ≤ j ≤ n such that

xi + xi+1 + · · ·+ xj = 0.

Proof. Let S = (x1, . . . , xn) be a sequence in M . For 1 ≤ i ≤ n, let yi = x1 + x2 +

· · · + xi. If there exists i such that yi = 0, we are done. If yi 6= 0 for all i, then

there exists i < j such that yi = yj and so xi+1 + xi+2 + · · ·+ xj = yj − yi = 0.

Definition 4. Let A ⊆ R and let k = CA(M). Suppose k ≥ 2. Then there exists

a sequence S in M of length k − 1 which has no A-weighted zero-sum subsequence

of consecutive terms. We will call such a sequence an A-extremal sequence.

We consider the ring Zn as a module over itself and for A ⊆ Zn, we let CA(n)

denote CA(Zn). We observe that when n ≥ 2 and 0 /∈ A, we have CA(n) ≥ 2. In this

paper we study the A-extremal sequences for the Zn-module Zn. Such sequences

were studied in [3] in the context of the weighted Davenport constant.

Remark 1. If we permute the terms of an A-extremal sequence, then we may not

get an A-extremal sequence. For example, the sequence S = (2, 1, 2) in Z4 does not

have any A-weighted zero-sum subsequence of consecutive terms where A = {1,−1}.
Also, from Corollary 3 of [7] we have CA(4) = 4 and so S is an A-extremal sequence.

Clearly (1, 2, 2) is not an A-extremal sequence in Z4.

Let A = {1}. In Corollary 1 of [7] it was shown that CA(n) = n. The next

theorem characterizes the A-extremal sequences in Zn.

Theorem 2. Let A = {1} and let S = (x1, . . . , xn−1) be a sequence in Zn. For

1 ≤ i ≤ n− 1, let yi = x1 + · · ·+ xi. Then S is an A-extremal sequence if and only

if the set { yi : 1 ≤ i ≤ n− 1 } is the same as Zn \ {0}.
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Proof. Let A = {1} and let S = (x1, . . . , xn−1) be a sequence in Zn. As CA(n) = n,

it follows that S will be a A-extremal sequence if and only if S does not have any

zero-sum subsequence of consecutive terms. Let i and j be such that 1 ≤ i < j ≤
n− 1. Then we have yi = yj if and only if xi+1 + · · ·+ xj = 0. As a result, the set

{ yi : 1 ≤ i ≤ n− 1 } has n− 1 elements.

Remark 2. For A = {1}, to construct an A-extremal sequence in Zn, we can

choose x1 ∈ Zn \ {0} in n − 1 ways. Given x1, we can choose x2 in n − 2 ways so

that y2 ∈ Zn \ {0, y1}. For 3 ≤ i ≤ n− 1, given x1, x2, . . . , xi−1, we can choose xi

in n− i ways so that yi ∈ Zn \ {0, y1, . . . , yi−1}. So there are (n− 1)! sequences in

Zn which are A-extremal sequences.

In Theorem 2 of [7] it was shown that for A = Zn \ {0}, we have CA(n) = 2.

Theorem 3. For A = Zn\{0}, a sequence (x) of length 1 is an A-extremal sequence

if and only if x is a unit.

Proof. We observe that a sequence (x) of length 1 is an A-weighted zero-sum se-

quence if and only if x is a zero-divisor.

Let U(n) denote the multiplicative group of units in the ring Zn. For j ≥ 1, let

U(n)j denote the set {xj | x ∈ U(n) }. If n = p1p2 . . . pk where pi is a prime for

1 ≤ i ≤ k, then we define Ω(n) = k.

Remark 3. When p is a prime, Theorem 3 characterizes the U(p)-extremal se-

quences in Zp.

In this article, we characterize the A-extremal sequences in Zn for the following

weight sets:

• A = U(p)2 where p is a prime;

• A = U(p)3 where p is a prime;

• A = U(n) where n is odd;

• A = U(n)2 where every prime divisor of n is at least 7;

• A = U(n)3 where n is squarefree and is not divisible by 2, 7 or 13.

2. The Case When A = U(p)2 Where p Is a Prime

When A = U(2)j where j ≥ 1, Theorem 3 characterizes the A-extremal sequences

in Z2, since for any j ≥ 1, we have U(2)j = U(2).
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Theorem 4. Let F be a field and let A be a subgroup of F ∗ := F \{0}. A sequence

S = (x, y) in F ∗ has an A-weighted zero-sum subsequence if and only if S is an

A-weighted zero-sum sequence if and only if x and −y are in the same coset of A.

Proof. Let S = (x, y) be a sequence in F ∗. Observe that x and −y are in the same

coset of A if and only if there exists c ∈ A such that x = −cy. This is if and only

if there exists c ∈ A such that x + cy = 0, which happens if and only if there exists

a, b ∈ A such that ax + by = 0.

Corollary 1. Let F be a field and let A be a subgroup of F ∗. A sequence S = (x, y)

in F does not have an A-weighted zero-sum subsequence if and only if x, y ∈ F ∗

and x,−y are in different cosets of A in F ∗.

For an odd prime p we denote U(p)2 by Qp. In Theorem 4 of [7] it was shown

that when A = Qp where p is a prime, we have CA(2) = 2 and CA(p) = 3 when

p 6= 2.

