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Abstract
We derive two continued fractions M(q) and N(q) of order sixteen connected with
the Ramanujan-Gollnitz-Gordon continued fraction. We obtain theta-function iden-
tities of M (q) and N(q) and prove general theorems for the explicit evaluations of
M(£q) and N(£q). As applications, we show that color partition identities can
be obtained from the theta-function identities of M(q) and N(g). Some matching
coefficients arising from the continued fractions M (q) and N(q) are also offered.

1. Introduction

Throughout the paper, for any complex numbers a and ¢, define the g-product
(a;¢) as

(@:0) =[] (1 -aq"), lal <1 (1)
t=0
For brevity, we will write
(al; Q)oo(a2; q)oo(a3; Q)oo T (am; Q)oo = (alv a2,0a3, ", Am; q)oo .

Ramanujan’s general theta-function f(a,b) [5, p. 34] is defined as

fla,b) = Y a!UFDRPED2 T gp| < 1. (2)

t=—o0
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The Jacobi triple product identity [5, p. 35, Entry 19] can be expressed in terms of
f(a,b) as

f(a,b) = (—a; ab) oo (—b; ab) o (ab; ab) oo = (—a, —b, ab; ab) . (3)

Three important special cases of f(a, b) are the theta-functions ¢(q), ¥(q) and f(—q)
[5, p. 36, Entry 22 (i)-(iii)] given by

— B OV il
¢(q) == 1(¢9) —t;ooq = e (gt eV (4)
o By NS e _ (@)
¥(q) = (g, ") ;q G (5)
0 =i ) = Y (D' = (g:0), (6)

respectively. Ramanujan also defined the function x(q) [5, p. 36, Entry 22(iv)] as
X(@) = (=4 %) - (7)
For convenience, we will write
fo=F(=q") = (0" 4" )
To prove our results, we need the following lemmas.

Lemma 1 ([1, p. 39, Entry 24]). We have

_ S5 oo It _B i
¢(q)—f12§, o) =%, vl@=%,  v=9=5
_ _ 5 =
Ha) =5 (@0 =77 xo=%-
Lemma 2 ([13, (1.9.4)]). The following 2-dissection of ¢(q) holds:
1 fS +2qfff126

s f3fs”

Ramanujan made remarkable contributions in the field of g-continued fractions.
One of the interesting continued fractions is the Ramanujan-Gollnitz-Gordon con-
tinued fraction H(q), recorded by Ramanujan on page 299 of his second notebook
[15] and given by

H(q) :== q1/2 (¢:4%) (¢ ¢%) 0 _ q1/2 f(—=¢,—4")
(6*:6%) 50 (6 4%) o f(—a* —4°)
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1/2
= 3 gl <1 (8)
1+q+ T
1+ q5 + ..

The second equality of (8) follows from the first equality and (3). Gollnitz [11] and
Gordon [12], independently, rediscovered and proved (8). Andrews [2] proved (8)
as a corollary of a more general result. An alternative proof of (8) was also given
by Ramanathan [14]. Ramanujan offered two other identities [15, p. 299] for H(q),
namely,

1 _ 9

g~ 1= @y ©)
and

1 ~ ¢(q)

g 9= ey (10)

Proofs of (9) and (10) can be found in [5, p. 221]. The identities (9) and (10)
also follow as special cases of identities established in [8]. Chan and Huang [7]
found many identities involving the continued fraction H(q) and evaluated explicitly
H(e~™/"/?) for several positive integers n. Vasuki and Srivatsa Kumar [18] also
established new modular relations for H(g). Baruah and Saikia [4] established some
general theorems for the explicit evaluations of H(q) and evaluated some values.

