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Abstract
Improving an estimate of Croot, Dobbs, Friedlander, Hetzel, and Pappalardi, we
show that for all £ > 2, the number of integers 1 < a < n, such that the equation
a/n=1/my+ -+ 1/my has a solution in positive integers my, ..., my is bounded

1—1/2F"240(

above by n D) as n goes to infinity.

1. The Result

For a positive integer k, let Ax(n) be the number of integers a, 1 < a < n for which
a/n has a k-term Egyptian fraction representation

g:i+...+i7 (1)
n  m my
where the m; are positive integers with my < --- < my. Decompositions of the form
(1), often with the m;’s required to be distinct, have been extensively studied in
number theory. See Bloom and Elsholtz [1] for a recent survey of the subject and
Guy [3, Section D11] for a comprehensive collection of open problems.
Croot, Dobbs, Friedlander, Hetzel, and Pappalardi [2] proved that for any k > 2,

Ap(n) < norto (2)

as n — 00, where ay = 1—2/(3*=2 +1). In particular, (2) shows that Ay(n) = n°().

Improving upon their strategy, we get the following bounds.

Theorem 1. For every k > 2, we have Ay(n) < n+t°M) where B, =1 — 1/2F2.
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Proof. We apply induction on k. The case k = 2 follows from (2), so assume k > 3.

Set 7; = 2071/2k=2 and B = 1 — 1/282. For 1 < j < k — 2, we say that a
k-tuple (mq,...,my) with my < -+ <my, is of type j if m; > nY% and m; < n? for
1 <i < j. In addition, we say that such a k-tuple is of type k — 1 if m; < n? for
all 1 <1 < k — 2, with no restrictions being placed on my_; or my. It follows from
these definitions that any k-tuple (mq,..., my) is of type j for some 1 < j <k — 1.

We now show that the number of solutions to (1) of any given type is at most
nfrto() as this implies the theorem. Note that type 1 solutions satisfy

a 1 1 k _
S = 44— <= < kn,
n m1 my my
Thus, a < kn'~" = knfk. That is, there are no more than kn®* solutions of type 1.
For the type j solutions, 2 < j < k — 2, we have

a 1 1 1 1 k—j+1
0 ————-.. — :7+...+7<i<kn*%‘_
n ma mj;—1 m; mg m;
Therefore,
n n
0<a———---— < kntm;
mi mj_—1
thus there are at most kn'~7 possible values of a given any (my, ... ,mj_1). Con-

sequently, the number of solutions of (1) of type j is at most
knl—"/jml Cem < kn1+’71+"'+7j71_')’j _ knﬁ’“.

The solutions of type k£ — 1 are handled more efficiently via binary Egyptian
fractions. Note that

a 1 1 1 1
0 ——— —. = = 4+ —.
n  m Mp—2 ME—1 my

Hence, writing a’ = amq -+ -mg_o — nmy - -mg_o(1/my + -+ + 1/my_2), we see
that o’ is an integer satisfying 0 < o’ < nmy -+ - myg_o and

nmy - -Mr_2 mg—1 mg

Therefore, given (my, ..., mg_2), there are at most Ag(nm; - - - my_o) possible values
of a that can satisfy (1). In total, the number of possible values of a is bounded by

z:Ag(nm1 e Myg_g) K P R2te(l) = pBrto(l)
m;<n’i
1<i<k—2

where we used again that Ay(n) = n°™M) from (2), so

Ag(nmy - mp_z) = (nmy - - -my_g)°M = n°W, O
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We get an improved exponent of n in the upper bound of Ag(n) for all k& > 4.
To illustrate the change, the first exponents in (2) are as =0, ag = 1/2, ag = 4/5,
as = 13/14 and ag = 79/81, whereas the new exponents are 33 = 0, 53 = 1/2,
By =3/4, Bs = 7/8 and Bs = 15/16.

It is still expected, however, that Ay (n) = n°M for all k > 2. Nonetheless, even
the weaker statement that > __ Az (n) = 2'+°() remains unproven for k > 3.

Using our argument, if one shows that Ay (n) = n°?) holds for some fixed k, we
get that Agye(n) < n!=1/2+°() for all £ > 1. In fact, any improvement on the
exponent in Ay (n) < n?+*t°(1) can be propagated to an improvement on Ay ¢(n).

n<x

Acknowledgements. The authors are grateful for stimulating discussions with
Carlo Adajar, Adva Mond and Julien Portier. The second named author would like
to thank his supervisor Professor Béla Bollobés for his continuous support.

References

[1] T.F. Bloom and C. Elsholtz, Egyptian fractions, Nieuw Arch. Wiskd. (5) 23(4) (2022), 237-245.

[2] E. S. Croot, D. E. Dobbs, J. B. Friedlander, A. J. Hetzel, and F. Pappalardi, Binary egyptian
fractions, J. Number Theory 84(1) (2000), 63-79.

[3] R. K. Guy, Unsolved Problems in Number Theory (Third edition). Springer, New York, 2004.