Corollary 2. Let A = Qp where p is an odd prime. Let S = (x, y) be a sequence

in Zp. Then S is an A-extremal sequence in Zp if and only if x, y ∈ U(p) and x,−y
are in different cosets of A in U(p).

Proof. This follows from Corollary 1 by considering the field Zp and the subgroup

Qp of Z∗p.

3. The Case When A = U(p)3 Where p Is a Prime

Let p be a prime. In Section 3 of [7], it was shown that when p 6≡ 1 (mod 3) we

have U(p)3 = U(p). In Theorem 7 and Lemma 2 of [7], it was shown that when

p ≡ 1 (mod 3), we have CA(p) = 3 when p 6= 7 and CA(7) = 4.

When p 6≡ 1 (mod 3) we have A = Zp \ {0}, and so Theorem 3 characterizes

the A-extremal sequences in Zp. The next two results characterize the A-extremal

sequences in Zp when p ≡ 1 (mod 3).

Corollary 3. Let A = U(p)3 where p is a prime such that p ≡ 1 (mod 3) and p 6= 7.

Let S = (x, y) be a sequence in Zp. Then S is an A-extremal sequence in Zp if and

only if x, y ∈ U(p) and x,−y are in different cosets of A in U(p).

Proof. Let S = (x, y) be a sequence in Zp. As CA(p) = 3, it follows that S is an A-

extremal sequence in Zp if and only if S has no A-weighted zero-sum subsequence.

Now from Corollary 1, upon considering Zp as a field, the result follows.

The following definition is similar to a definition which was made in [3].
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Definition 5. Let S = (x1, . . . , xk) and T = (y1, . . . , yk) be two sequences in Zn

and let A be a subgroup of U(n). We say that S is A-equivalent to T if there exists

c ∈ U(n) and if for 1 ≤ i ≤ k there exists ai ∈ A such that cyi = aixi.

Observe that if S is an A-weighted zero-sum sequence, then so is any sequence

which is A-equivalent to S. Thus, if S is an A-extremal sequence, then so is any

sequence which is A-equivalent to S.

Proposition 1. Let A = U(7)3. Then S is an A-extremal sequence in Z7 if and

only if S is A-equivalent to (1, 3, 1).

Proof. Let S be a sequence in Z7. Suppose S is an A-extremal sequence. As

CA(7) = 4, it follows that S has length 3. As S has no A-weighted zero-sum

subsequence of consecutive terms, all terms of S are non-zero. Thus, the terms of

S are in the set {±1,±2,±3}. As A = {1,−1}, no two consecutive terms of S can

be equal up to sign and S cannot be A-equivalent to (1, 2, 1) or to any permutation

of (1, 2, 3). By multiplying by a unit, we see that S is A-equivalent to a sequence

whose first term is 1. Hence, S has to be A-equivalent to a sequence of the form

(1, 3, 1).

Conversely, as A = {1,−1}, it is easy to see that any sequence which is A-

equivalent to (1, 3, 1) is an A-extremal sequence as this sequence does not have any

A-weighted zero-sum subsequence of consecutive terms.

Remark 4. Theorem 3, Corollary 3 and Proposition 1 together characterize the

U(p)3-extremal sequences in Zp when p is a prime.

4. The Case When A = U(n)

Let m be a divisor of n. We will refer to the homomorphism ϕ : Zn → Zm given by

a + nZ 7→ a + mZ as the natural map.

We use the notation pr || n to mean pr | n and pr+1 - n. For a prime divisor p

of n where pr || n, let Ap = U(pr) and let S(p) denote the sequence in Zpr which is

the image of S under the natural map Zn → Zpr . The following was pointed out in

Observation 2.2 in [6]. We restate it here using our notation.

Observation 1 ([6]). Let A = U(n) and let S be a sequence in Zn. Then S is an

A-weighted zero-sum sequence in Zn if and only if for every prime divisor p of n,

S(p) is an Ap-weighted zero-sum sequence in Zpr where pr || n.

In fact we have the following more general result whose proof is similar to the

proof of the previous result. Using the notations as in the second paragraph of this

section, we define Aj
p = {xj : x ∈ Ap }.
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Observation 2. Let A = U(n)j where j ≥ 1 and let S be a sequence in Zn. Then

S is an A-weighted zero-sum sequence in Zn if and only if for every prime divisor p

of n, we have S(p) is an Aj
p-weighted zero-sum sequence in Zpr where pr || n.

The following result is Lemma 5 in [7].

Lemma 1 ([7]). Let S be a sequence in Zn and let p be a prime divisor of n which

divides every element of S. Let n′ = n/p, A = U(n) and A′ = U(n′). Then S is an

A-weighted zero-sum sequence if S′ is an A′-weighted zero-sum sequence, where S′

is the sequence in Zn′ whose terms are obtained by dividing the terms of S by p.

The following result is Lemma 2.1 (ii) in [6] which we restate here using our

terminology.

Lemma 2 ([6]). Let A = U(pr) where p is an odd prime and r ≥ 1. If a sequence

S over Zpr has at least two terms coprime to p, then S is an A-weighted zero-sum

sequence.

