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Abstract
In this paper, we derive some new generating functions for the products of several
special numbers including (p, ¢)-Fibonacci numbers, (p, ¢)-modified Pell numbers,
and (p, ¢)-Jacobsthal Lucas numbers. We also give some new generating functions
for the products of Mersenne and Gaussian numbers with parameters p and q.

1. Introduction

Asci and Gurel [1] introduced the concept of the complex Jacobsthal and Jacob-
sthal Lucas numbers as the Gaussian Jacobsthal and Gaussian Jacobsthal Lucas
numbers, respectively. These Gaussian numbers are constructed with the same
second-order linear recurrence relation but different initial values. Namely, the
Gaussian Jacobsthal numbers {GJ,}, oy satisfy the recurrence relation:

GJy = %,GJl =1and GJ, = pGJ,_1 + 29GJ,,_o, for n > 2,
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whereas Gaussian Jacobsthal Lucas numbers {Gy, }, oy satisfy the recurrence rela-
tion

Gijo =2 — % Gji =1+ 2 and Gjn, = pGip_1 + 2¢Gjn_s, for n > 2.

In the literature, there has been much research involving the study of generalizations
of Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers. For example,
the authors in [2], study the Gaussian (p, ¢)-Jacobsthal numbers {G'Jp 4.1}, o and
Gaussian (p, ¢)-Jacobsthal Lucas numbers {Gjy q.n},cy, Tespectively. Let p,q be
any real number with ¢ # 0 and p > 0. Let p and ¢ be any real number with
q # 0 and p > 0. The recurrence relations of {GJp 4.}, ey a0d {Ghpgn}, ey are
respectively given by

%, ifn=0

GJpgni=1< Ll ifn=1

pGJp}q,nfl + 2qGJp’q,n,2, ifn>2,

o _
-5, ifn=0

Gipgn =94 p+2ig, ifn=1
PGip.gn-1 + 2¢Gjp.qn-2, if n > 2.

In [3], Karaaslan and Yagmur introduced the Gaussian (p, ¢)-Pell and Gaussian
(p, ¢)-Pell Lucas numbers by means of the following recurrence relations, respec-
tively. Let n be given as a positive number greater or equal to 2. Then

G.Pp,q;n, = QPGPp,q,nfl =+ qGPp,q,n72 (1)
(G-Pp#]’o = l’, GPp,q,l = 1)

and

GQP,Q,TL = 2pGQp,q,n71 + C]GQp’q’n,Q (2)
(GQP#LO =2- 22]9, GQp,q,l = 2p + 22q) .

It is worthwhile to note that
GPpgn = Ppgn +1qPpgn-1 and GQpg.n = Qp,gn +14Qp,g,n—1,

where P, and Q) 4., are the (p, ¢)-Pell and (p, ¢)-Pell Lucas numbers defined in
[4].

Remark 1. If p = ¢ = 1 in Equations (1) and (2), then we get the recurrence
relations of Gaussian Pell numbers and Gaussian Pell Lucas numbers, respectively
(see [5]).
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The (p, g)-modified Pell numbers are defined by the recurrence relation
MPygn =2pMPygn-1+qMPygn2, (n>2),

with the initial values M P, 0 =1 and M P, ,1 = p (see [6, 7]).
The Binet formulas for Gaussian (p, ¢)-Pell numbers, Gaussian (p, ¢)-Pell-Lucas
numbers and (p, ¢)-modified Pell numbers are given by (see [3, 6])
¢ —xy xxy — Toxy

GPpgn = +1 )
T — T2 Tl — T2

GQp.qn = (aci’ + :c;l) —i(zxs + xoxl),

] + 8y
MP, = —= ),
p,q;n = P (2101 Tz,

respectively, where 1 = p + /p2+¢q and 5 = p — \/p? + q are roots of the
characteristic equation 2 — 2px — ¢ = 0.

and

The Gaussian (p, q)-Fibonacci numbers and Gaussian(p, ¢)-Lucas numbers, de-

noted respectively by {GFp 4 n},cn and {GLp gn}, oy > ave defined by

GF,q0=1i, GFpq1=1 )
GFpgn =PGFpgn1+qGFygn s (n>2),

and

GLpq0=2—1p, GLpg1 =p+2iq @)
GLpgn =pPGLpgn-1+9GLygn—-2 (n>2),

respectively, (see [8]).

Remark 2. If p = ¢ = 1 in Equations (3) and (4), then we get the recurrence
relations of Gaussian Fibonacci numbers and Gaussian Lucas numbers, respectively,
(see 19]).

The Mersenne numbers, denoted by M,,, are numbers of the form M, = 2™ —1,
where n is nonnegative number. The Mersenne sequence { My}, .y can be defined
recursively as follows:

My=0, My =1
M, =3M,_1 —2M,_5 (n>2).

The explicit formula of Mersenne numbers is given by (see [10])

L= el
M,= Y (-1) ( L )3"—%—12’“,
k=0
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and the negative index of them is given by

For more details about this sequence, one can look at [11, 12].
We now give definitions for some special numbers with parameters p and gq.

