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Abstract
We present several combinatorial identities and infinite series involving the harmonic
numbers. Among others, we show that

n n k

2 (1 P - P, & g
(ZTL) Z k8 <n + k) = Z k2 Z V2 (Tl = 1)

n/ k=1 k=1 v=1

and
14

H, <«

Here, H, = Yr_, 1/k and HY) = >, 1/k? denote the harmonic numbers of
order 1 and 2.

1y (V) tintitl >1 2).
XS (j etz 10<p<2)

1. Introduction and Statement of the Results

I. The classical harmonic numbers are defined by
Hy =0, Hn:zn:l (n €N),
k=1 k

and the generalized harmonic numbers of order r € C\ {0} are given by

r — 1
H" =0, H) =3 (neN).
k=1
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H,, can be expressed in terms of the digamma function, ¢ = I"/T,
H, :¢(n+1)+7a

where v denotes Euler’s constant. Moreover, we have the elegant integral represen-
tation

1
H,= —n/ t" log(1 — t)dt, (1.1)
0

see Furdui [7].

The harmonic numbers have interesting applications in various fields, like, for
example, number theory, analysis and combinatorics. Lagarias [10] discovered a
remarkable connection between H,, and the famous Riemann hypothesis. He proved
that the Riemann hypothesis is equivalent to the elementary inequality

o(n) < H, + ef"log(H,) (n€N),

where o(n) denotes the sum of the divisors of n.
The properties of the harmonic numbers have been studied by numerous authors.
Hassani [8] discovered the following limit relation for Apéry’s constant ((3),

Hy 1Hk)

((3) = lim (H3 ~3 Z - (1.2)

The reciprocity formula

m—1

H,-1-+log(n Zw(m”“): Hy o Hlog(m)+— S ("8 mnem)

1
m
k=0

was given by Ramanujan [5, p. 185]. In the literature, we can find many interesting
identities for sums and infinite series involving harmonic numbers. Here are a few
examples:

3 (Z) (“ * k) (14 2kH, 4y, + 2kH, 4 — 4kH) =0,

k=1
LN 2n
> ( ) HyH,_, = (n)((Hgn _9H,)?+ H® - H2(?>7

k=0
> H 75 1075 57175
k+17k e _ UlY Qf1id
E (k?)) 4C( ) ¢(2) + 983

=1
H? —3HH® +2H®)) = 6.
;k+1k+2)(k RH)7 4 2HT)

o~

k
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These identities are due to Ahlgren and Ono [1], Batir et al. [4], Sofo [11], Choi [6].

IT. In 2015, Kérus [9] applied an identity given by Retkes to present the following

combinatorial identities.

Proposition 1. For all integers n > 1, we have

B

o~

One aim of this paper is to generalize these results.

Theorem 1. For all integers m > 2 and n > 1, we have

w() PR R
; km mo1=1 k Z; L Bm—a ke 1;::1 ka kgzz:l ko
Theorem 2. For all integers m > 2 and n > 1, we have
ﬁi(—1k—1< m1>
(2:) pot k2 \n+k
n K1 1 B By

A | 1 &1 &g
= Z = Z K, L3 Z ]7% Z =
By _1=1 m—1 g g Vm— k=11 ko=1

From Theorems 1-3 with m = 2, 3,4, we obtain the following identities.

Corollary 1. For all integers n > 1, we have

k=1

(1.6)

(1.8)

(1.9)
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n k=1 k=1
_ n 3
T (i) - o,

6 n 2 3’
= kIR +Ej+5%) =k
(DR Hy.(H, — Hy_1)

k3 k) k ’
k=1 k=1
n n k
( 1)k ! ny Hn_Hk—l Hz/
k4 k _Z k ZT’
k=1 k=1 v=1
S o ) g AT - HE)
(2:> k=1 k6 n + k B k=1 k2 ,
s " HY - B Fg®
n _ n n p(3)(7(3) (3)
3(71')22( 1)k ! (k) 7ZH/¢ (H Hk 1)
— kB IR+ k52 & k3
n _ n n (3) (3) k
3(77,')2 (_1)k ! (k) :ZH" ch 1 Z (
= k2 IR+ k52 = v

~ Hy1Hy <~ (1% /n 3H, 3
_3;k_’;k(k>(1{3’_k+k2>’

so that (1.2) leads to

= (=D 3H, 3
= > <k)<H5k+k2)~

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

ITI. The second aim is to provide one-parameter series representations for H,, /n,

the unweighted arithmetic mean of the first n unit fractions, and for the sum H; +

Hy/2+---+ H,/n.

Theorem 4. For all integers n > 1 and real numbers A < 1/2 and p € (0,2), we

have

T =2 g 0 () st

u=0

(1.18)
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with ) i
) " (-1) n
Stn,j) =S ——~
(n, 5) ];)(k+j+1)2 k
and
H co v o H )
B oY S () e (1.19)
v=0;j=0 J/nTd

Theorem 5. For all integers n > 1 and real numbers A < 1/2 and p € (0,2), we
have

i - > ﬁ iw”—j (3) (ffi - fj;ﬁg) (1.20)

k=1 v=0 7=0
and . -
. v .
=Sy ()T (1.21)
k=1 v=0 =0 J
with i
yoy~ (D" (n
T, j) = L (k+j+1)%\k)

We highlight two special cases. Setting 4 =1 in (1.19) and A = —1 in (1.20), we
obtain the following identities.