In Corollary 4 of [7] it was shown that for A = U(n) where n is odd we have

CA(n) = 2Ω(n). In the next theorem we give a method to construct A-extremal

sequences in Zn.

Theorem 5. Let A = U(n) where n is odd, let p be a prime divisor of n, n′ = n/p

and A′ = U(n′). Then S = (p u1, . . . , p uk, x
∗, p v1, . . . , p vk) is an A-extremal

sequence in Zn where S′1 = (u1, . . . , uk) and S′2 = (v1, . . . , vk) are A′-extremal

sequences in Zn′ , and x∗ ∈ Zn is an element which is not divisible by p.

Proof. As n′ is odd, CA′(n′) = 2Ω(n′). As S′1 is an A′-extremal sequence in Zn′ of

length k, it follows that k = 2Ω(n′) − 1. Let S be defined as in the statement of

the theorem. We claim that S does not have any A-weighted zero-sum subsequence

of consecutive terms. Suppose our claim is false. Let T be an A-weighted zero-

sum subsequence of consecutive terms of S. Define sequences S1 and S2 in Zn as

S1 = (p u1, . . . , p uk) and S2 = (p v1, . . . , p vk).

Suppose x∗ is not a term of T . Hence, T is a subsequence of either S1 or S2. Let

T ′ be the sequence in Zn′ whose terms are obtained by dividing the terms of T by

p. The image of A under the natural map Zn → Zn′ is contained in A′. As a result,

by dividing the A-weighted zero-sum which is obtained from T by p, we will get

the contradiction that either S′1 or S′2 has an A′-weighted zero-sum subsequence of

consecutive terms, namely T ′.

So x∗ is a term of T . Now considering the A-weighted zero-sum which is obtained

from T , we see that a multiple of p is a unit multiple of x∗. This gives the contradic-

tion that x∗ is divisible by p. Thus our claim is true. As n is odd, CA(n) = 2Ω(n).

Also as S is a sequence of length 2k+1 = 2Ω(n)−1 in Zn, hence S is an A-extremal

sequence in Zn.
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Let us consider an example to see how we can use Theorem 5 to construct A-

extremal sequences. By Theorem 3 we have the U(5)-extremal sequences (2) and

(4) in Z5. Now by Theorem 5 we get the U(25)-extremal sequences (10, 4, 20) and

(10, 21, 20) in Z25. Repeating this process gives us the U(75)-extremal sequence

(30, 12, 60, 38, 30, 63, 60) in Z75.

Lemma 3. Let A = U(n) where n is odd, ` = 2Ω(n) − 1 and let q be a prime

divisor of n. Then a sequence S in Zn has an A-weighted zero-sum subsequence of

consecutive terms if S has a subsequence T of consecutive terms of length at least

(` + 1)/2, such that each term of T is divisible by q.

Proof. Let n′ = n/q and let A′ = U(n′). As ` = 2Ω(n)−1, it follows that (`+1)/2 =

2Ω(n)−1 and hence T has length at least 2Ω(n′). Let T ′ denote the sequence in

Zn′ whose terms are obtained by dividing the terms of T by q. As n is odd, we

have n′ is odd. Now as T ′ is a sequence of length at least 2Ω(n′) in Zn′ and as

CA′(n′) = 2Ω(n′), it follows that T ′ has an A′-weighted zero-sum subsequence of

consecutive terms. Now by Lemma 1 we see that T has an A-weighted zero-sum

subsequence of consecutive terms. As T is a subsequence of consecutive terms of S,

it follows that S has an A-weighted zero-sum subsequence of consecutive terms.

Corollary 4. Let A = U(n) where n is odd. Suppose S is an A-extremal sequence

in Zn and q is a prime divisor of n. Then q is coprime to at least one term of S.

Proof. As S is an A-extremal sequence in Zn, if S has length ` then ` = 2Ω(n) − 1.

Suppose no term of S is coprime to q. As ` is at least (` + 1)/2, by Lemma 3

we see that S has an A-weighted zero-sum subsequence of consecutive terms. This

contradicts our assumption. Hence, at least one term of S is coprime to q.

Theorem 6 shows that the method in Theorem 5 is the only way to obtain A-

extremal sequences in Zn when n is odd.

Theorem 6. Let A = U(n) where n is odd. Suppose S = (x1, . . . , x`) is an A-

extremal sequence in Zn. Then there is a prime divisor p of n such that p divides

all the terms of S except the ‘middle’ term xk+1 where k+1 = (`+1)/2. Moreover,

if S1 = (x1, . . . , xk), S2 = (xk+2, . . . , x`), n′ = n/p and A′ = U(n′), then S′1 and

S′2 are A′-extremal sequences in Zn′ where S′1 and S′2 denote the sequences in Zn′

which are obtained by dividing the terms of S1 and S2 by p.