Definition 1 ([13]). The (p,q)-Fibonacci numbers, denoted by {Fy, 4n}, oy, are
defined for n € N by

Fpan =pFpgn-—1+qFpgn—2 (n=>2),
with initial conditions I}, 40 =0 and Fp, 41 = 1.
Definition 2 ([14]). The (p, q)-Lucas numbers, denoted by { Ly g.n}, oy, are defined
forn € N by

Lp.gn = PLpgn-1+qLlpgn-2 (n>2),
with the initial conditions L, g0 =2 and Ly 41 = p.
Definition 3 ([15]). The (p,q)-Jacobsthal numbers, denoted by {Jpqn},cn, are
defined for n € N by

Ipan = PIpan-1+2qJpqn—2 (n=2),
with the initial conditions J, 40 =0 and J, 41 = 1.
Definition 4 ([15]). The (p, q)-Jacobsthal Lucas numbers, denoted by {jp.qn}, cns
are defined for n € N by

Jp.a.n = PIpgn—1+ 2qJp.qn—2 (n>2),
with the initial conditions jp q.0 = 2 and jp,q,1 = P
Definition 5 ([4]). The (p,q)-Pell numbers, denoted by {Pp 4n},cn, are defined
forn eN by

Poan =2pPpgn-1+qPpgn—2 (n>2),
with the initial conditions P, 430 =0 and P, 41 = 1.
Definition 6 ([4]). The (p,q)-Pell Lucas numbers, denoted by {Qpgn},cy, are

defined for n € N by

Q@p.gn = 2PQp,gn—-1 + qQp,gn—2 (n>2),

with the initial conditions Qp,q0 =2 and Qp 41 = 2p.
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We are now in a position to state the following definitions which will be useful

for the main results of this paper.

Definition 7 ([16]). Let A and B be any two alphabets. Then S, (A — B) is defined

by the form

% = Z;)SH(A—B),Z", (6)

acA
with the condition S, (A — B) =0 forn <0.

Remark 3. Taking A = {0} in (6) gives

[[a=b2)=>"S.(-B)=".
n=0

Definition 8 ([17]). Let n be a positive integer and A = {a1,a2} an alphabet.
Then, the n'" symmetric function S, (a1 + az) is defined by

an+1 o an+l
5u(4) = Suar +a2) = L—22—
1 — «2

It immediately follows from Definition 8 that

So(A) = So(a1 + az) =1,
Sl(A) = Sl(al + (12) = ax =+ as,
Sa(A) = Sy(ar + az) = a? + ayay + a3.

Lemma 1 ([18, 19]). We have, for n € N:

Fp,q,n = Sh_1 (a1 + [*CLQ]) and Lp7q,n =25, (a1 + [*CLQD —pSh_1 (a1 + [*ag]) ,

p+/p*+4q
2 )

Pp,q,n = Sn—l (al + [_GQ]) and Qp,q,n = QSn (al + [_GQ]) - QpSn—l (al + [_GQD 5

with a12 =p+/p?+4q,

MPygn = Sn<a1 + [_a2]) - pSn,l(al + [—aﬂ),

with a12 =p+p?>+4q,

Jpgn = Sn—1 (a1 + [~a2]) and jy gn = 25, (a1 + [~az2]) — pSn—1 (a1 + [~az]),

pE/p?+ 8¢
2 9

Mn — On-—1 (al + [*GQ])v

with a1 =2 and ag = 1.

with a1,2 =

with ay o =
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Lemma 2 ([2, 8]). We have, for n € N:

GFpgn = iS.(a1 + [—az]) + (1 —ip) Sp—1(a1 + [~az]),

+4/p?+4
with al,QZZ%H‘(]?

GLp,q,n = (2 - Zp) Sn(al + [_GQ]) + (Z (p2 + 2(1) —P) Snfl(al + [—02})7

+/p?+4
with CLLQZZ%M,

GPpgn = iSu(a1 + [—az]) + (1 — 2ip) Sp—1(a1 + [—az2]),

with a2 =p=x \/])2 +q,

GQp,gn = (2= 2ip) Splar + [az]) + (i (4p* +29) — 2p) Sp—1(a1 + [~az]),
with a12 =p+ V/p?+q,

Glpan = gSulan + [-aal) + (1= ) S,a(0r + [,

pE/p*+8q
2 b

with a1,2 =

Gian = (2= ) Sutar-+ )+ (i (5 +20) =) Sucator + -aa),
v VPR
2

with a1,2 =

2. Generating Functions for the Squares of (p, g¢)-Numbers and Gaussian
(p, @)-Numbers

The following two theorems are well-known from [21]. So we give them without
proof.

Theorem 1. Given two alphabets E = {e1,ea} and A = {a1, a2}, we have

= a1 + az)z — ajas(e; + ez)z?
S (M) (B)e = sl )T g
n=0 (Z SM—A)@?Z”) (Z S,A—A)e%z")
n=0 n=0
Theorem 2. Given two alphabets E = {e1,ex} and A = {a1,as}, we have
> " 1 — ajaqseie922
D Sn(A)Sn(E)z" = (8)

n=0 (20 Sn(—A)e?z"> (nijjo sn(—A)egzn)

The following Proposition is a special case of Theorem 2.
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Proposition 1. Given two alphabets E = {e1,e2} and A = {a1,a2}, we have

z — a1a261€223
> &(—A)e?zn) (z Sn<—A>e3zn)
n=0 n=0

By making use of Theorems 1 and 2 and Proposition 1, we give some special cases
which will be used to obtain the generating functions for the products of several
special numbers. We consider the following sets,

A={a1,—as} and E = {e1, —ea}.

i Sn,1 (A) Sn,1 (E) Zn = ( (9)
n=0

By changing as to (—ag) and ey to (—e3) in Equations (7)-(9), we find that

> Snlar + [—az])Sn—1(e1 + [—ea])2" (a1 —ag)staraa(er—en)s” (10)

= = (I—aie1z)(1+aze1z)(1+ariexz)(l—azezz)?

i::o Sn (a1 + [—az]) Sn (€1 + [—e2]) 2" e (11)

= (=aie12)(1+aze1z)(1tarezz)(l—azezz)’

S Sn_1(ar + [~a2))Sn_1 (e1 + [—es]) 2" z=ajageieps” (12)
n=0

= (=a1e12)(1taze1z)(ltaiesz)(l—azezz)

Firstly, let us now consider the following conditions for Equations (10)-(12):

ap — a2 =p and €1 — €2 =D
aja2 =g, €1tz = (.

