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Abstract

Seaweed subalgebras of sl(n), referred to here simply as seaweed algebras, are de-
fined by an ordered pair of compositions of n. The index theory of these algebras
has recently been used to define statistics on integer partitions. Given a partition
A, one natural choice of such statistic, denoted here by ind()), arises from taking
the index of the seaweed algebra defined by the pair consisting of A and its weight
w(A). Here, we examine ind restricted to partitions whose parts come from the set
{1,2,d} for d > 1 odd. In particular, we find (partial) formulae for (1) the number
of such partitions with fixed ind value, and (2) when d = 3 (mod 4), the difference
between the number of such partitions with ind even and the number with ind odd.
Interestingly, we find that for (1) the corresponding sequences of values are eventu-
ally periodic and for (2) the sequences of values are periodic. Periodic phenomena
are not new to integer partition statistics arising from the index theory of seaweed
algebras. Consequently, the addition of the results established in this paper further
suggest the existence of a more general theorem involving index, integer partitions,
and periodicity.

1. Introduction

In recent work, the index theory of seaweed subalgebras of s[(n) is used to generate
statistics on integer partitions (see [1, 3, 4, 8]). Fixing a natural choice of such a
statistic, denoted here by ind and defined in Section 2 below, sequences of values of
two types have been of interest. Letting P(n,.S) denote the collection of partitions
of n with parts coming from a set S C Z~q, values of the following forms have been
investigated: (1) the number of partitions A € P(n,S) with ind(A) = 4 for fixed
i > 0 and (2) the difference between the number of partitions A € P(n,S) with
ind(X) even and the number with ind(A) odd. Here, for d > 1 odd, we establish the
following, which constitute the main results of the paper:
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(1) the number of partitions A € P(n,{1,2,d}) satisfying ind(\) =i for ¢ > 0 is
eventually periodic (see Theorem 2);

(2) the difference between the number of partitions A € P(n, {1,2,d}) with ind(\)
even and the number with ind(A) odd is periodic for d = 3 (mod 4) (see
Theorem 3).

Interestingly, periodic results like (1) are not new. In [3], it was shown that the
number of partitions A € P(n,{1,2,...,k}) for 1 < k < 7 with ind(\) = 0 is
eventually periodic. With the addition of the periodicity results established in this
paper, it seems reasonable to conjecture that there exists a more general relationship
between index, integer partitions, and periodicity.

In general, the “index” of a Lie algebra g is a nonnegative-integer algebraic invari-
ant which is notoriously difficult to compute.! In the case of seaweed subalgebras
of sl(n), referred to here simply as seaweed algebras, Dergachev and Kirillov [5]
provided a combinatorial formula for the index in terms of a corresponding graph,
called a meander. The authors of [5] define both seaweed algebras and their me-
anders in terms of a corresponding ordered pair of compositions (see Section 2.1
for details). Given the composition definition of seaweed algebras, one can use the
corresponding index theory to define a natural statistic on integer partitions. In
particular, given a partition A of n one can define the index of A, denoted ind(\), to
be the index of the seaweed algebra defined by the pair of compositions A and n.2

Applying the statistic ind to partitions with largest part less than or equal to 7,
the authors of [3] established the following theorem.

Theorem 1 (|3, Theorem 16]). For d € Zsg, let Po(n,d) denote the collection
of partitions A of n with largest part less than or equal to d and ind(\) = 0. If
d € {1,2,3,4,5,6,7}, then the values of |Py(n,d)| are eventually periodic. More
precisely,

{IPo(n,1)|}n>3 is periodic with repeating sequence 0.

(
{|P0(na 2
(

[}n>s5 is periodic with repeating sequence 1,0.

)
)

{IPo(n,3)|}n>13 is periodic with repeating sequence 2, 0.
)

{|Po(n,4)|}n>17 is periodic with repeating sequence 4,2,3,0.

IThe index of a Lie algebra was first introduced by Dixmier [6] and is defined as

ind(g) = }géig* dim(ker(BFr)),

where B is the associated skew-symmetric Kirillov form defined by Bp(z,y) = F([z,y]) for all
T,y €9

2In [3], a more general integer partition statistic construction is described. Let PP(n) denote the
collection of partitions of n and C(n) denote the collection of compositions of n. Given a mapping
f:P(n) = C(n) for all n € Z>o, one can define a statistic ind¢(A) on partitions X equal to the
index of the seaweed algebra associated with the pair of compositions A and f(\).
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o {|Po(n,5)|}n>21 is periodic with repeating sequence 7,3,5, 3.
o {|Py(n,6)|}n>a7 is periodic with repeating sequence

14,5,9,3,11,5,11,3,12,5,8, 3.

o {|Po(n,7)|}n>a1 is periodic with repeating sequence
19,9,18,7,19,9,17,7,20,9,17,7.
For each sequence above, starting from a smaller value of n does not result in a
periodic sequence.

In this article, focusing on partitions whose parts come from the set {1,2,d} for
d > 1 odd, we establish the following two results.

Theorem 2. Ford > 1 odd and i > 0, the sequence of values
{{r e P(n,{1,2,d}) | md(A) = i}|}nzk
is periodic if and only if k > 4(i + 1)d + 1 with
2(i4+1), n odd

H{A € P(n,{1,2,d}) | ind(X) =i}| = {O " even
forn >4(i+1)d+ 1.
Theorem 3. If d =3 (mod 4),

Pl (n) =|{\ € P(n,{1,2,d}) | ind(\) = 0 (mod 2)}|,

and
PO (n) = |{\ € P(n,{1,2,d}) | ind(\) = 1 (mod 2)}|,

then the sequence {PE(n) — P (n)}n>1 is periodic with each period having the
following form:

1,0,0,-1,...,1,0,0,—1,1,0,1,0,1,0,...,1,0,1,0,1,1,0,0,1, ...,1,0,0,1,1,0,0,0,...,0, —1.
——

d—1 d d d

Note that all three theorems listed above contain the following three ingredients:
index, a restricted class of integer partitions, and periodicity. Consequently, one
is led to conjecture that there may exist a more general theorem relating index,
restricted classes of integer partitions, and periodic phenomena for which the above
theorems are special cases.

The structure of the paper is as follows. In Section 2, we provide necessary pre-
liminaries from the theory of seaweed algebras as well as integer partitions. Sections
3 and 4 contain the proofs of the two main theorems. In Section 5, directions for
further research are discussed.
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2. Preliminaries

In Section 2.1, we define seaweed subalgebras of s[(n) and discuss their index theory,
and Section 2.2 consists of the necessary preliminaries from the theory of integer
partitions.

2.1. Seaweed Algebras

Seaweed subalgebras of sl(n) — the set of all n x n complex-valued matrices of
trace zero — can be naturally defined in terms of two compositions of the positive
integer n. Recall that a composition of n is a finite sequence of positive integers
(A, A2, ..., Ap) such that n = Y"1, ;. We denote the composition defined by
the sequence of positive integers (A1, Aa, ..., A\pm) by A1|As| -« |Am. If V is an n-
dimensional vector space with a basis {e1,...,e,}, let a|...|an, and by]...|bs be
two compositions of n and consider the flags

{0cwvrc---CVpo1 CVyp=V and V=WygD>W;D---D>W, ={0},

where V; = span{ey, ..., €q,4...4q,} and W; = span{ey, 1...4p,41,...,€n}. The sub-
algebra of sl(n) preserving these flags is called a seaweed subalgebra of sl(n) and
Hn. Here we will refer to seaweed subalgebras of sl(n)
- [by
simply as seaweed algebras.

is said to have type

Example 1. The evocative “seaweed” is descriptive of the shape of the algebra when
exhibited in matrix form. For example, the seaweed algebra of type % consists

of trace-zero matrices of the form depicted in Figure 1, where the *’s indicate the
possible non-zero entries from the complex numbers.