Proof. As S is an A-extremal sequence in Zn, it follows that ` = 2Ω(n)−1. Suppose

for every prime divisor q of n, there are at least two terms of S which are not

divisible by q. Let q be a prime divisor of n and let qr || n. As n is odd, q is

odd. Let S(q) be defined as at the beginning of this section. As the sequence S(q)

contains at least two units, by Lemma 2 we see that S(q) is an Aq-weighted zero-

sum sequence where Aq = U(qr). As this is true for every prime divisor q of n, by
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Observation 1 we see that S is an A-weighted zero-sum sequence. This contradicts

our assumption about S. Thus, there is a prime divisor p of n such that at most

one term of S is not divisible by p. Now by Corollary 4 we see that there is exactly

one term of S, say x∗, which is not divisible by p.

Suppose x∗ 6= xk+1 where k + 1 = (` + 1)/2. Thus, there is a subsequence T of

consecutive terms of S of length at least k + 1 such that p divides every term of T .

As T has length at least (` + 1)/2, by Lemma 3 we see that S has an A-weighted

zero-sum subsequence of consecutive terms. This contradicts our assumption about

S. As a result, x∗ = xk+1.

Let n′ = n/p and for i = 1, 2, let Si and S′i be defined as in the statement of the

theorem. If S′1 has an A′-weighted zero-sum subsequence of consecutive terms, then

by Lemma 1 we see that S1 has an A-weighted zero-sum subsequence of consecutive

terms. As S1 is a subsequence of consecutive terms of S, it follows that S has

an A-weighted zero-sum subsequence of consecutive terms. This contradicts our

assumption about S. Now as k + 1 = (` + 1)/2 = 2Ω(n)−1, it follows that S′1
has length 2Ω(n′) − 1 and hence S′1 is an A′-extremal sequence in Zn′ . A similar

argument shows that S′2 is also an A′-extremal sequence in Zn′ .

Remark 5. Theorems 5 and 6 together characterize the U(n)-extremal sequences

in Zn where n is odd.

Proposition 2. Let A = U(n) where n is an odd integer and let n = p1p2 be a

product of two primes which are not necessarily distinct. Then S is an A-extremal

sequence in Zn if and only if S is of the form (b1q1, a1, b2q1) where q1 - a1, q2 - b1b2

and q1, q2 is a permutation of p1, p2.

Proof. Suppose S is an A-extremal sequence in Zn. As Ω(n) = 2, it follows that S

has length 2Ω(n) − 1 = 3. Let S be the sequence (x1, x2, x3). By Theorem 6 there

is a prime q1 ∈ {p1, p2} such that x2 is the only term of S which is coprime to q1.

Let n′ = n/q1, x′1 = x1/q1, x′3 = x3/q1 and A′ = U(n′). Again by Theorem 6 we

get that the sequences (x′1) and (x′3) are A′-extremal sequences in Zn′ . As n′ is a

prime, say q2, it follows that x′1, x
′
3 ∈ U(q2). Thus, S is of the form (b1q1, a1, b2q1)

where q1 - a1 and q2 - b1b2 and where q1, q2 is a permutation of p1, p2. The converse

of this statement follows from Theorem 5.

By a similar argument using Theorem 6 as in the previous proof, we get the next

result.

Proposition 3. Let A = U(n) where n is an odd integer and let n = p1p2p3 be a

product of three primes which are not necessarily distinct. Then S is an A-extremal

sequence in Zn if and only if S has one of the following two possible forms. In

these two sequences q1, q2, q3 is a permutation of p1, p2, p3 and for all i we have

ai, bi, ci ∈ Zn.
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Type (1): (a1q1q2, b1q1, a2q1q2, c1, a3q1q2, b2q1, a4q1q2) where q1 - c1, q2 - b1b2 and

q3 - a1a2a3a4

Type (2): (a1q1q2, b1q1, a2q1q2, c1, b2q1q3, a3q1, b3q1q3) where q1 - c1, q2 - b1b2b3

and q3 - a1a2a3

5. The Case When A = U(n)2

We need the following result which is Lemma 1 in [5].

Lemma 4 ([5]). Let A = U(n)2 where n = pr and p ≥ 7 is a prime. Let x1, x2, x3 ∈
U(n). Then we have Ax1 + Ax2 + Ax3 = Zn.

The next result is Lemma 7 of [7] which is an easy consequence of Lemma 4.

Corollary 5 ([7]). Let A = U(n)2 where n = pr and p ≥ 7 is a prime. Then a

sequence S in Zn is an A-weighted zero-sum sequence if at least three terms of S

are in U(n).

Remark 6. The conclusion of Corollary 5 may not hold when p < 7. The sequence

(1, 1, 1) in Zn is not a U(n)2-weighted zero-sum sequence when n = 2, 5. The

sequence (1, 2, 1) in Z3 is not a U(3)2-weighted zero-sum sequence.

The next result is in Lemma 5 of [7].

Lemma 5 ([7]). Let S be a sequence in Zn and let p be a prime divisor of n which

divides every element of S. Let n′ = n/p, A = U(n)2 and A′ = U(n′)2. Then S is

an A-weighted zero-sum sequence if S′ is an A′-weighted zero-sum sequence, where

S′ is the sequence in Zn′ whose terms are obtained by dividing the terms of S by p.

In Corollary 6 of [7] it was shown that for A = U(n)2 where every prime divisor

of n is at least 7, we have CA(n) = 3Ω(n). We now give a method to construct

A-extremal sequences in Zn.