The conditions above would result in the following equations:

> 2
Z Sp (a1 + [=ag]) Sp—1 (e1 + [—e2]) 2" = 17p2z—2q(P2pj:1~_)Zq2pr2q2z3+q4z4’ (13)
n=0
Z Sy (a1 + [—a2]) Sy (e1 + [—e2]) 2" = lfpzz—2q(172:1§z227p2q2z3+q4z47 (14)
n=0
ad 2.3
Z Sp—1 (a1 + [a2]) Sp—1 (€1 + [-e2]) 2" = 1—p2z—2q(1023-7131z§—p2q2z3+q4z4' (15)
n=0
respectively.

Therefore we state the following theorems.

Theorem 3. The following are generating functions for the squares of (p, q)-Lucas
and (p, q)-Fibonacci numbers, respectively:

o) L2 o 4_3]922_4(] (p2+q) 22_p2q223 (16)
n§_0: P.a:n 1— p2z — 2q(p% + q)22 — P23 + q22
00 2.3
2 —q*z
F2 n — 17
nz:;) pan® T T g 24P+ q)22 - PR+ 1

with n € N.
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Proof. 1t is well-known that
Lpqn =28n(a1 + [—az]) = pSp-1(a1 + [—a2]).

Then, we get
2o S @Sa(an+ [ao]) — pSaoi(ar +[-aa) ) L
nz::OLp,q,nZ = nz::o ( x (25, (e1 + [—e2]) — pSn—1(e1 + [—e2])) )

42 Sn(a1 + [—az2])Sn(e1 + [—e2])2"

n=0

—2p Z Sn(al + [—aQ])Sn_l(el + [—62])2’n

n=0

~2p Y Sn-1(a1 + [~a2])Sn(er + [—e2])2"
n=0

492 Sno1(a1 + [—a2))Sn-1(e1 + [—ea]) 2"
n=0

By Equations (13),(14), and (15), we obtain

S 11— gt2?)
= p,q;n 1— pQZ _ 2q(p2 + q)22 _ p2q223 + q4z4

B 4p (pz + pqz?)
1—p?z = 2¢(p* + q)2* — p?¢°2° + ¢*2*
»? (z . qzzs)
1=p®z = 2q(p® + q)2° — p*¢*2° + ¢*2*
4 —3p%z —4q (p2 + q) 22 — p?¢*3
1-p?2—2(p* + ¢)2° - P?¢?2° + ¢*2*

+

which is the first equation. The second equation can be proved similarly. O

Theorem 4. The following are generating functions for the squares of Gaussian
(p, q)-Lucas and Gaussian (p,q)-Fibonacci numbers, respectively:

iGLz i 4 —p* —dip+ (p* — 3p® — 4¢® + 4ip (p* + q)) 2
2 1— %2 — 2q(p% + Q)22 — p2q22° + qiat
q (2p" + 5p*q — 4p* — 4q + 6ip (p* + 2q)) 2* (18)

1—p?2 = 2¢(p* + q)2* — p*¢°2° + ¢*2*
¢ (p* +4p*q — p* +4¢° + 2ip (p° + 29)) 2°
1—p?z —2q(p® + q)2° — p*¢*2° + ¢*2*

+
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_ L (1) 2+ q (20 + g+ 2ip) 2+ g7 (p° — 1+ 2ip) 2

ZG . 1— p2z — 2q(p® + q)22 — p2q225 + ¢z* )
(19)
with n € N,
Proof. Recall that
GLpgn = (2 ip) Su(ar + [~aa]) + (i (° + 24) = p) Sni(ar + [~az)).
We see that
so [ ((2—1ip) Sular + [~az2]) + (i (20 + p*) — p)
Z GLE 42" = | Suma(as +[=aa]) (2= D) Suler + [—ea]) | 2"
n=0 + (i (29 +p*) = p) Sn-1(e1 + [—ea]))
= (2 —ip)? Z Sp(ar + [—az))Sn(er + [—e2])2"
n=0
+(2—ip) (i (2¢ + %) ZS (a1 + [—a2])Sn—1(e1 + [—e2])2"
n=0
+(2—ip) (i (24 +1%) an 1(a1 + [—a2])Sn(er + [—e2])z"
+ (i (2¢ +p?) ZS” 1(ar + [—a2])Sn—1(e1 + [—e2])2"

n=0

Using the relationships (13),(14), and (15), we obtain

o (2- z'p)2 (1 — q2z2)
Z GLWL =

1—p?z = 2q(p* + q)2° — p*¢*2° + ¢*2*
2(2—ip) (i (2 + 1) —p) (p2 +pgz?)
1—p?z = 2q(p® + q)2° — p*¢*2° + ¢*2*

(i (20 +9%) —p)” (= — ¢*")
1—p?z = 2q(p® + q)2° — p*¢*2° + ¢*2*
4 —p? —dip+ (p* — 3p* —4¢* + 4ip (P* +q)) =
1—p®z = 2q(p* + q)2° — p*¢*2° + ¢*2*

q (2p" + 5p*q — 4p* — 4q + 6ip (p* + 2q)) 2*
1=p®z = 2q(p® + q)2° — p*¢*2° + ¢*2*
¢ (p* + 49%q — 1 +4¢% + 2ip (p* + 2q)) 2°
1—p?z —2q(p® + q)2° — p*¢*2° + ¢*2*

which gives Equation (18). Using the same procedure, we can obtain Equation
(19). O
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Remark 4. Setting p = ¢ = 1 in the Equations (16)-(19) yields the generating func-
tions for the squares of Lucas, Fibonacci, Gaussian Lucas, and Gaussian Fibonacci
numbers, respectively.

Secondly, let us now consider the following conditions for Equations (10)-(12):

ay —azx =p and €1 —€ex=Dp
aias = 2q, eires = 2q.

The condition above would result in the following equations:

o0
2
Z Sn((h + [—ag])sn,1(€1 + [—62])2’” = 17p2Z,4q(p2f;;;zg)gzp%zzstqulZ4a (20)
n=0
> 2 2
1—4
Z Sn(a/l + [_G/Q])Sn(el + [_62])Zn = 17p2274q(p2+2q)ZqQf4p2q2z3+16q4z47 (21)
n=0
s 2.3
Z Sn—l(al + [_a2])Sn—1(el + [_62])Zn = 1—p2z—4q(p2+;q_)i%—Z4p2q2z3+16q4z47 (22)
n=0
respectively.

