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Abstract

Properties of the Fibonacci numbers are used to prove the infinitude of primes of
the form 4k + 3, 8k + 5 and 12k + 5. In addition, we give a result on the prime
factors of Fibonacci numbers and Lucas numbers.

1. Introduction

Euclid’s proof of the infinitude of primes (Elements IX, 20) has played an important

role in the development of mathematical thought. It has prompted investigations

into the structure of numbers and led to the discovery of deeper results such as the

Fundamental Theorem of Arithmetic and the Prime Number Theorem (see [3]). On

a less sublime level, minor alterations to Euclid’s proof have produced elementary

proofs of the infinitude of both 4k+ 1 primes and 4k+ 3 primes. (These results are

subsumed under Dirichlet’s Theorem (see [2]), the proof of which is decidedly not

elementary.)

The infinitude of primes, much like the Pythagorean Theorem, has many differ-

ent proofs [1]. Generally speaking, these proofs underscore the interconnectedness

of mathematical ideas. Wuderlich [8] proved the infinitude of primes by using prop-

erties of the Fibonacci numbers; Robbins [6] subsequently used these properties to

fashion a proof for the infinitude of 4k + 1 primes.
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In this paper, we will explore more deeply the relationship between the Fibonacci

numbers and the infinitude of certain primes. In Section 2 we will introduce termi-

nology, notation and useful results about the Fibonacci numbers. In Section 3 we

will present proofs of the infinitude of 4k + 3 primes, 8k + 5 primes, and 12k + 5

primes. In addition, we give a result on the prime factors of Fibonacci numbers and

Lucas numbers.

2. Terminology, Notation and Preliminary Results

Throughout this paper, unless otherwise specified, sets are collections of positive

integers. For an arbitrary set X = {x1, x2, . . . }, xi < xj whenever i < j. We define

π(X) to be the collection of all primes appearing as factors of elements in X; thus,

π(N) is the set of all prime numbers.

Let F and L denote the sequence of Fibonacci numbers and Lucas numbers,

respectively. For positive integer n, let Fn and Ln denote the nth Fibonacci number

and the nth Lucas number, respectively. Recall that Ln = Fn−1 + Fn+1 (where

F0 = 0); thus, F2n = Fn(Fn−1 + Fn+1) = FnLn. Furthermore, gcd(Fn, Ln) = 1 if

n 6≡ 0 (mod 3), and gcd(Fn, Ln) = 2 otherwise. We define the mapping F : X → F
as F (xi) = Fxi

, and F (X) as the image of X under F .

We cite below several results intended to facilitate the subsequent presentation.

Theorem 1 ([4]). For any positive integers m and n, we have gcd(Fm, Fn) =

Fgcd(m,n).

Theorem 2 ([5]). For any odd positive integer k, if p is an odd prime such that

p |Fk, then p ≡ 1 (mod 4). Moreover, if Fk is even, then 3 | k and 4 - Fk.

Binet’s Formula and completing the square can be used to derive the following

formula.

Theorem 3. For positive integers k and n,

F(2k+1)n = Fn

[
k−1∑
m=0

(−1)mn5F 2
(k−m)n + (−1)kn(2k + 1)

]
.

More than two hundred years ago, Lagrange investigated the behavior of the

unit digits of the Fibonacci numbers. He discovered the sequence of these digits

was periodic with the length of the period being 60 (equivalently, the sequence of

Fibonacci numbers modulo 10 has period of length 60). In 1960, Wall [7] showed

that for any positive integer m, the sequence of Fibonacci numbers modulo m

is periodic. The above results led to the development and study of such periods,

known as Pisano periods. In Table 1 below we provide information about the Pisano
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periods associated with m = 4, 8, and 12:

m Period/Length
4 (1, 1, 2, 3, 1, 0)/6
8 (1, 1, 2, 3, 5, 0, 5, 5, 2, 7, 1, 0)/12
12 (1, 1, 2, 3, 5, 8, 1, 9, 10, 7, 5, 0, 5, 5, 10, 3, 1, 4, 5, 9, 2, 11, 1, 0)/24

Table 1. Pisano Periods for m = 4, 8, 12.

3. Main Results

In this section we will present proofs of the infinitude of primes of the form 4k+ 3,

8k+5, and 12k+5. Our general approach will be to use properties of the Fibonacci

numbers and modular arithmetic to produce infinite collections of primes of the

desired forms.

Theorem 4. There are infinitely many primes of the form 4k + 3.

Proof. Let X = {xi|xi = 2i+1, i ∈ N}. We make the following observations:

(1) For each i ∈ N,

Fxi
= F2i+1 = F2(2i) = F2iL2i =

i∏
j=1

L2j .

(2) For each i ∈ N, 3 - 2i, implying that gcd(F2i , L2i) = 1.

(3) For i odd, xi ≡ 4 (mod 6) and for i even, xi ≡ 2 (mod 6). Referring to Table

1, it follows that Fxi ≡ 3 (mod 4) when i is odd and Fxi ≡ 1 (mod 4) when

i is even, implying L2i ≡ 3 (mod 4) for all i ∈ N.