Theorem 7. Let A = U(n)2 where every prime divisor of n is at least 7, and let

p be a prime divisor of n. Let n′ = n/p and A′ = U(n′)2. Then the sequence

S = (p u1, . . . , p uk, x
∗, p v1, . . . , p vk, x

∗∗, p w1, . . . , p wk) is an A-extremal se-

quence in Zn where S′1 = (u1, . . . , uk), S′2 = (v1, . . . , vk) and S′3 = (w1, . . . , wk)

are A′-extremal sequences in Zn′ and x∗, x∗∗ ∈ Zn are such that the image of the

sequence (x∗, x∗∗) under the natural map Zn → Zp does not have any Qp-weighted

zero-sum subsequence.

Proof. Since S′1 is an A′-extremal sequence of length k in Zn′ , so k = 3Ω(n′)−1. Let

S be defined as in the statement of the theorem. We claim that S does not have any
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A-weighted zero-sum subsequence of consecutive terms. Suppose our claim is false.

Let T be an A-weighted zero-sum subsequence of consecutive terms of S. Define

sequences S1, S2 and S3 in Zn as S1 = (p u1, . . . , p uk), S2 = (p v1, . . . , p vk),

S3 = (pw1, . . . , p wk).

The image of A under the natural map Zn → Zn′ is contained in A′. So if T is a

subsequence of either S1, S2 or S3, then as we have seen in the second paragraph of

the proof of Theorem 5, we will get the contradiction that either S′1, S′2 or S′3 has

an A′-weighted zero-sum subsequence of consecutive terms. So T ∩ {x∗, x∗∗} 6= ∅.

Now considering the A-weighted zero-sum which is obtained from T , we see that an

A-weighted linear combination of a subsequence of (x∗, x∗∗) is a multiple of p.

The image of A under the natural map Zn → Zp is contained in Qp. So we

get a contradiction that the image of the sequence (x∗, x∗∗) under the natural map

Zn → Zp has a Qp-weighted zero-sum subsequence. Thus our claim is true. Now

S is a sequence of length 3k + 2 = 3Ω(n) − 1 in Zn. Hence, S is an A-extremal

sequence in Zn.

We can use Theorem 7 to construct A-extremal sequences in Zn. For example,

from Corollary 2 we get the U(7)2-extremal sequences (4, 1), (3, 3), (2, 1) and (1, 1)

in Z7. Now by using these we get (28, 7, 15, 21, 21, 36, 14, 7) which is a U(49)2-

extremal sequence in Z49.

Theorems 8 and 9 will show us that the method in Theorem 7 is the only way to

obtain A-extremal sequences in Zn when any prime divisor of n is at least 7. We

shall need the following lemma.

Lemma 6. Let A = U(n)2 where every prime divisor of n is at least 7, ` = 3Ω(n)−1

and let q be a prime divisor of n. Then a sequence S in Zn has an A-weighted zero-

sum subsequence of consecutive terms if S has a subsequence T of consecutive terms

whose length is at least (` + 1)/3, such that each term of T is divisible by q.

Proof. Let n′ = n/q and let T ′ denote the sequence in Zn′ whose terms are obtained

by dividing the terms of T by q. As T is a sequence of length at least (` + 1)/3 in

Zn, it follows that T ′ is a sequence of length at least 3Ω(n′) in Zn′ . Also, as every

prime divisor of n′ is at least 7 and as CA′(n′) = 3Ω(n′), it follows that T ′ has an

A′-weighted zero-sum subsequence of consecutive terms where A′ = U(n′)2. Now

by Lemma 5 we see that T has an A-weighted zero-sum subsequence of consecutive

terms. As T is a subsequence of consecutive terms of S, it follows that S has an

A-weighted zero-sum subsequence of consecutive terms.

Corollary 6. Let A = U(n)2 where every prime divisor of n is at least 7. Suppose

S is an A-extremal sequence in Zn. Then for any prime divisor q of n, we have

that q is coprime to at least two terms of S.

Proof. As S is an A-extremal sequence in Zn, so ` = 3Ω(n) − 1 if S has length `.

Suppose there is a prime divisor q of n such that at most one term of S is coprime
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to q. Then we get a subsequence, say T , of consecutive terms of S of length at least

(` + 1)/3 such that each term of T is divisible by q. Now by Lemma 6 we see that

S has an A-weighted zero-sum subsequence of consecutive terms. This contradicts

our assumption about S. Hence, at least two terms of S are coprime to q.

Theorem 8. Let A = U(n)2 where any prime divisor of n is at least 7. Suppose

S = (x1, . . . , x`) is an A-extremal sequence in Zn. Then there is a prime divisor

p of n such that p divides all the terms of S except the terms xk+1 and x2(k+1)

where k + 1 = (` + 1)/3. Moreover, if S1 = (x1, . . . , xk), S2 = (xk+2, . . . , x2k+1),

S3 = (x2k+3, . . . , x`), n′ = n/p and A′ = U(n′)2, then S′1, S′2 and S′3 are A′-

extremal sequences in Zn′ where S′1, S′2 and S′3 denote the sequences in Z′n which

are obtained by dividing the terms of S1, S2 and S3 by p.