Closely related to the Ramanujan-Gollnitz-Gordon continued fraction H(q) are
the continued fractions M (q) and N(q) of order sixteen, which are defined, respec-
tively, as

M(q) := ¢*/? )

(4:47°:4" )00 _ 3/21(=4: =
(4", 4% ") f(—q", —q%)

*?(1—q)

) (1—g¢*)+ ¢'(1-¢*)1—¢°) , (11)
(1= gt (148 + L0 =)0 —a")
=+ +
and
_ (@450 ) 1jaf(=a*—¢")
N(q) :==¢q (6, 4% 1) oo q EE——
i iy (12)

¢'(1—q)(1—q")

7 9 15

¢ (1-q¢)1—-q7)
1—gY)(1+¢%)+
(1=¢)(1+4¢%) =)+ ¢ -
In fact, the continued fractions M(q) and N(q) are special cases of the following
general continued fraction recorded by Ramanujan [5, p. 24, Entry 12] in his note-
book: Suppose that a, b and ¢ are complex numbers with |ab] < 1 and |¢| < 1, or

(1—q*)+
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that a = b1 for some integer m. Then
(@203 ¢") oo (0?5 ¢ oo 1
(@43 4%) o0 (0%¢; ¢*) o (a —bq)(b— aq)

5 (a = bg*)(b — ag®)
(1 —ab)(q +1)+(1_ab)(q4+1)+_”

1—ab+

(13)
To obtain M(q) and N(q), we replace g by ¢* in (13), then set {a = ¢*/2,b = ¢°/?}
and {a = ¢'/2,b = ¢7/?}, simplify using (3) and employ the results (¢'7;¢'%)oe =

(¢;4'%) 00 /(1—q) and (¢'%;¢*%) o = (¢%;¢*%) 0/ (1—¢3), respectively. It is noteworthy
that the continued fractions H(q?), M(q) and N(q) are continued fractions of order
sixteen.

Vanitha [17] studied the 2-, 4-; 8-, and 16-dissections of the continued fraction
M(q) and its reciprocal, and also studied signs and the periodic nature of the
coefficients in the power series expansion. Vanitha [17] also gave combinatorial
interpretations of the coefficients in the power series expansion of M(q) and its
reciprocal. Surekha [16] obtained 2-, 4-, 8-, and 16-dissections of the continued
fraction N(q) and its reciprocal, and also studied signs and the periodic nature of
the coefficients in the power series expansion.

In this paper, we are concerned with the theta-function identities, explicit values,
partition-theoretic results, and some matching coefficients of the continued fractions
M(q) and N(g). Even though Ramanujan’s theta-function identities are mainly
employed to prove our results, it is important to note that some of the identities
of M(q) and N(q) may also be obtained from the more general identities and g-
difference equations established in [8, 9, 10].

In Section 2, we prove some theta-function identities for M (q) and N(g). We also
prove identities connecting the continued fraction H(q) with M(q) and N(g). In
Section 3, we establish general theorems for the explicit evaluations of M (+q) and
N (+q) with examples. In Section 4, we demonstrate that color partition identities
can be obtained from theta-function identities of M (q) and N(gq) by deriving a color
partition identity. Finally, in Section 5, we derive some matching coefficient results
arising from the continued fractions M (q) and N(q).

2. Theta-Function Identities for M (q) and N(q)

In this section, we prove some theta-function identities for the continued fractions
M(q) and N(q), and identities connecting M (q) and N(q) with the continued frac-
tion H(q).
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Theorem 3. We have

1 _ oa*) (¢(a) + ¢(®))
MO == )

M(q) q¥(q®) H(q)
) i - Vo= 2L )
S+ MO = g
e (seamar—van) :
(vf) ﬁ TN = qY/ ;fﬁ((qg;(f(—qq,?’q 7zq‘”’)
- i (seawreaa)
wi) (3~ 20) (g~ 0) = ottty = (e (q2)>2 |
wit) (3 @) + (3~ V9) = wharmdncs
i) (370~ 0) - (505~ V) = G L)
@) Gy = 5ot = 70
) fr e ~ (et roa)

) 1 _ P*(=q")(g)
(wit) <M(q) +M(q)> (N(q) N(q)> T (@®)(—q)

Proof. From (11), we obtain

1 f(—a".—¢°) — ¢*/*}(—q, —¢")
—/M(q) = . 14
M(q) Gl V25 (—q,—a*)f(—q7, —¢°) )