Therefore, we state the following results.

Proposition 2. The following are generating functions for the squares of (p,q)-
Jacobsthal Lucas and (p, q)-Jacobsthal numbers, respectively:

i o 0 4 —3p?z — 8q (p? + 2q) 2% — 4p*¢*2* (23)
nzojp’q’"z ~1—p?2 —4q(p? + 2q)2% — 4p2¢223 + 16¢*24’
oo

—_4 2.3
Z']z?qnzn: 2 2 : q22 2,23 140 (24)
e 1 —p2z — 4q(p? + 2¢) 2% — 4p?¢>23 + 16¢%=

with n € N.
Proof. We have
Jp.gn = 28n(a1 + [—az]) — pSn—1(a1 + [—az)).

Then, we can see that
2 n _ N~ (2Sa(a1+[az]) = pSn-1(ar + [—a2)) \ .
;Jp,q,nz = ZB ( X (25, (e1 + [—ea]) = pSu_1(er + [~es]) )

= 4)  Su(a1 + [~az])Sner + [—e2])z"

n=0

—QpZ Sn(ar + [—az])Sn—1(e1 + [—ez])2"

n=0
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=2 )" Su-r(ar + [~aa])Saler + [~ea])2"

n=0
+p* Z Sp—1(a1 + [~az2])Sp—1(e1 + [—e2])2".
n=0
According to the relationships (20), (21), and (22), we obtain
o] 2,2
ij JE 4(1 - 4¢%2%)
Ly Jpan 1— p2z — dq(p® + 29)22 — 4p2¢223 + 16¢*2*
4p (pz + 2pqz?)
1—p?z — 4q(p? + 2q) 22 — 4p2¢223 + 16¢*2*
N p2 (Z _ 4q223)
1—p22 — 4q(p? + 2q)2% — 4p?¢>23 + 16¢*2*4
4 —3p%z — 8¢ (p2 + 2q) 22 —4p?¢??
1 —p2z —4q(p? 4 2q) 22 — 4p?¢?23 4 16¢124’

which is the first equation. The second equation can be proved similarly. O

Remark 5. Putting p = ¢ = 1 in the Equations (23) and (24) yields the generating
functions for the squares of Jacobsthal Lucas and Jacobsthal numbers, respectively.

Thirdly, let us consider the following conditions for Equations (10)-(12):

a17a2:2p and 61762:2])
aiaz2 =g, €€z =(¢.

The conditions above would result in the following equations:

oo
Z Sn(al + [_(12])571—1(61 + [_62])27” = l—41)2z—2q(4i€iZ§§§iQ4P2q223+q4z4’ (25)
n:OOO
3 Sular + [—az))Suler + [—e2])2" = mpmprpAt s (26)
. n=0
3 Sui(ar + [—aa))Sui(er + [~e2))2" = At (27)
n=0
respectively.

Therefore, we state the following theorems.

Theorem 5. The following are generating functions for the squares of (p,q)-Pell
Lucas, (p, q)-Pell and (p, q)-modified Pell numbers, respectively:

=~ 5 . 4 —12p?2 — 4q (4p* + q) 2% — 4p*¢*2°
Z @p.q.n?
n=0

= 28
1 —dp2z — 2q(4p? + q)2% — 4p2¢%23 + ¢*2*’ (28)
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>R = (29)
z =
~ p,q,n 1— 4p22 _ 2q(4p2 + q)22 _ 4p2q223 + q4Z4’
00 1—-3 2. 4 2 + 2 _ 2,23
SN MP?, = Pz —q (W +a) 2 —pe (30)
~ .4, 1 — 4p2z — 2q(4p? + q)22 — 4p2q223 + A 24
with n € N.
Proof. We have
Qp,gn = 25n(a1 + [—az]) — 2pSy—1(a1 + [—az]).
We see that
i Q= i (250 (a1 + [~as]) = 2pSn-1(ar + [-az2])) \
L P — x(2Sp(e1 + [—e2]) — 2pSn_1(e1 + [—e2]))
= 4)  Sp(ay +[~az])Sn(er + [—ea])2"
n=0
—4p Y " Su(ar + [—az])Sn_1(e1 + [—e2])2"
n=0
~4p Y Sp-1(ar + [~aa])Sn(er + [—ea])z"
n=0
oo
+4p? Z Sn—1(a1 + [—az])Sn—1(e1 + [—e2])z"
n=0
B 4 (1 — q222)
C 1 ApPe - 2q(4p? + q)2% — ApPP2d + gtet
B 8p (2pz + 2pq22)
1 —4p?z — 2q(4p? + q)22 — 4p2 P23 + ¢*2*
s Ap? (z _ q2z3)
1 —4p2z — 2q(4p? + q)2% — 4p2¢223 + ¢*2*
and after necessary calculations, we get
i Q: A 12p?z — 4q (4p2 + q) 22 — 4p?q? 3
P pan® T 4p2 — 2q(4p® + q)22 — 4p2qP2D + qhet’
which is the first equation. The other equations can be proved similarly. O

Theorem 6. The following are generating functions for the squares of Gaussian
(p, q)-Pell Lucas and Gaussian (p, q)-Pell numbers, respectively:
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°°GQ2 . 4 —4p* — Bip + 4 (4p* — 3p® — ¢* + 2ip (4p* + q)) =
VA =
HZ:O pgn 1—4p22 — 2q(4p? + q)2%2 — 4p2¢223 + 424

4q (8p* + Bp*q — 4p* — q + 6ip (2p* + q)) 2*
(31)
1 —4p?z — 2q(4p? + )22 — 4p2 P23 + ¢4z
4¢2(4p* + 4p*q — p* + ¢* + 2ip (2p* + q))2®
1 —4p2z — 2q(4p? + q)22 — 4p2q223 + g2t

iGPZ o =1+ (4p* + 1) 2+ q (8P + q + 4ip) 2% + ¢* (4p* — 1 + 4ip) 23
e 1 —4p2z —2q(4p? + q)2% — 4p*¢?23 + ¢*2* ’
(32)
with n € N.