Proof. As S is an A-extremal sequence in Zn, we have ` = 3Ω(n) − 1. Suppose for

any prime divisor q of n there are at least three terms of S which are not divisible

by q. Let q be a prime divisor of n, qr || n and let Aq = U(qr). Thus S(q) has at

least three units where S(q) is as defined before Observation 1. By Corollary 5 as q

is at least 7, it follows that S(q) is an A2
q-weighted zero-sum sequence in Zqr .

As this is true for every prime divisor q of n, by Observation 2 we see that S is

an A-weighted zero-sum sequence. This contradicts our assumption about S. So

we see that there is a prime divisor p of n such that at most two terms of S are not

divisible by p. Now by using Corollary 6 we see that exactly two terms of S, say x∗

and x∗∗, are not divisible by p.

Let us assume that x∗ occurs before x∗∗ in S. Suppose x∗ 6= xk+1 or x∗∗ 6= x2(k+1)

where k + 1 = (`+ 1)/3. Hence, there is a subsequence T of consecutive terms of S

of length at least k + 1 such that p divides every term of T . As every prime divisor

of n is at least 7 and as T has length at least (` + 1)/3, by Lemma 6 we see that

S has an A-weighted zero-sum subsequence of consecutive terms. This contradicts

our assumption about S. Thus x∗ = xk+1 and x∗∗ = x2(k+1).

Let n′ = n/p and for 1 ≤ i ≤ 3, let Si and S′i be defined as in the statement of the

theorem. If S′1 has an A′-weighted zero-sum subsequence of consecutive terms, then

by Lemma 5 we see that S1 has an A-weighted zero-sum subsequence of consecutive

terms. As S1 is a subsequence of consecutive terms of S, it follows that S has

an A-weighted zero-sum subsequence of consecutive terms. This contradicts our

assumption about S.

As k + 1 = (` + 1)/3 and as ` + 1 = 3Ω(n), it follows that k + 1 = 3Ω(n′). Hence,

as S′1 has length k, it follows that S′1 has to be an A′-extremal sequence in Zn′ .

Similar arguments show that S′2 and S′3 are also A′-extremal sequences in Zn′ .

Lemma 7. Let m be a divisor of n and let b ∈ U(m). Then there exists a ∈ U(n)

such that a maps to b under the natural map Zn → Zm. If b ∈ U(m)2, then there

exists a ∈ U(n)2 such that a maps to b under the natural map Zn → Zm.
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Proof. Let Z+ = {i ∈ Z : i > 0}. As b is coprime to m, by Dirichlet’s theorem

(see [8], for instance) there are infinitely many primes in the arithmetic progression

{ b + im : i ∈ Z+ }. As only finitely many of these primes will divide n, we see

that there exists i ∈ Z+ such that a = b + im ∈ U(n). Also a maps to b under the

natural map Zn → Zm. The proof when b ∈ U(m)2 now follows from this.

Theorem 9. We continue with the notations which were used in the statement and

proof of Theorem 8. Then the image of the sequence (x∗, x∗∗) under the natural

map Zn → Zp is a Qp-extremal sequence in Zp.

Proof. If n = p, then S is a Qp-extremal sequence in Zp. So we can assume that

n is not a prime. Suppose the image of the sequence (x∗, x∗∗) under the natural

map Zn → Zp is a Qp-weighted zero-sum sequence. Hence, by Lemma 7 there exist

a, b ∈ U(n)2 such that ax∗ + bx∗∗ ∈ Zn maps to 0 ∈ Zp under the natural map

Zn → Zp. Thus p divides y = ax∗ + bx∗∗ in Zn. Let T be the sequence which is

obtained by removing the terms x∗ and x∗∗ from S and by adding the term y at

the end of S. Now by using Theorem 8 we see that p divides all the terms of T .

Let n′ = n/p and let A′ = U(n′)2. Consider the sequence T ′ in Zn′ whose terms

are obtained by dividing the terms of T by p. Let q be a prime divisor of n′. As S′1
is an A′-extremal sequence in Zn′ and as every prime divisor of n′ is at least 7, by

Corollary 6 at least two terms of S′1 are coprime to q. Similarly, at least two terms of

S′2 are coprime to q. Hence, T ′ has at least 4 terms which are coprime to q. As this

is true for any prime divisor q of n′, by the same argument as in the first paragraph

of the proof of Theorem 8 we see that T ′ is an A′-weighted zero-sum sequence in

Zn′ . Now by Lemma 5 we see that T is an A-weighted zero-sum sequence in Zn.

As T is a concatenation of the sequences S1, S2, S3 and (y), and as a, b ∈ A,

it follows that S is an A-weighted zero-sum sequence in Zn. This contradicts our

assumption about S. Thus, the image of the sequence (x∗, x∗∗) under the natural

map Zn → Zp cannot be a Qp-weighted zero-sum sequence in Zp. As CQp
(p) = 3

for p > 2, it follows that the image of this sequence is a Qp-extremal sequence in

Zp.

Remark 7. Theorems 7, 8 and 9 together characterize the U(n)2-extremal se-

quences in Zn where any prime divisor of n is at least 7.

We conclude this section with the following results about these sequences.