Figure 1: Seaweed algebra of type %
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Recall that the index of a Lie algebra g is defined by

ind(g) = min dim(ker(BF)),
Feg*

where Bp is the skew-symmetric Kirillov form defined by Br(z,y) = F([z,y]) for
all x,y € g. As stated in the introduction, Dergachev and A. Kirillov [5] provided
a combinatorial formula for the index of seaweed algebras in terms of an associated
planar graph, called a meander.

el
to here as the meander of type abll“':'lﬁ;t", consists of n = >"1"  a; = 25:1 b; vertices
and is constructed as follows. Label the n vertices of our meander as v{,va,...,v,
from left to right along a horizontal line. We then place edges above the horizontal
line, called top edges, according to a;|- - - |a,, in the following manner. Partition the
set of vertices by grouping together the first a; vertices, then the next ay vertices,
and so on, lastly grouping together the final a,, vertices. We call each set of vertices
formed a block. For each block in the set partition determined by ai|- - |a,, add
an edge from the first vertex of the block to the last vertex of the block, then add
an edge between the second vertex of the block and the second to last vertex of the
block, and so on within each block, assuming that the vertices being connected are
distinct. More explicitly, given vertices v;, vy in a block of size a;, there is an edge
between them if and ounly if j + k = 2(a; +ag + -+ + a;—1) + a; + 1. In the same
way, place bottom edges below the horizontal line of vertices according to the blocks
in the set partition determined by b1]|---|b; (see Figure 2).

Let g be the seaweed algebra of type . The meander of g, also referred

173

Example 2. The meander associated with the seaweed algebra of type ToT4]6 is

illustrated in Figure 2 below.

G

173

Figure 2: Meander of type 10416

Every meander consists of a disjoint union of cycles and paths. The main result of
[5] is that the index of a seaweed algebra can be computed by counting the number
and type of these components in its associated meander.
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Theorem 4 ([5]). If g is a seaweed algebra, then
ind(g) =2C + P — 1,

where C' is the number of cycles and P is the number of paths in the associated
meander.

Example 3. Let g be the seaweed algebra of type %. As can be seen from

Figure 2, the meander associated with g consists of three cycles and a single path.
Thus, ind(g) =2(3)+1—1=6.

While Theorem 4 is an elegant combinatorial result, it is difficult to apply in
practice. However, in [2] the authors show that any meander can be contracted, or
“wound down,” to the empty meander through a unique sequence of graph-theoretic
moves, called the meander’s signature.> The signature provides a fast algorithm for
the computation of the index of seaweed algebras. Since we will need the explicit
graph-theoretic moves involved in forming a meander’s signature in what follows,
we review the winding-down process below.

a1|a2|...\am

—————, create a
by |ba)-..| s

Lemma 1 (|2, Lemma 4]). Given a meander M of type

meander M’ by exactly one of the following moves.
1. Vertical Flip (F,): If a1 < by, then M’ has type

by|bal...|be

a1|a2|...|am'

2. Component Elimination (C(c)): If a1 = by = ¢, then M’ has type

a2|a3|...|am
ba|bs]...| by

3. Rotation Contraction (R): If by < ay < 2by, then M’ has type

b1|a2|a3|...|am
(2b1 — al)‘bg‘...“)t ’

4. Block Elimination (B): If a1 = 2by, then M’ has type

b1‘(12|..|am
bo|bs]..|by

3The signature is essentially a graph-theoretic recasting of Panyushev’s reduction algorithm
described in [7].
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5. Pure Contraction (P): If ay > 2by, then M’ has type

(a1 — 2b1)|b1]az|as]...|am
ba|bs|...|b

For all moves except the Component Elimination move, M and M' have the same
number of paths and the same number of cycles, i.e., the corresponding seaweed
algebras have the same index.

17)3
10[4]6

Example 4. In this example, the meander of type is wound down to the

empty meander using the moves detailed in Lemma 1.

17|3 10[3
10[4]6 3[4[6
P C4
SRCRR 2 QT 2
413|3 3|3
476 %

<«
w

wlw

=

17)3
10[4]6

Figure 3: Winding down the meander

In what follows, it is helpful to add a fifth index preserving transformation, Fj,,
ai|az]...|am

to the meander
b1|ba]...|bs

called a horizontal flip, which takes the meander of type

A |...|az|ay
bt||b2|b1
One combination of the above graph-theoretic moves is applied often enough
below to warrant the addition of notation. Let M be the meander of type W

of type
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Define
(Fh)(Fv)(P)i(Fv)(Fh)a
(Fn)(Fo)(P)~H(B)(Fy ) (Fn),
UF(i, M) = § (F)(F,)(P)"(Fo)(Fn),
(Fn)(F,)(P)~H(B)(Fy)(Fn),

undefined,

i=1and n > 2a,,
i =1and n = 2a,,
i>1andn—2 Z;;% Am—j > 20m—it1
i>1andn—2 Z;;% Am—j = 2Gm—it1

otherwise,

where F, is applied regardless of whether, in the notation of Lemma 1, a; < by or

not.

Example 5. Applying UF (3, M) to the meander M of type

3/3[3/2/2

in the meander of type 22027

3(3312[2/2[2|2
————— Ies

. See Figure 4 below.

QO

3131312]2]2]2|2
19

ults
19
legelegeXyexye
313|32|2
22[2[7
313|3]2|2|2]2]2
19

Figure 4: Applying UF'(3, M) to the meander M of type

2.2. Integer Partitions

A partition A = (A, ...

,Am) of a positive integer n is a finite sequence of weakly

decreasing positive integers such that n = >_7"; X;. The ); are called the parts of
the partition and w(A) = n is the weight of the partition. We often employ the
notation for partitions that makes explicit the number of times a particular integer

occurs as a part of a partition; that is, if A = (Aq, ...

, Am) s a partition, we write

A= 1f19f23f ... ’
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where exactly f; of the \; are equal to 7. As noted in the introduction, for S C Zx¢
we let P(n,S) denote the collection of partitions A = (A1,..., Ay,) with w(A) =n
and \; € S for 1 <i<m.

An integer partition statistic is a function from the collection of all partitions
into Z>¢. As noted in [3], the index theory of seaweed algebras provides a natural
framework for generating integer partition statistics. In this paper, we define the
index of a partition A = (A1,..., Ay) as follows. If g is the seaweed algebra of type

)\ll"">\m,
S then

ind(A\) = ind(g).

3. Fixed Index Periodicity

In this section, we show that the number of partitions A = 1712/2d/¢ of fixed index
1 > 0 is eventually periodic for d > 1 odd. In particular, we prove the following.

Theorem 2. For d > 1 odd and i > 0, the sequence of values
{l{)‘ € P(TL, {17 2, d}) | ind()‘) = i}|}n2k
is periodic if and only if k > 4(i + 1)d + 1 with

2(i+1), n odd

X € P(n,{1,2,d}) | ind(N\) =i} = {07 o even
forn >4(i+1)d+ 1.
Example 6. For d = 3 and ¢ = 0 we have

{{» € P(n,{1,2,3}) | ind(A) = 0}|}n>13 = 2,0,2,0,2,0,...
and [{\ € P(12,{1,2,3}) | ind(A) =0} = 1.

Remark 1. Considering a subset of the cases involved in the proof of Theorem 2,
it follows that the sequence of values

{{A € P(n,{1,2}) | ind(A) = i}[}nzk
is periodic if and only if k£ > 4(i + 1) + 1 with

1, nodd

0, n even

)

1A € P(n, {1,2}) | ind()) = i}| = {

forn>4(i+1)+1.
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Remark 2. Experimental evidence suggests that a similar, but more complicated,
result holds for the values |{\ € P(n,{1,2,d}) | ind(A) = i}| with d > 2 even. In
particular, it appears that the corresponding sequence is eventually periodic with
period d. For example, taking d = 8 and ¢ = 0, the resulting sequence appears to
be periodic for n > 4 with the sequence of values 1,1,0,1,0,2,1,2.

The following lemmas will prove helpful in establishing Theorem 2.

Lemma 2 (|2, Theorem 10]). Let M be the meander of type M If a is even
and ged(a,b) =1, then M consists of a single path.

Lemma 3. Let M be the meander of type “i‘milaa If
j=1%j

Ha; | a; is odd}| > 2i + 2,
then M contains more than i + 1 paths.

Proof. Each odd a; contributes a vertex of degree one to M, i.e., contributes an
endpoint of a path. Thus, if |[{a; | a; is odd}| > 2¢ + 2, then there must be more
than ¢ + 1 paths in M. O

Lemma 4. Let d > 1 be odd. If M is the meander of type

d
2 then M consists
of a single path.