Proof. We have
GQpgn = (2 — 2ip) Sp(ar + [—az]) + (i (4p* +2q) — 2p) Sn—1(a1 + [—a2)).

Hence, we obtain

0 s [ ((2—2ip) Sn(ar + [—az]) + (i (4p* + 2q) — 2p)
> GQ2, "= | xSu-i(ar + [—a2])) (2 — 2ip) Suler + [—e2]) | 2"
n=0 n=0 + (i (4p® +2q) — 2p) Sp—1(e1 + [—e2]))

(2209 Y Sulan + [-aal)Suer + [—ea)

n=0
&)

+(2 - 2ip)(i(4p” + 2¢) — 2p) Y _ Snlar + [~az])Sn_1(er + [—e2])2"
0

n

+ (2 —2ip)(i(4p® +2¢) — 2p) >  Sn—1(ar + [—a2])Sn(er + [—e2])2"

K

n=0

oo

+ (1407 +29) = 2p)" Y Su_i(ar + [~aa])Sur (1 + [—ea])2"

n=0
(2 —2ip)® (1 - ¢%2?)
1o dp?z — 2q(4p2 + q)22 — 4p2¢223 + g2t
2(2 — 2ip) (i (4p* + 2q) — 2p) (2pz + 2pgz?)
1—4p?2 — 2q(4p? + q)22 — 4p2¢223 + 424
(i (4p + 29) — 2p)% (= — 22%)
1 —4p2z — 2q(4p? + q)22% — 4p2q223 + ¢zt

+
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and after a simple calculation, we get

i@f . 4 —4p? — 8ip + 4 (4p* — 3p* — ¢* + 2ip (4p* + q)) =
z =
= p,q,n 1— 4p22’ _ 2(](4]92 + q)22 _ 4p2q2z3 + q4z4

4q (8p* + 5p?q — 4p® — q + 6ip (2p* + q)) 22
1 —4p?z — 2q(4p? + q)22 — 4p2223 + ¢*2*
4¢2 (4p* + 4p*q — p* + ¢* + 2ip (2p* 4 q))2*
1—4p?z — 2q(4p* + q)2* — 4p*¢?2% + ¢*2*

which gives Equation (31). Using the same procedure, we can obtain Equation
(32). 0

Remark 6. Putting p = ¢ = 1 in the Equations (28)-(32) yields the generating
functions for the squares of Pell Lucas, Pell, modified Pell, Gaussian Pell Lucas and
Gaussian Pell numbers, respectively.

3. Generating Functions for the Products of Mersenne Numbers with
(p, @)-Numbers and Gaussian (p, ¢)-Numbers

In this section, we now derive the new generating functions for the products of
Mersenne numbers with (p, ¢)-Fibonacci numbers, (p, ¢)-Lucas numbers, (p, ¢)-Pell
numbers, (p,q)-Pell Lucas numbers, (p,q)-Jacobsthal numbers, (p,q)-Jacobsthal
Lucas numbers, (p, ¢)-modified Pell numbers, Gaussian (p, ¢)-Pell numbers, Gaus-
sian (p, q)-Pell Lucas numbers, Gaussian (p, ¢)-Jacobsthal numbers, Gaussian (p, q)-
Jacobsthal Lucas numbers, Gaussian (p, ¢)-Fibonacci numbers and Gaussian (p, q)-
Lucas numbers.

Firstly, let us now consider the following conditions for Equations (10) and (12):

ay—az =7p and el —ex =3
airaz = ¢, ejey = —2

The conditions above would result in the following equations:

- z 22
Z Sn (a1 + [—az]) Sno1 (e1 + [—e2]) 2" = 1731&'*(5qupg_):gzqz+6pq23+4qzz4’ (33)
n=0
- z ZS
Z Sn—1 (a1 + [—az]) Sp—1 (€1 + [—e2]) 2" = 1731027(5q72zjg)2gz+6pqz3+4q2z4' (34)
n=0
respectively.

Therefore, we state the following theorems.
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Theorem 7. The following are generating functions for the products of (p, q)-Lucas
and (p, q)-Fibonacci numbers with Mersenne numbers, respectively:

pz + 6g2% — 2pgz>

Ly oo M, 2" = , 35
2 Lpgndlnz 1 —3pz — (5q — 2p?)22% + 6pqz + 4¢%2* (35)

n=0

2+ 2q23

oo
Fy oo M, 2" = , 36
nz:% L P (bg — 2p?)2% + 6pqz3 + 4¢22* (36)

with n € N.
Proof. We have
Lpgn = 25,(a1 + [—a2]) — pSp—1(a1 + [—a2]).

Then, from this equation, we get

> LpgnMnz" = > (2Su(a1 + [—az]) — pSn-1(ar + [—az])) Sn_1(e1 + [—€2])2"
n=0 n=0

= 2)  Snlar+[—aa])Sn-1(e1 + [—e2])z"

n=0
—PZ Sp-1(a1 + [~az])Sn—1(e1 + [—ea])2"
n=0
By using the relationships (33) and (34), we obtain

2 (pz + 3¢2?)
1—3pz — (5q — 2p?)22 + 6pgz3 + 4¢%2*

oo
n
E Ly qnMpz
n=0

P (z + 2qz3)
T 1—3pz — (5q — 2p?)22 + 6pq3 + 4g224
pz + 6q2* — 2pqz*
1—3pz — (5q — 2p2)22 + 6pqz3 + 4224’
which gives Equation (35). Using the same procedure, we can obtain Equation
(36). O

Theorem 8. The following are generating functions for the products of Gaussian
(p, q)-Lucas and Gaussian (p, q)-Fibonacci numbers with Mersenne numbers, respec-

tively:
S Gl Myt = P22 302 )4 20 (07 +2) —p) 2 gy
~ p,q,n+n 1—3pz— (5q_2p2)z2+6png+4qu4 9
- 2+ 3iqz? + 2q (1 — ip) 23
GFpqunMn™ = ; 38
n;) m : 1 —3pz — (5q — 2p?)22 + 6pgz3 + 4¢2* (38)

with n € N.
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Proof. 1t is well-known that
GLypgn = (2 —1ip)Sp(ar + [—az]) + (l (p2 + 261) - p) Sn—1(a1 + [—az]).