From [5, p. 46, Entry 30 (ii) and (iii)], we note that

+

f(a,b) = §(a®b,ab®) + af(b/a, a®b®). (15)
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Setting a = —¢3/? and b = ¢°/? in (15), we obtain

f(—a*%,¢*%) = §(~¢", —¢") — ¢**f(—q, —¢"). (16)
Employing (16) in (14), we find that
1 f(_q3/27 q5/2)
—/M(q) = . 17
M (q) @ VEPi(—a,—a")f(—q7, —¢°) ()
Similarly, from (11), we deduce that
1 f(—q", —¢°) + ¢*/*f(—q, —¢'®)
+/M(q) = . 18
M (q) @ VA Pi(—q,—¢")f(—q7, —¢°) 18

Employing (15) with a = ¢*/2 and b = —¢®/? in (18), we obtain

f(q3/2, _q5/2)

1
—t+ VM = . 19
M(q) @ V@2 (—a, —a)f(—47, —¢°) 1)
Combining (17) and (19), we arrive at
1 _ _ f(_q3/27 q5/2)f(q3/27 _q5/2)
M(q) M) = ¢**f(—=q, —¢*®)f(—q", —¢°) 20
Again, from [5, p. 46, Entry 30 (i),(iv)], we note that
f(a, ab*)j(b, a®b) = f(a, b)y(ab) (21)
and
f(aa b)f(*(h 7b) = f(*a27 7b2)¢(7ab)' (22)
Setting {a = —¢, b= —¢"} and {a = —q, b = —¢} in (21) and using (5), we obtain
f(=a, —4")f(=4", —°) = §{(=¢, —a")¥(¢®) (23)
and
f(—a. —a")f(=a*, —¢") = {(=a, —*)¥(q") = Y(=a)¥(q"), (24)
respectively. Also, setting a = —¢/? and b = ¢°/? in (22), we obtain
(=6, ¢*)i(¢*?, ") = § (", —a°) 6(q"). (25)
Employing (23) and (25) in (20), we obtain
I _(=¢* —")e(q")
i M= PR~ 20
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Again, employing (24) in (26), we arrive at

R __P=d® —a°)e(d")
T M0 = e 0
From [5, p. 51] (with ¢ by —¢q), we note that
2f2( q37_q5)
oa) + ota?) = ) (28)
and 20f?( 7
2y _ <91 \{(—4,—q
ola) — ola”) = BT (29)

Combining (28) and (27), we arrive at (i). Employing (8) in (26), we arrive at (ii).
Proceeding as in the proofs of (i) and (ii), and using (29), we arrive at (iii) and (iv),
respectively.

Squaring (19), we obtain

g M) - q?’/zf(fq(,qi/:ﬁ;fqi—mq)?, - (30)
From [5, p. 46, Entry 30 (v),(vi)], we note that
f2(a,b) = f(a®,b%)p(ab) + 2af(b/a, a*b)y(a>b?). (31)
Setting a = ¢*/? and b = —¢°/? in (31), we obtain
(6%, =¢°"%) = §(¢*, ) (") + 2¢°*§(—q, =4 ) (¢%). (32)

Employing (23) and (32) in (30) and simplifying, we arrive at the first equality of
(v). Simplifying the first equality can be expressed as

L M) = f(qq)()(Q)

21 M= PP o) )
Replacing ¢ by ¢? in (29), we obtain
2 2y _ aooany\ V2
g g = <w< q )(qséc;z) 6(q ))) (34)

Employing (5) and (34) in (33), we arrive at the second equality of (v). Proof of
(vi) is identical to the proof of (v), so we omit it. Combining (v) and (vi), we obtain
(xi) and (xii). Proofs of (vii), (viii), (ix), and (x) follow from (i) and (ii). O
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Theorem 4. Let n be a positive integer. Then

omnri-a={ 4028 Y,

0 et = { L =0 okt

Proof. From (11), we obtain

n 15 n 15
M M —q) = (—1 3n/2 3nf (_q7 —q ) « f (Qaq ) 35
(@M"(~) = (~D)™2q™ G ) X o) (35)
Setting {a = ¢,b = ¢'°} and {a = ¢",b = ¢} in (22), we find that