Proof. Recall that the vertices of M are labeled from left to right by v, vs, ..., vaq.
Thus, vertex vq;_1 is adjacent to vertex vg; by a bottom edge in M for 1 < i < d.
Removing the bottom edge connecting vg to v411 results in the meander M’ of type

d|d
2+ 12111)2f- -+ |2

d
Evidently, M’ consists of two smaller meanders: one meander M of type m

and one meander M, of type Considering Lemma 2, we conclude that

d
1|2| e |2'
the meanders M; and Ms each consist of a single path. Since the bottom edge from
vq t0 vg41 in M connects a vertex of degree one in M; to a vertex of degree one in

My, the result follows. O

, 2|12 .
Lemma 5. Let k > 0. If M is the meander of type T then M consists of
%W cycles.

Proof. By induction on k. If £ =1 or 2, then it is clear that M consists of a single
cycle. Assume the result holds for k —1 > 2. Applying (F,)(P)(F,) to M results in
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2| . |2|2
2(k—2)2
202
2(k —2)
inductive hypothesis, M; consists of [’“2;2] cycles and M5 consists of one cycle. The
result follows. O

the meander M’ of type . Evidently, M’ consists of two smaller meanders:

2
one meander M7 of type and one meander M; of type 3 Applying our

3.1. Proof of Theorem 2

In Propositions 1 and 2 below we establish an exact value and a lower bound,
respectively, for the index of certain partitions A = 1/12/2d/¢ assuming w(\) is “big
enough.” Throughout this section, we assume that d > 1 is a fixed odd integer.

Proposition 1. Let A\ = 1/12f2dfa with fq+ fi = 2i +1 fori > 0. If w(\) >
4(i+ 1)d + 1, then ind(N) = 7.

Proof. There are 3 cases.
Case 1: f3 =0, fi =2i+ 1. Let M be the meander of type
fa f1

—— —
2‘...|2‘1|...‘1
w(A) '

fi—1
2
. Note that M’ is the meander of type

Form a new meander M’ by adding

vai—1 and vy; for 2'f;+2 <i< w()‘2)71

top edges to M connecting the vertices

fat D

—

2| .. |2 |1
w(A)

Considering Lemma 2, we conclude that M’ consists of a single path. Now, removing

each of the £ 5 L top edges added in forming M’ from M breaks one path into two,

i.e., each edge removal increases the number of paths by one. Therefore, M consists

of )
1+flT_:z'+1

paths. Applying Theorem 4, the result follows.
Case 2: fy > 0even, f; odd. Let M be the meander of type

fa f2 1
—— — —
w(A) '
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Form a new meander M’ by adding % top edges to M connecting the vertices
v9;—1 and wve; for d'f‘l+g'f2+2 <3< w()‘z)fl. Note that M’ is the meander of type

fo B
—— —
arlag| ... |am d|---]d]2]---]21
Since
A=l w)—d-fa—1_ 4+ 1)d+1-Qi+1)d—1 (2i+3)d
fa + = > _
2 2 9 2
% +1)d + 1 CDd+1
>(Z+2)+ >(fd 2)+’

it follows that a,,—; =2 for 0 < j < %. Consequently,

(Fg—1)d+1
2

wd) =2 Y o =w(A) -2 {2 ((fd_;)d“ — 2)] —2(1)

j=0
:w()\)_4<(fd_12)d+1_2) _9
>4(i+1)d+5—2(fg — 1)d > 4(i + 1)d + 5 — 2(2i)d
=4d+5>4= 2am7<(fd71)d71>

(fg—1)d+1
2

so that UF (W,M’) = (Fy)(F,)(P) (F,)(Fy,). Thus, since

(fa—1Dd+1

fi—1
n-ot g Wazjer
2 * 2

fo+

applying UF (M, M’ ) to M’ results in the meander M" of type

w(X)—2d-fg+d
2

I
/—/i— ——
dld|d|---|d|d|d| 2|---|2
12]---1212] 2] -+] 2] [2[w(A) — 2d - fg + 2d°
—_— S——

d—1 d d
2

fa—2
2

where w > 0. Evidently, M" consists of % smaller meanders: one
meander of type ﬁ, % meanders or type %, and one meander of type

%. Applying Lemmas 2 and 4, it follows that M" consists of %
=1

paths, i.e., M’ consists of # paths. Now, as in Case 1, removing each of the ~2—
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top edges added in forming M’ from M breaks one path into two.

consists of ]
fd+2+f1*17fd+f1+1722+27,

1
2 2 2 2 T
paths. Applying Theorem 4, the result follows.

Case 3: fy odd, f; even. Let M be the meander of type

fa fa f1
—— —— —
d‘|d|2‘|2‘1|‘1
w(}) '

13

Therefore, M

Form a new meander M’ by adding % top edges to M connecting the vertices vy;
and vg;41 for M <i< % Note that M’ is the meander of type

fa fat 4t

——
atlas|...lapm _ df---|d]2[---|2

w(A) w(X)
Since
h%¥%=ﬂdﬂgd“mZ4ﬁ+1M+;_(%+Ud=(%+ZM+1
(2i+1)d+1 _ (fa—1)d
> 5 > 5

it follows that ay,—; =2 for 0 < j < @ — 1. Consequently,

(fg—1)d
df_g

w\) -2 > amjzumv—2P<Ub;”d—1ﬂ
j=0
:w(A)—4<(fdQl)d_1)

>4(i+1)d+5—2(fq — 1)d > 4(i + 1)d + 5 — 2(2i)d

=4d+5>4= 2am7((fd;1)d71)

(fg—1)d
2

so that UF (Ud%)d,M’) = (Fp)(F,)(P)

fi _ (fa—1)d
f2+5 > 5

(F,)(Fp). Thus, since
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applying UF (@, M’) to M’ results in the meander M" of type

w(\)—2(fg—1)d—d
fa I E—
—_— ——
did|---|d|d|d| 2|---|2

2|20+ 2] [2w(X) = 2(fa — 1)d’
—— ——

fg—1
2

where w > 0. Evidently, M" consists of £ d2+ L smaller meanders:

_d|d_ 2| .|

meanders of type .

14

—1

B and one meander of type m Applying Lemmas 2

and 4, it follows that M" consists of fd2+1 paths, i.e., M’ consists of % paths.
Now, as in Case 1, removing each of the % top edges added in forming M’ from M

breaks one path into two. Therefore, M consists of

fd+1+ﬁ_fd+f1+1_27;+2
2 2 2 2

—it1

paths. Applying Theorem 4, the result follows.

Proposition 2. Let A\ = 1/1272df4 with f; + fi = 2i +2 fori > 0. If w()\)

4(i + 1)d + 2k for k > 0, then ind(\) > i + k.
Proof. There are 5 cases.

Case 1: f3 =0, f1 = 2i+ 2. Let M be the meander of type

f2 f1
—
a1|a2|...|am _ 2||2|]_||]_
w(X) w(X)

Since

fi—2
—QZam i=w\) = 2(f1 — 1) = 4(i + 1)d + 2k — 4i — 2

SA434+1)+2%k —4i—2=2k+2>2=2q,,_

it follows that UF(fy, M) = (Fy)(F,)(P)%(F,)(Fy,). Thus, since

W)~ fi _ A+ D)d+ 2k~ (20 +2)  4(i+1)+2k — (20 +2)

f2 = -

2 2 2
24242k _2i+2  fy

2 - Ty T

O
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applying UF(f1, M) to M results in the meander M’ of type
%:i+1 w(/\)2—2-f1

—N—
212 2]---]2

L[| 1L Jw(A) =2 fi
~— ~—
2 2
~—_———
L—it1
where M > 0. Evidently, M’ consists of i + 2 smaller meanders: ¢ + 1
meanders of type 1—?1 and one meander of type % Clearly, the meander of

type 1%1 consists of a single path. Applying Lemma 5, we conclude that the meander

|';|22-f1 consists of [wo‘)%fl-‘

of type # cycles. Since

4 4 4

)

wd) =2 fi _AG+1)d+2k-22i+2) _ Ai+1)+2k-220i+2) _k
2

it follows that the meander of type % consists of more than [gw cycles.

Hence, putting everything together, M consists of i + 1 paths and more than {g]
cycles. Applying Theorem 4, the result follows.