Then,

= w2 =ip)Sn(ar + [—a2]) + (i (> +24) = p) \ .n
> Gl =30 (G el G2 )

n=0 n=0
= (2—ip) Y, Sular + [=a2])Sn_1(er + [—es])2"
n=0
+ (Z (p2 + 2q) - p) Z Sp—1(a1 + [—az])Sn—1(e1 + [—ea])2".
n=0

By using the relationships (33) and (34), we obtain

(2 —ip) (pz + 3¢2?)
1 —3pz — (bg — 2p?)22 + 6pgz3 + 4¢>2*
(i (p* +2q) — p) (= +2¢2°)
1 —3pz — (5qg — 2p?)22 + 6pqz3 + 4¢2%2*
(p + 2iq) z + 3q (2 — ip) 22 + 2¢ (i (p* + 2¢) — p) 2°
1 —3pz — (5q — 2p?)22 + 6pqz® + 4¢>2*

o0
> GLygnM,2" =

n=0

which is the first equation. The second equation can be proved similarly. O

Theorem 9. The following are generating functions for the products of (p, q)-Lucas,
(p, q)-Fibonacci, Gaussian (p, q)-Lucas and Gaussian (p, q)-Fibonacci numbers with
Mersenne numbers at negative indices, respectively:

o0

—2pz — 6g2? + pg2®
Z Ly nM_p2" = Pz 9% +paz ) (39)
@ 4 — 6pz — (5q — 2p?)22 + 3pqz3 + ¢2z*

n=0
3 -2z — g3
F o M 2" = | y
n;o p,q, z 4 — 6pz — (5q — 2p2)z2 + Spng + q2Z4 ( )
ZGLZEq,annZ = 4 6 5 2 N 3 ! ! ’ (41)
607~ (50 2) F 3pasS

= —2z — 3iqz? — q (1 —ip) 2°
Z GFpgnM_nz" = - T A ip) 2 (42)
n=0

4 —6pz — (5q — 2p?)22 + 3pgzd + ¢224’

with n € N.
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Proof. We use the change of variable z = £ in Equation (35) and according to

2
relationship (5), we get

S LpgnMonz” = =3 Ly oM, (g)n
n=0 n=0

~(r(3) +60(5)" ~20a(5)")
1-3(3) — (g —2%) (3)° +6pq(§) +
_ —2pz — 6q22 + pgz?

4 —6pz — (5q — 2p?)22 + 3pgz3 + 2%’

162 (3)"

which gives Equation (39). The other equations can be proved similarly. O

Put p = ¢ = 1 in relationships (35)-(42), we obtain Table 1.

Coefficient of 2" Generating function
2 3

LnM" 173zzj§:2£§zz3+4z4

FL]‘L T
e Eeaoe

P T Lol g
LnM-_y, 16237 13,9927
Fullon —2(1 +42;)ii;3(2§3}; Zsj (2341 —1)2°
T LT
GF,M_, T62-—3:2135427

Table 1: New generating functions for the products of Mersenne numbers with
Fibonacci and Gaussian Fibonacci numbers.

Secondly, let us now consider the following conditions for Equations (10) and
(12):

ay—az=p and el —ex =3
aras = 2q, ejey = —2.

The conditions above would yield the following equations:

oo
z 22
Z Sn ((11 + [_GQ]) Sn_1 (61 + [_62}) 2" = 1—3pz—2(5(]—11))2;62%,-12pqz3+16q224’ (43)
n=0
S —as]) S —ep)) 2t = ztdgs 44
Z n—1 (al + [ CLQ]) n—1 (61 + [ 62}) z — 1—3pz—2(5q—p2)22+12pqz3+16q224 . ( )

Therefore, we state the following results.
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Theorem 10. The following are generating functions for the products of (p,q)-
Jacobsthal Lucas and (p,q)-Jacobsthal numbers with Mersenne numbers, respec-

tively:

(o]

12¢2? — 4pgz3

ij,q,nann = Pz + 2qZ 3 paz 3 510 (45)

=0 1 —3pz — 2(5¢q — p?)2? + 12pqz® + 16¢°~

c- 2+ 4q2°

Ty onMpz" = [ 7 46

nz:% P : 1 —3pz — 2(5q — p?)22 + 12pqz> + 16¢22* (46)

with n € N.

Proof. We have
Jpam = 28n(a1 + [—az]) — pSn—1(ar + [—a2]).

Then, we can see that

> panMazt = Y (28(a1 + [—az]) = pSa-1(a1 + [—aa])) Sn_1(er + [—e2])2"
n=0 n=0
= 2)  Snlar+[~az])Sn-1(e1 + [—e2))z"
n=0
—pz Sn—1(a1 + [—az])Sn—1(e1 + [—e2])2".
n=0

By using the relationships (43) and (44), we obtain

> n 2 (pz + 6qz2)

ij»qv”MnZ = 1—-3 _2(5 — n2)-2 12 3 169224

o pz q —p*)z? + 12pgz3 + 16¢°2
p(z+4qz3)

T 1—3pz — 2(5q — p?)22 + 12pq23 + 16¢22*
pz + 12¢2% — 4pqz>
1 —3pz — 2(5q — p2)22 + 12pq23 + 16¢22%’

which gives Equation (45). Using the same procedure, we can obtain Equation
(46). O

Theorem 11. The following are gemerating functions for the products of Gaus-
sian (p, q)-Jacobsthal Lucas and Gaussian (p, q)-Jacobsthal numbers with Mersenne
numbers, respectively:

(p + 2iq) z + 3q (4 — ip) 2% + 2q (i (p* + 4q) — 2p) 2°
1—3pz — 2(5q — p?)22 + 12pqz3 + 16¢% 24

> GhpgnMy2" = . (47)

n=0

= 2+ 3iqz?® + 2q (2 — ip) 23
GJy oM, z2" = , 48
nzz;) P g — 2(5g — p?)22 + 12pg2® + 16¢%2* (48)
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with n € N.