Proposition 4. Using the notation of Theorem 8, we have that p is the unique

prime divisor of n such that p is coprime to exactly two terms of S, and any other

prime divisor q of n is coprime to at least three terms of S.

Proof. By Theorem 8 we know that p is coprime to exactly two terms of S. Let q

be a prime divisor of n other than p. By Corollary 6 we see that q has to be coprime

to at least two terms of S. We claim that q cannot be coprime to exactly two terms
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of S. Suppose our claim is false. As a result, by a similar argument as in the second

paragraph of the proof of Theorem 8 we see that those two terms have to be x∗ and

x∗∗. So q divides all the terms of S1. As q 6= p, this implies that q divides all the

terms of S′1. However, as q is a divisor of n′ and as S′1 is an A′-extremal sequence,

by Corollary 6 we see that q has to be coprime to at least two terms of S′1. Thus

we get a contradiction. Hence, our claim must be true.

Proposition 5. Let A = U(n)2 where n = p1p2 is a product of two not necessarily

distinct primes which are at least 7. Then a sequence S in Zn is an A-extremal

sequence if and only if S is of the form (b1q1, b2q1, a1, b3q1, b4q1, a2, b5q1, b6q1)

where q1, q2 is a permutation of p1, p2, the sequence (bi, bi+1) is a Qq
2
- extremal

sequence in Zq
2

for i = 1, 3, 5 and the image of the sequence (a1, a2) under the

natural map Zn → Zq
1

is a Qq
1
- extremal sequence in Zq

1
.

Proof. As S is an A-extremal sequence in Zn, it has length 8. Let S be the sequence

(x1, . . . , x8). By Theorem 8 there is a prime q1 ∈ {p1, p2} such that x3, x6 are the

only terms of S which are coprime to q1. Let n′ = n/q1, A′ = U(n′)2 and let

S′1 = (x1/q1, x2/q1), S′2 = (x4/q1, x5/q1), S′3 = (x7/q1, x8/q1).

By Theorem 8 we get that S′1, S′2 and S′3 are A′-extremal sequences in Zn′ and

so they are Qq
2
- extremal sequences in Zq

2
where q2 is the prime n′. By Theorem 9

we get that the image of the sequence (x3, x6) under the natural map Zn → Zq
1

is

a Qq
1
- extremal sequence in Zq

1
. Hence, we see that S is of the form as mentioned

in the statement of Proposition 5. Now Theorem 7 shows that any such sequence

will be an A-extremal sequence in Zn.

6. The Case When A = U(n)3

Let n = p1p2 . . . ps be squarefree. Let n1 be the divisor of n such that for any prime

divisor p of n, we have p | n1 if and only if p ≡ 1 (mod 3). Also let n2 = n/n1. We

will follow the notation n = n1n2 for the rest of this section.

The next result follows from Lemmas 1 and 6 of [7], by using the fact that if

p ≡ 2 (mod 3), then U(p)3 = U(p).

Lemma 8 ([7]). Let A = U(p)3 where p is a prime such that p 6= 2, 7, 13. Then a

sequence S in Zp is an A-weighted zero-sum sequence if at least three elements of S

are in U(p).

Remark 8. We can check that the sequence (1, 1, 1) in Zp is not a U(p)3-weighted

zero-sum sequence when p = 2, 7, 13. So the conclusion of Lemma 8 is not true for

these values of p (as was mentioned in the Remark after Lemma 1 of [7]).
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In Corollary 8 of [7] it was shown that for A = U(n)3 where n is squarefree and

is not divisible by 2, 7 or 13, we have CA(n) = 2Ω(n2)3Ω(n1). We now give a method

to construct A-extremal sequences in Zn.

Theorem 10. Let A = U(n)3 where n is squarefree and is not divisible by 2,7 or

13. Let p be a prime divisor of n, n′ = n/p and A′ = U(n′)3. Then the following

constructions give us A-extremal sequences in Zn in each of the cases below.

If p ≡ 1 (mod 3), let S = (p u1, . . . , p uk, x
∗, p v1, . . . , p vk, x

∗∗, p w1, . . . , p wk)

where x∗, x∗∗ ∈ Zn are such that the image of the sequence (x∗, x∗∗) under the

natural map Zn → Zp does not have any U(p)3-weighted zero-sum subsequence and

S′1 = (u1, . . . , uk), S′2 = (v1, . . . , vk), S′3 = (w1, . . . , wk) are A′-extremal sequences

in Zn′ .

If p 6≡ 1 (mod 3), let S = (p u1, . . . , p uk, x
∗, p v1, . . . , p vk) where x∗ ∈ Zn is not

divisible by p and S′1 = (u1, . . . , uk), S′2 = (v1, . . . , vk) are A′-extremal sequences

in Zn′ .

Proof. The proof of Theorem 10 is very similar to the proofs of Theorem 5 and

Theorem 7.

Let us see two examples of how we can use Theorem 10 to construct U(n)3-

extremal sequences.

As U(5)3 = U(5), by Theorem 3 we have the U(5)3-extremal sequences (2), (2)

and (4) in Z5. Also by Corollary 3 we have that (−1, 2) is a U(19)3-extremal

sequence in Z19. Hence, by Theorem 10 we get the U(95)3- extremal sequence

(38, 37, 38, 78, 76) in Z95.