Case 2: fy=2i+2, fi =0. Let M be the meander of type

f f2
,_/L —_——
aslas| -+ |am _ d--|d|2] |2
wi\) wA)
Since
D A T

it follows that a,,—; = 2 for 0 < j < (i 4+ 1)d — 1. Consequently,

(i+1)d—2
w\) =2 >ty =w(\) = 22((i + 1)d — 1)] = w(A) — 4[(i + 1)d — 1]
j=0

=4(i+1)d+2k —4(i+1)d+4 =2k + 4

>4 =20 _[(i41)d—1]

so that UF((i + 1)d, M) = (F},)(F,)(P)*+Y4(F,)(F},). Thus, applying
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UF((i+1)d, M) to M results in the meander M’ of type

w(A)—;L(i{»l)d:k

fa
—_——~ —
dd|---|d|d|d| 2|---]2
2 2] 2] |2 [w(\) — 4(i + 1)d = 2k~
~—— ~——

d d

fd—ip1

Evidently, M’ consists of i + 2 smaller meanders: i + 1 meanders of type % and
one meander of type 212 Applying Lemmas 4 and 5, it follows that the meander

2k
of type QId‘dl consists of a single path and the meander of type 22’,;'2 consists of {%]

cycles, respectively. Hence, putting everything together, M must consist of ¢ 4+ 1
paths and %W cycles. Applying Theorem 4, the result follows.

Case 3: f; <d- fg with 0 < f1, fg even. Let M be the meander of type
fa f2 f1
—— —— —
d--|d|2--2|1] |1
w(A) '

Form a new meander M’ by adding f—; top edges to M connecting the vertices vo; 1

W <i< @ Note that M’ is the meander of type

and vy; for
fa f2t %

—— —
a1|a2|~-~|am _d||d|2||2

wh) w(A)
Since
fi wN)—d-fqg_ 4G+ 1)d+ 2k —d(2i +2) 200+ 1)d + 2k
fot o= > =
2 2 2 2
(20 4+2)d _ d-fq
> 5 >

it follows that a,,—; =2 for 0 < j < % — 1. Consequently,

d-fq

w(\) — 2 3 Ozam_j =w(\) —2 [2<d'2fd 1)} w(A)4<d’2fd 1)

j=

=43+ 1)d+2k—2d- f,+4
> A3+ 1)d+ 2k —2d(2i +2) + 4 = 2k + 4
>4:2am_(m_l)
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fd

so that UF (déﬁ,MQ = (Fp)(F,)(P) 2" (F,)(Fy). Thus, since fo + & > &4 it

follows that applying UF (Lg‘i, M') to M’ results in the meander M" of type

fa 2R At
——
did|---|d|d| 2|---|2
o] 22wy ~ 24 fa
S—— ——

[

JId
2

where % > 0. Evidently, M" consists of f; + 1 smaller meanders: %

meanders of type Q‘dldlz and one meander of type m Applying Lemmas 4

and 5, we conclude that the meander of type 5 a2 Jdld_ Rp) consists of a single path and the

meander of type w()?)‘i;df consists of {%—‘

cycles, respectively. Since

w(\) —2d - fq - A+ 1)d+2k —2d(2i+2) &k
4 4 2’
k

it follows that the meander of type W consists of more than [ﬂ cycles.

Hence, putting everything together, M’ consists of % paths and more than |—§]
cycles. Now, since d - fg > f1, it follows that each of the % top edges added in
forming M’ from M belongs to a path corresponding to one of the meanders of type
% in M”. Consequently, removing each of the % top edges added in forming
M’ from M breaks one path into two. Therefore, M consists of

fo  fi 2042
2+2_ 2

=i+1

paths and more than [g] cycles. Applying Theorem 4, the result follows.
Case 4: f; <d- fg with 0 < f1, fq odd. Let M be the meander of type

fa f2 f1
—— — —
d‘|d|2‘|2‘1|‘1
w(}) '

Form a new meander M’ by adding Ll = L top edges to M connecting the vertices
v9; and w41 for dfd*g fotl < < w(>‘2) . Note that M’ is the meander of type

f11

fd f2+
/_/HH\“
al‘a2|""am B d||d|2||2|1

w(A) w(A)
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Since
F +f171 CwA)—d-fa—1 >4(i+1)d+2k—d(2i+1)—1
2 2 2 = 2
_Qit+3)d+2k—1_ (2i+43)d+1 _d-fat1
o 2 = 2 2

it follows that a,,—; =2 for 0 < j < % — 1. Consequently,

d-fg+1
4— -2

wd) -2 Y am_jw(/\)Q{2<d'f;H2>}2(1)

=0
:w(x)—4(d'f;“—2>—2

—w(\) —2d- fa+4=43+1)d+2k—2d- fs+4
> A(i+ 1)d + 2k — 2d(2i + 2) + 4 = 2k + 4

>4 = Qam_(d(fd;l) _1)

so that UF (%M) = (Fy)(F,)(P)“ ™ (F,)(F}). Thus, since

fi—1 d-fa+1
1 =
5 +1> 5 ,

fo+

applying UF (%, M’) to M’ results in the meander M" of type

fa w(N)—2d-fgy
2

—_—~—  ——

did|d|---|d|d| 2]---[2

120 1212] -+ 2]+ [ 2] -+ 12w(X) — 2d - fa’
~—— ~——

d d

fa—1
2

where M > 0. Evidently, M” consists of @ smaller meanders: one

meander of type W‘fnlz, % meanders of type 2ﬂfi‘2, and one meander of type
% Applying Lemmas 2 and 4, we conclude that the meanders of types
ﬁ and Zﬁ!fjp, respectively, consist of a single path. Since

wd) =2d- fa _ AG+1)d+2k—2d- fu 4G+ 1)d+ 2k — 2d(2i +2)
4 4 4

b

k
2

applying Lemma 5, it follows that the meander of type % consists of more

than [g] cycles. Hence, putting everything together, M’ consists of %Jrl = %
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paths and more than {%] cycles. Now, since d - fq > f1, it follows that each of the

£ = L top edges added in forming M’ from M belongs to a path corresponding to one

of the meanders of type ﬁ or % in M". Consequently, removing each of the

% top edges added in forming M’ from M breaks one path into two. Therefore,

M consists of

Jat+t1l  fi=-1  fa+fr  2i+2
= = = 1
5 T3 2 D vt

paths and more than fg] cycles. Applying Theorem 4, the result follows.
Case 5: f; >d- fg3 > 0. Let M be the meander of type

fa fa f1
— N /N
d‘|d|2‘|2‘1|‘1
w(A) '

Since

fi—2
wA) =2 am_j =w(X) = 2(fr — 1) > 4(i + 1)d + 2k — 2(2i + 1)
7=0
S A+ 1)+ 2% —22i+1) =242k > 2 =2a,_(_1),
it follows that UF(fy, M) = (Fy)(F,)(P)(F,)(Fy). Thus, since

W) =2 fy =4+ 1)d+2k —2- f1 > 4(i + 1)d + 2k — 2(2i + 2)
> A(i+1) + 2k — 2(2i +2) = 2k > 0

and f1 > d- fy, applying UF(f;, M) to M results in the meander M’ of type

fa f2
—N— —
d‘...|d‘2|...‘2
oo e [ 1o L] L] | 2T Jw(A) =2 fr]
~—— —_—— ~—
d d 2 2
fa =iy

where % > 0 and w(\) —2- f; > 0. Evidently, M’ consists of W
smaller meanders: f; meanders of type —% fLi=d'fa yeanders of type %1, and one

-1 = 2
meander of type w(2,\‘)7—|22fl Clearly, the meander of type % consists of one path

and the meander of type ﬁ consists of (%W paths. Since [%—I > %—‘,
applying Lemma 5, it follows that the meander of type % consists of more

than [g] cycles. Hence, putting everything together, M consists of
£ [dw Lhizd-fa :fdd-i-l yh-dfa_ fitfa_

2i+2
2 2 o o

1
2 2 2 2 v
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paths and more than [%] cycles. Applying Theorem 4, the result follows. O

Using Propositions 1 and 2 above, we now show that the number of partitions
A\ = 1112244 of fixed index i > 0 is periodic assuming that we restrict to those A
with w(A) > 4(i+1)d + 1.
Proposition 3. Fizi>0. Ifn > 4(i+ 1)d+ 1, then
2(i4+1), n odd
0, otherwise.