Proof. We have

Gnam = (2 _ Z’) Su(ar + [~as)) + (z (p; + 2q> - p> S (a1 + [~az]).

Then, from this equation, we obtain

i Gip,qnMnz" = i ( ((2 — ) Sp(ar + [—ag]) + (z (% + zq) _p) ) B

Snfl((h + [—a2])) Sn,1(€1 + [_62])

n=0 n=0

= (2 _ Zg) nf;)Sn(al + [~a2])Sn—1(e1 + [—e2])2"

+ (z (p; + 2q> —p) i Sn—1(a1 + [—az])Sn—1(e1 + [—e2])z".

n=0
By using the relationships (43) and (44), we obtain
(4 —ip) (pz + 6¢2°)
2(1 = 3pz —2(5q — p?)22 + 12pqz3 + 16¢%z4)
(i (p* +4q) — 2p) (= + 4¢23)

(1 —3pz —2(5q — p?)22 + 12pqz3 + 16¢%2*)
(p + 2iq) z + 3q (4 — ip) 2% + 2q (i (p* + 4¢) — 2p) 2°

1 —3pz —2(bq — p?)z2 + 12pqz3 + 16¢2 24

o0
Z GjpgnMnz" =

n=0

3

b

which gives Equation (47). Using the same procedure, we can obtain Equation
(48). O

Theorem 12. The following are generating functions for the products of (p,q)-
Jacobsthal Lucas, (p,q)-Jacobsthal, Gaussian (p, q)-Jacobsthal Lucas and Gaussian
(p, q)-Jacobsthal numbers with Mersenne numbers at negative indices, respectively:

—2pz — 12¢22% + 2pg23

panMn2" = 49
T;]P,q,n n< 4 6pZ — 2(5(] _p2)22 + 6pqz3 + 4q224a ( )

> —22 — 2¢23
JoponM_p2"= , 50
n;) P, T 6pz — 2(5q — p?)22 + 6pgz3 + 4¢%24 (50)
iG. A o —2(p+2iq)z —3q(4—ip) 2 —q (i (p” +4q) —2p) & (51)
— Ipgn-nz = 4 — 6pz — 2(5q — p2)22 + 6pqz3 + 4q%2* ’

> -2z — 3iqz? — q (2 —ip) 23
Gy oM 2" = , 52
2 G © T4 6pz— 2(5g — p?)22 + 6pgz’ + 4g22? (52)

n=0

with n € N.
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Proof. We use the change of variable z = £ in Equation (45) and according to

2
relationship (5), we get

oo o0 - n
ij,q,annzn == ij,q,nMn (5)
n=0 n=0

z zZ 2 zZ 3
B ~(p(3)+120(3)" ~ 4 (3)°)
1-3p(3) — 2060~ %) (5)° + 1200 (5)" + 16¢* (5)°
7 —2pz — 12q22 + 2pqz®
4 —6pz —2(5q — p?)22 + 6pqzd + g2z’

which gives Equation (49). Using the same procedure, we can obtain the other
equations. O

Put p = ¢ = 1 in relationships (45)-(52), we obtain Table 2.

Coeflicient of z" Generating function
]nMn 1—32i§igfl_%’i§ilﬁz4
J”Mn 1f3zf8jjff22z3+1('iz4 .

Gl | S U
G, e
M e A Y
InM_n 4—462—_82;2;2'6222—1—42‘41 .
oy | PR
CIn M P Y S

Table 2: New generating functions for the products of Mersenne numbers with
Jacobsthal and Gaussian Jacobsthal numbers.

Thirdly, let us now consider the following conditions for Equations (10) and (12):

{ ay —ag =2p and { e1 —ey =3
aijas = q, ejeg = —2.

The conditions above would yield the following equations:

- ¥4 22
Z Sp (a1 + [—a2]) Sp—1 (1 + [—e2]) 2" = 176;DZ*(5qf§f72;j;q+12pqz3+4q2z4’ (53)
n=0
e 3
Z Sn—1 (a1 + [—az]) Sn—1 (61 + [—e2]) 2" = 1—6pz—(5q—8;j)22%112p423+4q2z4' (54)
n=0

Thus we derive the following theorems.
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Theorem 13. The following are generating functions for the products of (p,q)-
Pell Lucas, (p,q)-Pell and (p,q)-modified Pell numbers with Mersenne numbers,
respectively:

2pz + 622 — 4pqz®

nMnz" = ; 55
gQP’q’ Hn® 1 — 6pz — (5q — 8p?)22 + 12pqz3 + 4¢22* (55)

> z +2¢2°
S Py My 2" = : 56
— C T 1 6pr— (5q — 8p?)2% + 12pqz3 + 4¢%24 (56)
= pz + 3q22 — 2pgz3
E MP, ; Mpz" = ) 57
L T T T Gpz — (5q — 8p2)27 + 12pga + Aq2 7
with n € N.

Proof. We know that
@pgn = 25(a1 + [—az]) = 2pSn_1(a1 + [—az]).