H(a,4")f(=q,—4"%) = f(=¢*, ™) $(-16) (36)
and
f(a",a")f(=a", —¢") = f(=a"*, —¢'*)$(-16), (37)
respectively.
Employing (36) and (37) in (35), we obtain
ni_ .2 _ .30
M () M™(—g) = (—1)3"/2 3"M 38
(@)M"(—q) = (=1)""*q fn(—ql4, —q1%) (38)
— (_1)3n/2Mn(q2).
Now the desired result follows from (38) and noting the fact that 3n/2 is even if

n =0 (mod 4) and odd if n =2 (mod 4). The proof of (ii) is identical to the proof
of (i), so we omit it. O

3. Explicit Evaluation of M (+q) and N(+q)

In this section, we give general theorems for the explicit evaluations of M (q), N(q),
M?(—q) and N2?(—q) by the method of parametrization. We will use the parameter
54, defined by

f(q)

S4.n \/iql/gf(—q4)’ (39)
where n is a positive real number. The parameter s, ,, is the particular case k = 4 of
the parameter sy, defined by Berndt [6, p. 9, (4.7)]. Baruah and Saikia [4] proved
the following formula for the explicit evaluation of H(q) [4, p. 275, Theorem 3.1]:

H(e_ﬂ—\/ﬁ/zl) = _Sin + \/ Sjll,n + 1. (40)

Baruah and Saikia [4] calculated many values of the parameter s;, to evaluate
explicit values of H(q) by appealing to (40).
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Theorem 5. If U(q) = H(¢?>)H(q) and V(q) = H(¢*)/H(q), then

0) 3727~ M@ = g5~ V@)

.. 1 1
(i) W*N(Q)ZM*U(Q)

Proof. Employing (9) in Theorem 3(iii) and (iv), we arrive at (i) and (ii), respec-
tively. O

From the above theorem, it is clear that if we know the values of H(q) and H(¢?),
we can easily evaluate U(q) and V(g), and hence the explicit values of M (q) and
N(q) can be evaluated by solving the corresponding quadratic equations. For that,
we have Theorem 6, which follows from (40) and the definitions of U(q) and V(q).

Theorem 6. We have

(i) U™ = (=83 + \fshan +1) (=i + \fst +1),
(1) V™) = (=534 +f5dan +1) / (=530 + 51 +1)

Remark 1. From Theorem 6, it is easily seen that to evaluate the explicit values
of U(e‘”‘/ﬁ/‘l) and V (e~ ™V™/4) it is sufficient to know the values of Sq,n and Sy ap.
Baruah and Saikia [4] evaluated explicit values of the parameters s4, and S44p
forn=1,2,3,4,5,7,8,9,10,13,15,16, 18,25, and 36. For example, employing the
values 541 = 27°/16(14+/2)1/* and s4 4 = 2'/% in Theorem 6(i) and (ii), we evaluate

Ue ™) = (—2“%@) <\/1+\/§+§z;:— \/1+\/§)

P 25/8 (_21/4+ 1+\/§)
Ve ™% = ,
e VI+V2+25/4 - /142

and

respectively.
Next, employing above values of U(e~™/*) and V(e~"/4) in Theorem 5(i) and
(ii), and solving the resulting equations, we evaluate

—27/8 4 \/2(1 +2V/N) (1 4+ V2 — V14 V?2)

M(e ™4 = (41)
1424 — /1442
and
_99/8 7/8
N(e-m/) = 29/8 4 97/8\/1 4 \/2

—14+2/4 - /142



INTEGERS: 23 (2023) 10

\/2(1+3.21/4+x/§+23/4 — (34291 4+ v/2) (42)

—142U/4 —\/1++2

respectively.