[{x € P(n,{1,2,d}) | ind(\) = i}| = {

Proof. Combining Theorem 4 and Lemma 3, it follows that any partition A with
ind(\) = 4 has at most 2i + 2 odd parts. Take A = 1712f2d/¢ with 2i +2 > f; + f1
and n = w(A) > 4(i + 1)d + 1. There are 3 cases.

Case 1: n odd. In this case, we must have f; + f; odd; that is, fg+ f1 =2j+1
for 0 < j <i. Note that
4G+ 1)d+1>4(j+1)d+1

for 0 < j <. Thus, applying Proposition 1, if f; + f1 =254+ 1 for 0 < j <4, then
ind(A\) = j. Consequently, if f; + f1 is odd and ind(\) = 4, then fq + f1 = 2i + 1.
Evidently, there are 2(i + 1) partitions A = 1/12/2d/¢ of n = w()\) > 4(i + 1)d + 1
with f; + f1 = 2i + 1. Therefore,

{X € P(n,{1,2,d}) | ind(A) =i} =2(i+ 1)
for n > 4(i + 1)d + 1 odd.

Case 2: neven, fg+ f1 > 0. Assume that n = w(\) = 4(i+ 1)d+ 2k for k > 0. In
this case, we must have f; + f1 even; that is, fg + f1 =25+ 2 for 0 < j <i. Note
that if i = 7+ 1 for 0 <[ <4, then

Ai +1)d + 2k = A(j + 1+ 1)d + 2k = 4(j + 1)d + 2(k + 21d).
Applying Proposition 2, it follows that
indA\) >j+k+2d=i+k+ (2d— 1)l > i.
Thus, there are no partitions A\ = 1512/2d%¢ with w(\) > 4(i + 1)d + 1, fa+ f1 >0
even, and ind(\) = 1.
Case 3: meven, fg+ f1 = 0. Assume that n = w(\) = 4(i +1)d + 2k for k > 0. In
this case, combining Theorem 4 and Lemma 5, it follows that

A(i + 1)d + 2k

ind(\) = 2 [ /

—‘12(i+1)d+2[§—‘1>i.

Thus, there are no partitions A\ = 1912/2d7¢ with w(\) > 4(i+1)d+1 even, fq+ f1 =
0, and ind(\) = . O
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Finally, to finish the proof of Theorem 2, it remains to show that the number
of partitions A\ = 1/1272df¢ of fixed index i > 0 is not periodic if we restrict to A
with w(\) > k for k < 4(i + 1)d + 1. To do so, considering Proposition 3, in the
proposition below we show that [{A € P(4(: + 1)d,{1,2,d}) | ind(A\) = i}| = 1 for
1> 0.

Proposition 4. Ifi > 0, then |{\ € P(4(: + 1)d,{1,2,d}) | ind(\) = i}| = 1.
Proof. Combining Theorem 4 and Lemma 3, it follows that any partition A with
ind(\) = 4 has at most 2i + 2 odd parts. Take A\ = 1/12/2d/¢ with w(\) = 4(i + 1)d

and 2i + 2 > f; + f1. Note that since w(A) is even, it follows that fq + fi must be
even as well. There are 7 cases.

Case 1: fq=2i+2, f; =0. Let M be the meander of type

f f2
/—/i—\ ——
a1|a2|...|am _ d||d|2||2
w(A) w(A) '
Since
wN) —d-fg  w\)—d(2i+2) 4(i+1)d—(2i+2)d 2(i+1)d
fo= 2 - 2 - 2 T2

= (i +1)d,
it follows that a,,—; =2 for 0 < j < (i + 1)d — 1. Consequently,

(i+1)d—2
wA) =2 D am=w(\) = 22((i + 1)d — 1)] = w(\) = 4[(i + 1)d — 1]
j=0

=40+ 1)d—4(i+1)d+4=4= 2am,[(i+1)d,1]
so that UF((i + 1)d, M) = (Fy)(F,)(P)0+tV4=1(B)(F,)(F}). Thus, since f, =
(¢ + 1)d, applying UF((i + 1)d, M) to M results in the meander M’ of type
fa
—_——~
dld| - - -|d|d|d
2|‘2|‘2|‘2
~—— ~——

d d

Id_ip1
Evidently, M’ consists of ¢ + 1 smaller meanders: i + 1 meanders of type %.
Applying Lemma 4, it follows that M consists of i + 1 paths. Thus, applying
Theorem 4, if A = 1712f2d/¢ satisfies w(\) = 4(i + 1)d, f4 = 2i +2, and f; = 0,
then ind(\) = 1.
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For the remaining 6 cases, no partitions satisfy the given conditions, from which
the result follows. As the treatment of these 6 cases is similar to that of those in

Proposition 2, we relegate the consideration of the remaining cases to Appendix
A. O

4. Parity Periodicity

In this section, for d > 1 odd we consider the sequence of differences between the
numbers of partitions A € P(n, {1,2,d}) with ind()\) even and with ind(\) odd. In
particular, if

PFP(n) =|{\ € P(n,{1,2,d}) | ind(\) = 0 (mod 2)}|

and
PP (n) = |{\ € P(n,{1,2,d}) | ind(\) = 1 (mod 2)}|,

then we are interested in the sequence
{P7(n) = P (n)}n>1.

First, given a partition A, we show that the parity of ind()\) can be determined
by counting the number of parts of A that are congruent to 2 or 3 modulo 4.

Proposition 5. Let A be a partition with w(A) =n. If n =1,2 (mod 4), then

1. ind(A) = 1 (mod 2) if and only if the number of parts of A that are congruent
to 2 or 3 modulo 4 is odd; and

2. ind(M\) = 0 (mod 2) if and only if the number of parts of A that are congruent
to 2 or 3 modulo 4 is even.

Ifn=0,3 (mod 4), then

1. ind(A) =1 (mod 2) if and only if the number of parts of A that are congruent
to 2 or 3 modulo 4 is even; and

2. ind(N\) =0 (mod 2) if and only if the number of parts of A that are congruent
to 2 or 3 modulo 4 is odd.

Proof. Let M be the meander of type % Clearly, M consists of [%] paths.

el then
n

Thus, by Theorem 4, if g is the seaweed algebra of type

n—1
ind(g):{ 7, nodd

n—2
5=, neven,
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that is,
ind(g) = 0 (mod 2), n=1,2 (mod 4)
1 (mod 2), n=0,3 (mod 4).

Now, it remains to consider how replacing blocks of consecutive 1’s in the top com-
position defining the type of M by their sum affects the index of the corresponding
seaweed algebra.

Consider the meander N of type

a1| “es ‘an
Z?:la’i ’

where a; =1for j=k,k+1,...,k+p— 1. Form a new meander N’ of type

1] Jax_ilplaisy] - lan

Z?=1 a; 7

by adding LgJ top edges joining vertex v, +52h ) to vertex v

p—it1+3F 1 a; of N
fori=1,..., ng Evidently, the addition of each such edge either combines two
paths into one, or completes a path into a cycle; that is, by Theorem 4, each of
the LgJ edges either increases or decreases the index of the corresponding seaweed
algebra by one, changing the parity. Since parts = 2,3 (mod 4) contribute an odd

number of edges and parts = 0,1 (mod 4) an even number, the result follows. [
Corollary 1. Let A = 11122 € P(n,{1,2}). If n=1,2 (mod 4), then

. d()\) . 0 (mod 2), f2 s even
Jant =
1 (mod 2), fo is odd,

and if n = 0,3 (mod 4), then

0 (mod 2), f2 is odd

1 (mod 2), fo is even.

ind(\) = {

To prove the main result of this section (see Theorem 3 below), we require the
following proposition which establishes that the sequence {P¥(n) — P9 (n)},>1 is
periodic for d = 1.

Proposition 6. If
en = [{A € P(n,{1,2}) | ind(\) = 0 (mod 2)}|

and
on = {N € P(n,{1,2}) | ind(A\) =1 (mod 2)}|,
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then the sequence {e,, — op }n>1 is periodic with

1, n=1(mod4)

0, n=2(mod4d)
€n — Op =

0, n=3(mod4)

-1, n=0 (mod4)

Proof. There are 3 cases.

Case 1: n =1 (mod 4). In this case, n = 4k + 1 for some k > 0. Note that if
A= 112f2 ¢ P4k +1,{1,2}), then 0 < fo < 2k. Thus, there are k + 1 partitions
A€ P(4k +1,{1,2}) with f5 even (including f» = 0) and & partitions with f2 odd.
Applying Corollary 1, if n =4k + 1, thene, —0, =k+1—k=1.