(4) Since L2i ≡ 3 (mod 4), each L2i has at least one prime factor of the form

4k + 3.

Now let L be the infinite set {L2i |i ∈ N}. By (4), to show the infinitude of the 4k+3

primes, it suffices to show that the elements of L are pairwise relatively prime. To

that end, suppose to the contrary that there exist positive integers m < n and an

integer d ≥ 2 such that d | L2m and d | L2n . Then d | F2n since by (1), F2n can

be expressed as the product
n−1∏
j=1

L2j which has the factor L2m . Hence d | F2n and

d | L2n , contradicting (2).

Theorem 5. There are infinitely many primes of the form 8k + 5.
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Proof. Let W7 = {wi|wi = 7i+1, i ∈ N}. We make the following observations:

(1) For i odd, wi ≡ 1 (mod 12) and for i even, wi ≡ 7 (mod 12). Referring to

Table 1, it follows that F (wi) ≡ 1 (mod 8) when i is odd and F (wi) ≡ 5

(mod 8) when i is even.

(2) By Theorem 3, for each i ∈ N,

F (wi) = Fwi = F7i(5F
2
3(7i) − 5F 2

2(7i) + 5F 2
7i − 7) = F7

i∏
j=1

aj ,

where aj = 5F 2
3(7j) − 5F 2

2(7j) + 5F 2
7j − 7.

(3) From (1) and (2) above, for each i ∈ N, ai ≡ 5 (mod 8). Noting that F (wi)

is odd and ai is a factor of F (wi), it follows that all prime divisors of ai are

congruent to 1 modulo 4, implying that ai has at least one prime divisor of

the form 8k + 5.

(4) From Theorem 1, F7i is a divisor of both F3(7i) and F2(7i). As a result,

gcd(F7i , ai) = gcd(F7i ,−7). Since 7 is a prime of the form 4k+3, by Theorem

2, gcd(F7i ,−7) = 1. It follows from (2) that the elements of A = {ai, i ∈ N}
are pairwise relatively prime.

Finally, for each i ∈ N, by selecting a prime divisor of ai of the form 8k + 5, we

obtain an infinite collection of 8k + 5 primes.

By replacing 7 with any other prime of the form 12k + 7 (e.g., 19), similar

observations will lead to a proof of Theorem 5. Note that π(F (W7)) and π(F (W19))

are disjoint.

Theorem 6. There are infinitely many primes of the form 12k + 5.

Proof. Let V11 = {vi|vi = 11i+1, i ∈ N}. By Theorem 3, we have

F (vi) = F11i

[
4∑

m=0

(−1)m5F 2
(5−m)11i − 11

]
= F11ibi = F11

i∏
j=1

bj .

Similarly to the methods used in the proof of Theorem 5, it may be argued that

for i odd, F (vi) ≡ 1 (mod 12) and for i even, F (vi) ≡ 5 (mod 12); that each bi
possesses a prime divisor of the form 12k + 5; and that F11i and bi are relatively

prime. Hence, it follows that π(F (V11)) contains infinitely many primes of the form

12k + 5.

By replacing 11 with any other prime of the form 24k + 11 (e.g., 59), similar

observations will lead to a proof of Theorem 6. Note that π(F (V11)) and π(F (V59))

are disjoint.
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A consequence of Wall’s Theorem [7] is that any prime divides some Fibonacci

number; that is, π(N) = π(F). The following theorem further relates π(N) to F and

L.

Theorem 7. Let Fodd and Feven denote the sets of Fibonacci numbers with odd

subscripts and even subscripts, respectively. Then

1. π(Feven) = π(N),

2. π(Fodd) ∪ π(L) = π(N),

3. π(Fodd) ∩ π(L) = {2}.

Proof. Note that for any odd i, Fi | F2i, implying that π(Fodd) ⊆ π(Feven). Since

π(Fodd ∪ Feven) = π(N), (1) follows.

To prove (2), we observe that for every prime p, p divides some element of Feven.

Let p | F2tw, where t ≥ 1 and w is odd. Then p | FwLwL2w · · ·L2t−1w; that is,

p ∈ π(Fodd) or p ∈ π(L).

To prove (3), suppose to the contrary that there exists an odd prime q ∈ π(Fodd)∩
π(L). Let b be the smallest odd integer such that q | Fb and q | Lj for some integer

j. Since q | Lj , q divides FjLj(= F2j). By the choice of b and Theorem 1, b | 2j,

which implies b | j. Thus q | Fj and q | Lj , a contradiction. To complete the proof,

2 divides both F3 and L3.

We point out that Theorem 7 gives a bipartition of the set of odd primes. We

also note that primes of the form 4k+ 3 are elements of π(L), but not all primes of

the form 4k + 1 are elements of π(Fodd) (e.g., 29, 41, . . . ).
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