Similarly, with the help of the Theorem 5 and Theorem 6, and the values s4 4 =
21/8 and s416 = (1 + v/2)1/2, we evaluate

1+ﬁ—\/4+4-\/§—25/4\/1+\/§

M(e™™/?) = (43)
214 —\/1+ 2
and
o —l1=V2+ \/4+4-\/§+25/4\/1+\/§
N(e™™/?) = . (44)
24 4 V1442
Theorem 7. We have
M?(q)
i) M?*(—q)=—
() Moo =S
N2(q?)
i) N%(—q) =
(i) NH(oo) =~
Proof. Setting n = 2 in Theorem 4 (i) and (ii), we arrive at (i) and (ii), respectively.
O

Remark 2. From Theorem 7, it is obvious that if we know the explicit values of
M(q?) and M(q) (or N(g?) and N(q)), then explicit values of M?(—q) (or N?(—q))
can be evaluated. For example, employing the values of M(e~™/2) and M (e~™/%)
from (41) and (43) in Theorem 7(i), we evaluate

2
- s (1424153
M= (—e™™7) == (M /A2)” ; (45)
21/4_‘/1_’_\/5
where
M=1+V2—1\/4+4-V2-25/4/1+2
and

)\2——27/8+\/2(1+21/4) (1+f—\/1+x/§).

Similarly, employing the values of N(e~"/2) and N(e~™/*) from (42) and (44) in
Theorem 7(ii), we obtain

2
14241 2
n +f> | (46)

27677T/4 _ 2
N¥( ) (A3/Aq) ( VTSN



INTEGERS: 23 (2023) 11

where

As=1+V2-\/4+4-V2+25/4/14+2

and

A4:29/8+27/8\/1+\/§+\/2 <1+3-21/4+\/§+23/4—(3+21/4)\/1+\/§>.

4. Color Partition Identities

In this section, we see that color partition identities can be obtained from the theta-
function identities of M (q) and N (q) established in Theorem 3. We demonstrate this
by deriving a color partition identity from Theorem 3(iv). Similarly, color partition
identities can be obtained from remaining theta-function identities of Theorem 3.

First, we define the partition and the color partition of a positive integer. A
partition of a positive integer n is a non-increasing sequence of positive integers,
called parts, whose sum equals n. For example, n = 3 has three partitions, namely,
3, 241, 1+141.1If p(n) denotes the number of partitions of n, then p(3) = 3.
The generating function for p(n) due to Euler is given by

- 1
S " = (47)
ord (45 @)oo
An r-color partition of a positive integer n is a partition in which each part appears
in 7 distinct colors. For any positive integer n and r, let C,.(n) denote the number
of partitions of n with each part having r distinct colors. For example, if each part
of a partition of 3 has 2 colors, say white (indicated by the suffix w) and black
(indicated by the suffix b), then the number of 2-color partitions of 3 is 10, namely,
311); 3b7 2111 + lwa 211; + 1b7 2b + lwa 2b + 11)7 111) + lw + lwa 111) + 1111 +

1py 1w+ 1p+1p, 1y + 1 + 1. The generating function of Cy.(n) is given by

) - 1
,;C’"(”)q (o) (48)

For positive integers s, m and 7,
1
(€% 4™)%

is the generating function of the number of partitions of n with parts congruent to

(49)

s modulo m and each part having r colors. For example, if s; and sy are positive

integers, then
1 B 1
S1+ qam\T ( So. gm\T (481 S2- m)r (50)
(@*59™)5(q%259™)5, (g%, q%25q™)7,
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is the generating function of the number of partitions of positive integer with parts
congruent to s; or s modulo m and each part having r colors. Here we use the

notation
r+. m

(@"=4™) = (4", q

where r and m are positive integers and r < m.

m—r,

50" ) oo (51)

Theorem 8. Let Cy(n) denote the number of partitions of n into parts congruent
to +1,+3, £7 or =+8 (mod 16) such that the parts congruent to £3 and =+8
(mod 16) have 2 colors. Let Ca(n) denote the number of partitions of n into parts
congruent to £1, £5, +7 or £8 (mod 16) such that parts congruent to +5 and +8
(mod 16) have 2 colors. Let Cs3(n) denote the number of partitions of n into parts
congruent to +3, £4  or £5 (mod 16) with 2 colors.