Case 2: n = 2,3 (mod 4). Assume that n = 2 (mod 4). In this case, n = 4k + 2
for some k > 0. Note that if A = 1/12/2 € P(4k + 2,{1,2}), then 0 < fo < 2k + 1.
Thus, there are k + 1 partitions A € P(4k + 2,{1,2}) with fo even (including
fo = 0) and k + 1 partitions with f odd. Applying Corollary 1, if n = 4k + 2,
then e, —0, = k+1—(k+ 1) =0. The case n = 3 (mod 4) follows via a similar
argument.

Case 3: n = 0 (mod 4). In this case, n = 4k for some k& > 0. Note that if
A = 15122 € P(4k,{1,2}), then 0 < fo < 2k. Thus, there are k + 1 partitions
A € P(4k,{1,2}) with fo even (including fo = 0) and k partitions with fo odd.
Applying Corollary 1, if n = 4k, then e, — 0, =k — (k+1) = —1. O

Theorem 3. If d =3 (mod 4), then the sequence {PE(n) — PP (n)}n>1 is periodic
with each period having the following form:
1,0,0,—1,.‘.,1,0,0,—1,1,0,1,0,1,0,...,1,0,1,0,1,1,0,0,1,...,1,0,0,1,1,0,0,0,‘..,0,—1.
——

d—1 d d d
Proof. Set
Par(n) = {171272d7 € P(n,{1,2,d}) | fa =k},
ek = {\ € Pyr(n) | ind(A\) =0 (mod 2)}|,
and

0,’1 =|{X € Pyr(n) | ind(A) =1 (mod 2)}|

for k > 0. First, we compute the values ek — of for k > 0. To do so, we alter

the partitions of P4 x(n) by removing all parts of size d, resulting in the collection
of partitions P(n — kd,{1,2}). Note that this defines a bijection f : Pyr(n) —
P(n—kd, {1,2}). Using a combination of Corollary 1 and Propositions 5 and 6, we
are then able to compute ef — of.

There are 3 cases. To ease notations, let (n,k) = (i,5) (mod m) denote n =

i (mod m) and k = j (mod m).
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Case 1: ek —oF for (n,k) = (0,0),(1,3),(2,3), and (3,2) (mod 4). In this case,

we claim that e® — of = —1. Assume (n,k) = (0,0) (mod 4). Note that n — kd =
0 (mod 4). Applying Corollary 1 and Proposition 6, it follows that
{11272 ¢ P(n — kd, {1,2}) | fo =0 (mod 2)}|

= {11122 e P(n — kd,{1,2}) | fo =1 (mod 2)}| + 1.

Thus,
[{171272d" € Pyx(n) | f2+k =0 (mod 2)}|
= [{1712"2d" € Pyy(n) | fo+ k=1 (mod 2)}| + 1.
Considering Proposition 5, we conclude that ef — 0% = —1. The cases (n,k) =

(1,3),(2,3), and (3,2) (mod 4) follow via a similar argument.

Case 2: ek —oF for (n, k) = (0,2),(0,3), (1,1),(1,2),(2,0),(2,1),(3,0), and (3,3) (mod 4).
In this case, we claim that ef — of = 0. Assume (n,k) = (0,2) (mod 4). Note that
n — kd =2 (mod 4). Applying Corollary 1 and Proposition 6, it follows that

{1712/ € P(n — kd, {1,2}) | fo =0 (mod 2)}|

= |{1712"2 € P(n — kd, {1,2}) | fo =1 (mod 2)}|.

Thus,
{1/1272d* € Py 1(n) | fo+k =0 (mod 2)}|
= |{1512"2d% € Pyy(n) | fo+k =1 (mod 2)}|.
Considering Proposition 5, we conclude that ek — ok = 0. The cases (n,k) =

(0,3),(1,1),(1,2),(2,0),(2,1),(3,0), and (3,3) (mod 4) follow via a similar argu-
ment.

Case 3: ef —of for (n,k) = (0,1),(1,0),(2,2), and (3,1) (mod 4). In this case,
we claim that ef — of = 1. Assume (n,k) = (0,1) (mod 4). Note that n — kd =
1 (mod 4). Applying Corollary 1 and Proposition 6, it follows that

{11272 € P(n — kd,{1,2}) | fo =0 (mod 2)}|

= |{11122 e P(n — kd,{1,2}) | fo =1 (mod 2)}| + 1.

Thus,
{1/1272dF € Pyp(n) | f2+ k=1 (mod 2)}|
= [{1712"2d" € Pyy(n) | fo + k=0 (mod 2)}| + 1.
Considering Proposition 5, we conclude that e — of = 1. The cases (n,k) =

(1,0),(2,2), and (3,1) (mod 4) follow via a similar argument.
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Now, if n = md + i for 0 <i < d and m > 0, then
m
Pr(n) —PF(n) =Y (e} —o}).
§=0
Note that, if m > 4l—1 for [ > 0, then the computations above show that Z4l 1( | —
07) = 0. Consequently, if n = md+ i for 0 < i < d with m =4l + k for [ > 0 and
0 <k < 4, then

m 4l+k k
PE(n) ~PL(m) = D(eh — o) = D (el — od) = D2l — ob)
j=0 j=4l 7=0

Thus, once again considering the computations above, assuming n = md + i for
0<i<dwithm=4l+k forl>0and 0 <k <4, it follows that:

e if n =1 (mod 4) and m = 0 (mod 4), then
Pi(n) = Pg (n) =€, — o) =1;
e if n =2 (mod 4) and m = 0 (mod 4), then
Pi(n) =P (n) = ey — o) = 0;
e if n =3 (mod 4) and m = 0 (mod 4), then
Pi(n) = Pg(n) =€) — o) = 0;
e if n =0 (mod 4) and m = 0 (mod 4), then
Pi(n) = Pg(n) = ey — ol = —1

e if n =1 (mod 4) and m =1 (mod 4), then

PE@) = P9) = Y (eh~of) =140 =
e if n=2 (mod 4) and m =1 (mod 4), then

PE) = PL) = Y (el of) = 0-+0 =0
e if n =3 (mod 4) and m =1 (mod 4), then

Pi(n)=Pn) = (eh—of) =0+1=1;
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e if n =0 (mod 4) and m =1 (mod 4), then

Pr(n) —PJ(n) = (e — o)) =—-1+1=0;
=0

J

e if n =1 (mod 4) and m = 2 (mod 4), then

M-

<
I
o

Pi(n) =PF(n) =) (eh—ol)=1+0+0=1;

e if n =2 (mod 4) and m = 2 (mod 4), then
2 .
PE(n) —PO(n) = S (el — 0l) =04+ 04+1 = 1;
e if n =3 (mod 4) and m = 2 (mod 4), then
2 . .
PdE(n)—PdO(n)zz:(eﬁl—oiJ=O—|—1—1:O;
e if n =0 (mod 4) and m = 2 (mod 4), then

2
Pi(n) =P n) = (e —o) =—1+1+0=0;
7=0

e if n =1 (mod 4) and m = 3 (mod 4), then

Pi(n) =P (n) =) (e, —0)) =1+0+0-1=0;

M-

<
I
o

e if n =2 (mod 4) and m = 3 (mod 4), then

(e%—o%):0+0+1—1:0;

M-

<
I
o

Pi(n) =P (n) =
e if n =3 (mod 4) and m = 3 (mod 4), then

Pi(n) =PLm) =) (eh—0l)=0+1-1+0=0;

M-

<
Il
=)

27
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e if n =0 (mod 4) and m = 3 (mod 4), then

3
PL(n) —PL(n) = (e}, —0))=-1+1+0+0=0.
=0

Therefore, the sequence {P¥(n) — P9 (n)},>1 is periodic with each period having
the following form:
1,0,0,—1,...,1,0,0,—1,1,0,1,0,1,0,...,1,0,1,0,1,1,0,0,1,...,1,0,0,1,1,0,0,0,...,0, —1.
——

d—1 d d d
O

Remark 3. Note that if d = 4m + 3, then the sum of all terms in each period of
{PE(n) = P(n)}n>1 isequal to 1+ (2m +2) + (2m + 1) — 1 = 4m + 3 = d.

The following theorem shows that the assumption d = 3 (mod 4) of Theorem 3
is necessary for d > 1 odd.