Then, from this equation, we obtain

o0

> QpanMnz" = (2Sn(a1 + [—az]) — 2pSn-1(ar + [—az]))Sn_1(e1 + [—e2))2"

n=0 n=0

=2 Z Sn(a1 + [—az])Sn—1(e1 + [—ea])2"

— 2pz Sn—1(a1 + [—az])Sn—1(e1 + [—e2])z"

n=0
2 (2pz + 3¢2?)
1 —6pz — (5qg — 8p?)22 + 12pgz? + 4¢32*
2p (z + 2qz3)
T 1—6pz — (5q — 8p?)22 + 12pqz® + 422"
2pz 4 6¢2% — dpqgz>
1 —6pz — (5q — 8p2)22 + 12pg23 + 4¢22*%’

which is the first equation. The other equation can be proved similarly. O

Theorem 14. The following are generating functions for the products of Gaus-
sian (p,q)-Pell Lucas and Gaussian (p,q)-Pell numbers with Mersenne numbers,
respectively:

2(p+iq) z+ 6q (1 —ip) 2% +4q (i (2p* + q) — p) 2°
1 —6pz — (5g — 8p?)z2 + 12pgz3 + 4¢22*

> GQpgnMyz" = . (58)
n=0



INTEGERS: 23 (2023) 22

> 2+ 3igz? + 2q (1 — 2ip) 2°
GP, oM, 2" = , 59
Z P i 1 —6pz — (5q — 8p?)22 + 12pqz® + 4¢3 2* (59)

n=0

with n € N.

Proof. We have
GQp,q,n = (2 - 27;]7) Sn(al + [_CLQ]) + (Z (4p2 + 2q) — Qp) Sn_1(a1 + [—ClQD.

Then, we see that

= N~ (2 2ip) Suar + [—az]) + (i (49° +29) = 2p) \ n
2 GQugnMnz" = Z( XSn_1(a1 + [~as])) Sn_1(e1 + [—ea]) )

n=0 n=0

= (2 — 2ip) Z Sp(ar + [—az])Sn—1(e1 + [—ea])z"

n=0

+ (i (49% +2q) — 2p) D Sn-1(ar + [~a2))Sp1(er + [—ea]) 2™

n=0

Then, according to the relationships (53) and (54), we obtain

(2 — 2ip) (2pz + 3¢2?)
1 —6pz — (5q — 8p?)22 + 12pgz3 + 4¢22*
(i (4p2 + 2q) — 2p) (z + 2qz3)
1 —6pz — (5q — 8p?)z2 + 12pgz3 + 4¢22*
2(p+iq) z + 6q (1 — ip) 2> + 4q (i (2p* + q) — p) 2°
1 —6pz — (5q — 8p?)22 + 12pqz® + 4¢22*

Z GQp,q,nMnZn

n=0

)

which gives Equation (58). Using the same procedure, we can obtain Equation
(59). O

Theorem 15. The following are generating functions for the products of (p,q)-
Pell Lucas, (p,q)-Pell, (p,q)-modified Pell, Gaussian (p, q)-Pell Lucas and Gaussian
(p, q)-Pell numbers with Mersenne numbers with negative indices, respectively:

3 —4pz — 692° + 2pq2®
ann "= , 60
nzZ:O Qp,% : 4— 12pz — (5q — 8p2)32 + quZ?) + q2z4 ( )

- -2z —q23

PpgnM_n2" = ) 61
nZ:o pe T Ta- 12pz — (5q — 8p2)22 + 6pqz3 + ¢224 (61)

N —2pz — 3¢22 + pg2®
nM—n "= . , 62
;qp’% S T A 12pa— (5q — 8p?)22 + 6pqz3 + 224 (62)
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—4(p+iq)z—6q (1 —ip) 2% —2¢ (i (2p* + q) —p) 2° (63)

GQpgnM_p2" =
7;) @pa. ? 4 — 12pz — (5q — 8p?)22 + 6pgz3 + ¢?2*

Z GP, . Mo —2z — 3iqz? — q (1 — 2ip) 23 (64)
_n2" = ,
pan 4 —12pz — (5q — 8p?)2% + 6pgz + ¢?2*

with n € N.

Proof. We use the change of variable z = # in Equation (55) and according to

relationship (5), we get

iQp,q,annz” = _ni_OQp,q,nMn (%)n

~ (20 (3) + 64 (3)" —4pa (3)°)
1—6p(3) — (50— 8p%) (3)" + 12pg (3)" + 442 (5)

—4pz — 6922 + 2pq2>
4 —12pz — (5q — 8p?)22 + 6pqz3 + ¢22*’

4

which gives Equation (60). The other equations can be proved similarly.

By taking p = ¢ = 1 in Equations (55)-(64), we obtain Table 3.

Coefficient of 2" Generating function
Q M 22+622—4z3
n-—-n 1—62—1—322-1—13223—1—424
2422z
P"M" 176z+3z2;r122§+4z4
z2+32“—22
Gn My 1—62-+327 12294427
2(1+1)2+6(1—1)22+4(3i—1)z
GQ”M” 1762+3222+1223+4éz4
z+3i2°42(1—21)2
GP”M” 1—62+322+4+12234424
Q M —4z—6z2+2z3
n-"—n 4—12z+322+§z3+z4
—2z—z
PRM*" 4712z+322J2r621;+24
—22—3z°+=z2
GnM—n 1—12:4327+G27 421
—4(11+9)z—6(1-1)22—2(3i-1)z
GQ”M*” 4712z+3222+6z3+z‘;
—2z—3iz"—(1—21)z
GP,M_, 4—12243224623+2%

Table 3: New generating functions for the products of Mersenne numbers with Pell
and Gaussian Pell numbers.
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4. Conclusion

In this paper, by making use of Theorems 1 and 2, we have derived some new
generating functions for the squares of (p, ¢)-numbers and Gaussian (p, ¢)-numbers
and the products of Mersenne numbers with (p, ¢)-numbers and Gaussian (p, q)-
numbers. The derived theorems are based on symmetric functions and products of
these numbers.

In our forthcoming investigation, we plan to establish further results and prop-
erties associated with some generalized forms of the above-mentioned families of
numbers.
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