By Corollary 3 we have that (3, 6), (5, 7) are U(19)3-extremal sequences in Z19.

So from Theorem 10 we get the U(95)3- extremal sequence (15, 30, 69, 25, 35) in Z95.

We can prove a result similar to Lemma 3 and Lemma 6 for A = U(n)3, whose

proof is also similar to the proofs of those lemmas.

Lemma 9. Let A = U(n)3 where n is squarefree and is not divisible by 2, 7 or 13

and let ` = 2Ω(n2)3Ω(n1)− 1. Let S be a sequence in Zn and let q be a prime divisor

of n. Suppose when q divides n1 there exists a subsequence T of consecutive terms

of S of length at least (`+ 1)/3 such that each term of T is divisible by q, and when

q divides n2 there exists a subsequence T of consecutive terms of S of length at least

(` + 1)/2 such that each term of T is divisible by q. Then S has an A-weighted

zero-sum subsequence of consecutive terms.

The proof of the next corollary is very similar to the proofs of Corollary 4 and

Corollary 6.

Corollary 7. Let A = U(n)3 where n is squarefree and is not divisible by 2, 7 or

13 and let S be an A-extremal sequence in Zn. Then for any prime divisor q of n1
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(resp. of n2) we have that q is coprime to at least two terms (resp. at least one

term) of S.

Theorem 11. Let A = U(n)3 where n is squarefree and is not divisible by 2, 7 or

13 and let S = (x1, . . . , x`) be an A-extremal sequence in Zn. Then S can be of one

of the following two types.

Type 1: There is a prime divisor p of n1 such that p divides all the terms of

S except the terms xk+1 and x2(k+1) where k + 1 = (` + 1)/3, and the image of

the sequence (xk+1, x2k+2) under the natural map Zn → Zp is a U(p)3-extremal

sequence in Zp. Moreover, if S1 = (x1, . . . , xk), S2 = (xk+2, . . . , x2k+1), S3 =

(x2k+3, . . . , x`), n′ = n/p and A′ = U(n′)3, then S′1, S′2 and S′3 are A′-extremal

sequences in Zn′ where S′1, S′2 and S′3 denote the sequences in Z′n which are obtained

by dividing the terms of S1, S2 and S3 by p.

Type 2: There is a prime divisor p of n2 such that p divides all the terms of

S except the term xk+1 where k + 1 = (` + 1)/2. Moreover, if S1 = (x1, . . . , xk),

S2 = (xk+2, . . . , x`), n′ = n/p and A′ = U(n′), then S′1 and S′2 are A′-extremal

sequences in Zn′ where S′1 and S′2 denote the sequences in Zn′ which are obtained

by dividing the terms of S1 and S2 by p.

Proof. As S is an A-extremal sequence in Zn, it follows that ` = 2Ω(n2)3Ω(n1) − 1.

We consider the following three cases.

Case (a): For any prime divisor q of n1 at least three terms of S are coprime to q,

and for any prime divisor q of n2 at least two terms of S are coprime to q.

In this case as q 6= 2, 7, 13, if q divides n1, then by Lemma 8 we have that S(q)

is a U(q)3-weighted zero-sum sequence in Zq. As q is an odd prime, if q divides n2,

then by Lemma 2 we see that S(q) is a U(q)-weighted zero-sum sequence in Zq.

So for any prime divisor q of n we get that S(q) is a U(q)3-weighted zero-sum

sequence in Zq and hence by Observation 2 we see that S is an A-weighted zero-sum

sequence. This contradicts our assumption about S.

Case (b): There is a prime divisor p of n1 such that at most two terms of S are

coprime to p.

In this case the proof of the result is very similar to the proofs of Theorems 8

and 9 where we use Lemma 8, Lemma 9 and Corollary 7 in place of Corollary 5,

Lemma 6 and Corollary 6. We also use a consequence of Lemma 7.

Case (c): There is a prime divisor p of n2 such that at most one term of S is

coprime to p.

In this case the proof of the result is very similar to the proof of Theorem 6 where

we use Lemma 9 and Corollary 7 in place of Lemma 3 and Corollary 4.

Remark 9. Theorems 10 and 11 together characterize the U(n)3-extremal se-

quences in Zn where n is squarefree and is not divisible by 2, 7 or 13.
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7. Concluding Remarks

In Theorem 6 we have classified the U(n)-weighted extremal sequences in Zn when

n is odd. The corresponding result for an even integer could be studied. In the

characterization of U(n)3-weighted extremal sequences in Zn, it will be interesting

if we could remove the assumption that n is squarefree.

In Lemma 7 we have proved that the image of U(n) under the natural map

Zn → Zm is U(m) using Dirichlet’s theorem. In [5] an elementary proof of this fact

is given just before Section 3.

In Definition 5 if a sequence T is obtained by a permutation of the terms of a

sequence S, then we do not say that T is A-equivalent to S. This is because if S has

an A-weighted zero-sum subsequence of consecutive terms, then the same may not

be true for a sequence T which is obtained in this manner. This is why Definition

5 differs from the definition which is given at the end of Section 2 in [3].
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