Theorem 5. If 1 < d =1 (mod 4), then the sequence {PF(n) — P9 (n)}n>1 is not
periodic.

Proof. Let n(l) = (4l — 1)d + 2 for [ > 1. We show that the sequence

{PF (n(1)) = PZ (n(D)}i21

is strictly increasing. Note that n(l) = 1 (mod 4). As in the proof of Theorem 3,
set
Par(n) = {17127d/ € P(n{1,2,d}) | fa =k},

ek =1{\e Par(n) | ind(X) =0 (mod 2)}],

and

of = [{\ € Pyr(n) | ind(\) =1 (mod 2)}|.
Mirroring the proof of Theorem 3, we start by calculating the values efl(l) — Oﬁ(l)
for I > 1. As before, this is accomplished by removing all parts of size d from the

partitions of Py x(n(l)) and utilizing Corollary 1 along with Propositions 5 and 6.
There are 4 cases.

Case 1: eZ(l) - oﬁ(l) for Kk = 1 (mod 4). In this case, n(l) — kd = 0 (mod 4).

Applying Corollary 1 and Proposition 6, it follows that
{17272 € P(n(l) — kd,{1,2}) | fo =0 (mod 2)}|

= {1122 ¢ P(n(l) — kd,{1,2}) | f2=1 (mod 2)}| + 1.

Thus,
{1/1272d% € Py 1(n(l)) | f2 =0 (mod 2)}|
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= [{171 224" € Pyi(n(l)) | fo =1 (mod 2)}| + 1.
Considering Proposition 5, since d = 1 (mod 4), we conclude that effb(l) — Oﬁ(l) =1

Case 2: eﬁ(l) - Oﬁ(l) for kK = 2 (mod 4). In this case, n(l) — kd = 3 (mod 4).
Applying Corollary 1 and Proposition 6, it follows that

{11272 € P(n(l) — kd, {1,2}) | fo =0 (mod 2)}|

= {11122 e P(n(l) — kd, {1,2}) | f2 =1 (mod 2)}|.

Thus,
{1/1272d% € Py 1. (n(1)) | f2 =0 (mod 2)}|

= [{171272d" € Pax(n(l)) | f2=1 (mod 2)}|.
Considering Proposition 5, since d = 1 (mod 4), we conclude that eﬁ(l) — oﬁ(l) =0.
Case 3: eﬁ(l) - oﬁ(l) for kK = 3 (mod 4). In this case, n(l) — kd = 2 (mod 4).
Applying Corollary 1 and Proposition 6, it follows that
{11272 € P(n(l) — kd, {1,2}) | fo =0 (mod 2)}|

= {11122 e P(n(l) — kd, {1,2}) | f2 =1 (mod 2)}|.

Thus,
[{151252d% € Pyr(n(1)) | f2 =0 (mod 2)}|

= [{1712724% € Py (n(l)) | f2 =1 (mod 2)}|.
Considering Proposition 5, since d = 1 (mod 4), we conclude that efl(l) - 02(1) =0.

Case 4: efl(l) - 02(1) for K = 0 (mod 4). In this case, n(l) — kd = 1 (mod 4).
Applying Corollary 1 and Proposition 6, it follows that

{11272 € P(n(l) — kd, {1,2}) | fo =0 (mod 2)}|

= {11272 e P(n(l) — kd,{1,2}) | f2 =1 (mod 2)}| + 1.
Thus,
[{1712F2¢dF € Par(n(l)) | f2=0 (mod 2)}
= [{171 224" € Pyi(n(l)) | fo =1 (mod 2)}| + 1.
Considering Proposition 5, since d =1 (mod 4), we conclude that e’fL(l) - 0’;([) =1
Now, for [ > 1, considering the computations above, we have

4l—1

PE(n(1) = PO (n(1) = Y (el =0y ) =U1+1+0+0) =21
7=0
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Remark 4. Theorem 3 does not appear to hold in general when d is even. For
example, taking d = 4 the first 25 terms in the sequence {P¥(n) — P9 (n)},>1 are

]-7070a _27270107_3737()’07 _47470707 _57570707 _61670707_7777
and taking d = 6 the first 25 terms are
1,0,0,—1,1,—1,1,—1,1,-1,1,-2,2,—1,1,-2,2, -2,2,-2,2, 2,2, —3, 3.

5. Epilogue

In this article, we studied two sequences of values defined using integer partitions
and the index theory of seaweed subalgebras of sl(n). Recall that given a partition
A, we take ind(\) to be the index of the seaweed subalgebra of sl(n) defined by
the pair of compositions consisting of A and its weight w(\). Restricting ind to
the partitions of P(n,{1,2,d}) with d > 1 odd, we find that (1) the number of
partitions A € P(n,{1,2,d}) with ind(\) = ¢ is eventually periodic, and (2) when
d = 3 (mod 4), the difference between the number of partitions A € P(n, {1,2,d})
with ind(A) even and the number with ind(\) odd is periodic. It was noted in
Sections 3 and 4 that experimental evidence suggests that if, instead, d > 2 even,
then a more complicated version of (1) holds while (2) no longer holds in general.
In particular, we are led to pose the following conjecture.

Conjecture 1.
1. For d > 2 even and i > 0, the sequence of values
{{A € P(n,{1,2,d}) [ ind(A) = i}[}n>
is eventually periodic with period d.
2. If d > 2 even,
Py (n) = {A € P(n,{1,2,d}) | ind(A) = 0 (mod 2)}|,
and
P (n) = {X € P(n,{1,2,d}) | ind(\) =1 (mod 2)}],
then the sequence {PF¥(n) — P (n)}n>1 is not periodic.

Recall that periodic phenomena among index and integer partitions are not new.
In [3], the authors show that the number of partitions A € P(n,{1,2,...,k}) for
1 <k <7 with ind(A) = 0 is eventually periodic. Thus, given the addition of the
new periodicity results established in this paper, we conjecture that a more general
theorem exists relating index, restricted classes of integer partitions, and periodic
phenomena. In particular, perhaps there exists some Property 1 and Property 2
such that
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1. if Sy € {S C Z<q | S satisfies Property 1}, then the sequence of values
{{A € P(n, 51) | ind(A) = i}|}n>1

is eventually periodic; and

2. if So € {S C Z~¢ | S satisfies Property 2},

PE (n) = [{\ € P(n, S2) | ind(A) =0 (mod 2)}|,

and
PS.(n) = [{\ € P(n,S>) | ind(A) =1 (mod 2)}|

then {P& (n) — P, (n)}n>1 is (eventually) periodic.

Acknowledgements. The author is indebted to V. Coll, N. Russoniello, and an
anonymous referee for their careful reading of the original manuscript and for their
helpful comments which enhanced both the exposition and clarity of the article.
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Appendix A: Proof of Proposition 4

Below, the remaining 6 cases in the proof of Proposition 4 are considered.
Proof. Case 2: f;+ f1 = 0. Applying Theorem 4 and Lemma 5, it follows that

ind()\)=2{ —1=26+1)d—1>i.

Thus, there are no partitions A\ = 1/12/2d7e satisfying w(\) = 4(i +1)d, fa+ f1 =0,
and ind(\) = .
Case 3: fy+ f1i=2j+2for 0<j<i. Sayi=j+1for 0 <l <i. Note that
40+ 1)d =4 +1+1)d=4(j +1)d+4ld = 4(j + 1)d + 2(2ld)
for 2ld > 0. Applying Proposition 2, it follows that
ind(A) >j+2d=(G+1)+2d—-1)l =i+ (2d — 1)l > 1.