Then for any integer n > 1,

Ci(n) — Ca(n—1) — Cs(n) =0. (52)
Proof. Employing (4), (5), (8) and (12) in Theorem 3(iv), we obtain

(q5i; qlﬁ)oo B q<q3i;q16)oo B (qli,7i; qlﬁ)oo(qéii; q16)go o (53)
(q3:|:; q16)oo (qS:i:; qu)oo (q3:i:,5:|:; qu)oo(q4:t; qu)gQ

Dividing (53) by (¢**35:5% 7% ¢16) (¢3F,¢'%)2. | we obtain

o0
1 q 1
(1575 ¢16) o (BF8F; g16)2  (¢1FTF; ¢16) (¢PF8%; ¢16)2 — (gBH 45+, ¢16)2 °

(54)
The above quotients of (54) represent the generating functions for Ci(n), Ca(n)
and C5(n), respectively. Hence, (54) is equivalent to

D Ciln)g" —q ) Ca(n)g" =) Ca(n)g" =0, (55)
n=0 n=0 n=0

where we set C1(0) = C2(0) = C5(0) = 1. Equating coefficients of ¢™ on both sides
of (55), we obtain the desired result. O

Example: The following table illustrates the case n = 3 in Theorem 8:

C1(3) =3 Ca(2) =1 C3(3) =2
3, 1+1 3,
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5. Matching Coefficients

In this section, we offer matching coefficient results arising from the theta-function
identities of the continued fractions M (g) and N(gq) with their reciprocals. Recently,
Baruah and Das [3] established several matching coefficient results for the series
expansion of certain g-products and their reciprocals. We first give the definition
of the matching coefficients from [3].

For any two power series > >~ Cp¢" and Y > D,q", if for some positive inte-
gers s,t and k, and non-negative integers v and v, C(sn + u) = £kD(tn + v), for
all n > 0, then the two power series are said to have matching coefficients.

Theorem 9. If

¢’ 7
<q n=0
and -
Pt (47,4 0")o0 =) _ag"
M(g)  (4,4":¢") = "
then

A4n+3 = aim+3~
Proof. Employing (11) and Lemma 1 in Theorem 3(i), we obtain

(0,040 52 (00750 ) __ S3f3 fifd
2*/%(¢,4'%;¢%) o0 (@7 a%q") 2632 f7f3fle  20°2 15 fis
Multiplying both sides of (56) by 2¢%/? and then employing Lemma 2, we obtain
2((177(19;(116)C>o L, 3 (2,040 _ 51 < f3 + 2 f4f126> 4 fif3 (57)
(4,45 ¢"%) o0 (@7 0% %) fifis \f3 /T f5fs ) £

Simplifying (57), we obtain

+ (56)

, , B g B, S ”
Z“"q ) Z“"q il TR T B o
Extracting the terms involving ¢?"*!, dividing by ¢ and then replacing ¢° by g, we
obtain

o0 o0 3

/ n n f4
Z Gon19 — Z G2n+19° = 75+ (59)
n=0 n=0 f2f8

The right hand side of (59) contains no term involving ¢?"+!

involving ¢!, dividing by ¢ and replacing ¢ by ¢, we obtain

Z Wpy3q" — Z aan+3q" = 0. (60)

n=0 n=0

, so extracting terms

Equating the coefficients of g™, we obtain the desired result. O
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The proof of Theorem 10 is similar to the proof of Theorem 9 and follows from
(12), Lemma 1, Lemma 2 and Theorem 3(iii).

Theorem 10. If

3 ,13. ,16 e
3/2 _ 2(¢°, 4% q )ooi n
N =735 = ) bua
(@) (¢°, 4" ¢"%) o g‘o "
and
1 5 11. .16 oo
q3/2 :q(Q7q g )oo:Zb/qn
N(g) (@ a%q%)e ™7
then

/
ban+3 = by g
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