Thus, there are no partitions A\ = 1/12/2d/¢ satisfying w()\) = 4(i + 1)d, fqo+ f1 =
25+ 2 for 0 < j < i, and ind(A) = i.
Case 4: f1 =2i+2, f3 =0. Let M be the meander of type

f2 f1
——
a1|a2|...|am _2|...|2|1|...|1

w(}) w(A)

Since

f1—2
wA) =2 am_j =w(N) = 2(f1 = 1) = 4(i + 1)d — 2(2i + 1)
§=0

> A(i+1) =22 +1) = 2 = 2am_ (1),
it follows that UF(f1, M) = (F},)(F,)(P)f(F,)(F},). Thus, since
w\) =2 fy =4+ 1)d — 2(2i +2) > 4(i +1) — 2(2i + 2) = 0,
applying UF(f;, M) to M results in the meander M’ of type

Hoipn w-zh

—— —
2||2| 2|...‘2

L[] 2L Jw(d) =2+ fr
2 2
—_—

f=iy1
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7W(A);2'fl > 0. Evidently, M’ consists of ¢ + 2 smaller meanders: 7 + 1

meanders of type 1—?1 and one meander of type %
type 1%1 consists of a single path. Applying Lemma 5, we conclude that the meander
[-[2 'w(>\)—2~f1—‘

- 1

of type m consists of {

where

Clearly, the meander of

cycles. Since

w\)—2-f1  AG+1)d—2(2i+2) _ 4>i+1) —2(2i+2)

4 4 ~ 4 ’

it follows that the meander of type % consists of at least one cycle. Thus,
putting everything together, M consists of i + 1 paths and at least one cycle. Ap-
plying Theorem 4,

ind(\) >i+1+2-1=i+2>1.

Hence, there are no partitions A\ = 1/12/2d/¢ satisfying w(\) = 4(i + 1)d, fq = 0,
f1 =2i+2, and ind(A) = 4.

Case 5: fq+ fi = 2i+2with 0 < f1 < d- fq and fi1, f4 even. Let M be the

meander of type
fa f2 J1

—— N~
d‘|d|2‘|2‘1|‘1
w(A) '

Form a new meander M’ by adding f—zl top edges to M connecting the vertices vg;_1
and wve; for W <i< w Note that M’ is the meander of type

fd .f2+f71

—— —
a1|a2|...|am :d||d|2||2

Since

A wN) —d-fo 4G+ 1)d—d2i+2)  (2i4+2)d _d-fq4
fotg = 2 = 2 -T2 T a2

it follows that a,,—; =2 for 0 < j < % — 1. Consequently,

=2 3 oy =2 (A1) <o (42 )

=4(i+1)d—2d- fg+4>4(i+1)d—2d(2i +2) + 4
:4:2am7(%71)
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d-fg

so that UF (‘*—{%M’) = (Fn)(F,)(P)“#* (F,)(F)). Thus, since f, + £ > &ft

2
applying UF (%, M’ ) to M’ results in the meander M" of type

w(N)—2d-fg
2

f

d
did|---|d|d| 2|---|2

2 2] 2 2wy 24Ty

~—— S~——

d d

fd
2

w(\)—2d-f,
where —~5=—

> 0. Evidently, M" consists of % + 1 smaller meanders: ¢

2
dld 9

meanders of type 513 and one meander of type Wﬁfd Applying Lemma 4,

we conclude that the meander of type % consists of a single path. Since

w\) —2d - fq A+ 1)d — 2d(2i + 2)
4 ~ 4

=0,

applying Lemma 5, it follows that the meander of type % consists of at least
one cycle. Thus, putting everything together, M’ consists of % paths and at least
one cycle. Now, since d - fy > f1, it follows that each of the % top edges added in
forming M’ from M belongs to a path corresponding to one of the meanders of type
% in M"”. Consequently, removing each of the % top edges added in forming

M’ from M breaks one path into two. Therefore, M consists of
Ja fi_ 2042
2 2 2
paths and at least one cycle. Applying Theorem 4,

1+1

ind(\) >i+1+2-1=i+2>i.

Hence, there are no partitions A = 1/12/2df4 satisfying w(\) = 4(i 4+ 1)d, f4+ f1 =
20+2,0< f1 <d- fq, f1 and f4 even, and ind(\) = i.

Case 6: fq+f1 =2i+2with0 < f; <d- fyand f1, fg odd. Let M be the meander

of type
fa f2 f1

—— T~
dl--|d|2]--2]1] |1
w(A) '
Form a new meander M’ by adding L=l top edges to M connecting the vertices

2
v9;_1 and wvg; for d'fd+g'f2+2 <i< w()\2)—1. Note that M’ is the meander of type

fa f2+f1271

—— —
01‘042|""am 7d||d|2||2|1

w(}) w(X)
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Since
f2+f12_1:w()‘)_62i'fd—124(Z+1)d—c2l(22+1)—1
Qi+ 1d+(2d—1)  (Qi+1)d+1 _d-fo+1
- 2 ~ 2 =Ty

it follows that a,,—; =2 for 0 < j < % — 1. Consequently,

w(A) — 2 d.f§_2 Um—j = w(A) — 2 [2 <df;+1 — 2>} -2(1)
=0
:w(A)—4(d'f°2i+1—2) Lo w(\) = 2d- fy 44

=4(i+1)d—2d- fa+4>4(i+1)d—2d(2i +2)+ 4

=4= 2am_(d(f(é+1> _1)

d-fg+1
2

so that UF (%M) = (F)(F)(P)™4™ (F,)(Fy). Thus, since

fi—1 d-fq+1
1 =
9 +1> 5 ,

fo+

applying UF (%, M’) to M’ results in the meander M” of type

fa vy
—_——
did|d|---]d|d] 2]---|2

Tl 2l 2l (2 (N — 2d- fa
S—— S——

d d

fg—1
2

where M

> 0. Evidently, M” consists of % smaller meanders: one
meander of type ﬁ’ % meanders of type %, and one meander of type

% Applying Lemmas 2 and 4, we conclude that the meanders of types
and '%flfj consist of a single path. Since

_d
1]2[--2 2[--+[2

wd) ~2d- fy _ A+ 10)d—2d- fo _ Ai+1)d-2d2i+2) _
4 4 4 ’

2]-|2
wN)—2d-fq
least one cycle. Thus, putting everything together, M’ consists of % +1= %

paths and at least one cycle. Now, since d- f; > f1, it follows that each of the %

applying Lemma 5, it follows that the meander of type consists of at
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top edges added in forming M’ from M belongs to a path corresponding to one of
the meanders of type W‘lﬂ or % in M”. Consequently, removing each of the
% top edges added in forming M’ from M breaks one path into two. Therefore,

M consists of )
fd+1+f1_17fd+f1 _2i+2

i1+ 1

2 2 2 2
paths and at least one cycle. Applying Theorem 4,

ind(\) >i+14+2-1=i+2>1.
Hence, there are no partitions A = 1/12/2df4 satisfying w(\) = 4(i + 1)d, f4+ f1 =
20+2,0< f1 <d- fa, f1 and f4 odd, and ind(\) = i.
Case 7: fq+ f1 =20+ 2 with f; > d- f; > 0. Let M be the meander of type

fa f2 f1
—— N~
a1|a2|...|am _d|...|d|2|...|2|1|...|1

w(}) w(A)

Since

f1—2
wA) =2 am—j =w(N) = 2(f1 — 1) > 4(i + 1)d — 2(2i + 1)
j=0
>4 4+1) = 2(2i+1) =2 =2am,—(,-1),
it follows that UF(f1, M) = (F},)(F,)(P)(F,)(F},). Thus, since

wA) =2 fr =46+ 1)d—2- f > 4(i +1)d — 2(2i + 2)
>A(i+1)—2(2+2) =0

and f1 > d- f4, applying UF(f;, M) to M results in the meander M’ of type

fa f2
—— —
d‘...|d‘2‘...‘2
U - U] ]| AL Jw(A) =2+ fo
~—— —— ~~ ~~
d d 2 2
fa fl*:'fd

where % >0 and w(\) —2- f; > 0. Eviden‘qu, M’ consists of M
smaller meanders: f; meanders of type —%—, £1=¢J4 meanders of type

10 2
meander of type % Clearly, the meander of type % consists of one path

and one

2
11
and the meander of type ﬁ consists of {g] paths. Since

wA)—2-fi 4G+ 1)d—2(2i+2) _ 4Gi+1)—2(2i+2)
4 - 4 - 4 o
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% consists of at least
one cycle. Thus, putting everything together, M consists of

d —d- d+1 —d-f, +
fdu+f1 > Ja _pdtdl hmdide _Nhitte

applying Lemma 5, it follows that the meander of type w(i‘

2 + 2
i

2 2 2 2

paths and at least one cycle. Applying Theorem 4,
ind(\) >i+1+2—-1=i+2>1.

Hence, there are no partitions A = 1512/2d7¢ satisfying w(\) = 4(i + 1)d, fq+ f1 =
2i+2, fi >d- fg >0, and ind(\) = i. O