Corollary 2. For all integers n > 1, we have

Hn . i(V Hn+'+1
" —1) —nmgws
LSS () e
v=0 j=0
and . - ,
Zﬂ _ Z 1 (V> (Hj+1  Hugjh )
v+l ; : : ‘
= k y:02 par AV i+l n+j+1
2. Proofs

We apply a clever variant of the classical proof by induction to establish Theorems
1-3. This method was introduced by Turén [12] to prove an inequality for a sine
polynomial with binomial coefficients.

Method. We want to show that D,, , = 0 for all integers m > 2 and n > 1.

Step 1. We prove that D,,, ;1 = 0 for m > 2 and that D; , =0 for n > 1.

Step 2. Let m > 2, n > 1. We prove that if D,, , = 0 and D,,—1 n4+1 = 0, then
Dyyng1 = 0.

From Step 1 and Step 2 we conclude that D,, , = 0 for m > 2 and n > 1.
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Proof of Theorem 1. We call Lﬁ})n the left-hand side of (1.6) and RE,lL)n the right-
hand side of (1.6).

Step 1. We have Lg,ll?l = Rﬁ?l =1 for m > 2, and from (1.3) we obtain Lglr)L = Rglr)L
forn > 1.

Step 2. Let m > 2, n > 1 and L%)n = R%?n, Lgrlt)—l,n-i-l = R$l1’n+1. Then we
obtain

k=1 k=1
_ 1 [ (—1)F1 /n+1 N (—1)n }
41 e km—1 k (n+1)m-1
n+tl k—1
1 (—1)k=1 fn+1
—
mn ¥ 0 2 km—1 k
k=1
1
_ 7@ (1)
gn,)n + m[’m—l,n-i-l
1
_ pQ (1)
= Rgn)n + mRmfl,nJrl
=R 0

m,n+1°

Proof of Theorem 2. Let Lg)n and Rg)n be the expressions on the left-hand side
and on the right-hand side of (1.7), respectively.

Step 1. We have L@ = R® =1 for m > 2, and using (1.4) gives Lf}t = Rf,)b

m,l = “'m,1
forn > 1.

Step 2. Let m > 2, n > 1. We assume that Lg)n = Rg,%?n, L,(i)_l’m_l = RSZ)_ML_H.
Applying the identity

(S O iy kN2 (orin)
(271:_12) (2n ) (TL + 1) (277,—:_12)
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yields
2 = (—1)k ( 2n + 2 > 2(—1)"
A
m,n+1 (27:1;32) kz::l k2m n+1+k + (n + 1)2m (27:1++12)
B " (1k1< 2n ) 2 " (1ﬁ1< 2n 4 2 >
= (27?) ; k2m n+ k + (’I’L+ 1)2(2::-12) ]; k2m—2 n+1+ k
2(—1)"

(n+ 1" (L)

_ p(2 (2)
- Rgn?n + ( + 1)2 Rmfl n+1
2
= R'En,)nJrl' O

Proof of Theorem 3. We denote by L(mg)n and R,(g?n the left-hand side and the right-
hand side of (1.8), respectively.

Step 1. We have Lg?l = qui,)1 =1 for m > 1. Using (1.5) gives ng,)L = Rﬁl for
n>1.

Step 2. Let m > 2, n > 1 and Lg)n = R(ﬁ?n, LE:)—I,n-&-l = Rfs)_Ln_H. We apply
the identity

CES S o N1+ B
[ 2+ ki 478 IRk 3% (ot )5 (K + kj+ 52)

for 1 <k <n+1, and obtain

3) zrf (=Dt ("
s+ — k3 Hjill(k2+kj+]2)

:3(7,“)22”: (_1 bl (Z)

K T, (k2 + kj + 52)

“+1 _ n+1
3(n!)* T~ (=)*! (")
n b RS I (R 4 kg o+ ?)
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Proof of Corollary 1. The validity of (1.9)—(1.11) is obvious. We only prove (1.12)
and (1.13). The proofs of (1.14)—(1.17) are similar. Applying (1.6) with m = 3 and
the summation formula

n n

n k
S Alr) =D A(v,k) (2.1)

k=1v=1 k=1v=Ek

gives

(DRt K1 1 Hy,
2 k4 (k>_zk ko ki

k=1

I
\
-
gl=

H;
j
H, — Hp 1 <
=y e s Ay -

To prove Theorems 4 and 5 we apply a method which has been used in other
papers to deduce series representations for certain special functions and for mathe-
matical constants, like, for example, v, m and Catalan’s constant G; see Alzer and
Koumandos [2], Alzer and Richards [3].

Proof of Theorem 4. (i) Let 0 <z <land A < 1/2. Then —1 < (z—\)/(1-X) < 1.
It follows that

1 1 1 I o=/7— A\
1—17:1—)\.1—(:::—/\)/(17)\):17/\2(1,>\)' (2.2)

v=0
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From (1.1) and (2.2) we obtain

H, (1 = z)"log(z) .
_ /0 U-2)” oslw),

n 1—2x

= /01 ﬁ i(%)y(l —x)" log(x)dx
v=0

_ 2 ﬁU(m n)
with
Uv,n) = /Ol(z - A’ —z)" log(z)dx
=— /01 Z_% (;) (=N 23 (1 — )" log(z)d
- _ (%) -2 s,
where
S(n,j)=— /01 27 (1 — 2)" log(x)dx
= — /01 ’ k” (Z) (—z)* log(x)dx
=0
_ ]:0 (Z)( 1)k /U Ltk log(z)dz
Since .
/0 2™ log(x)dx = —(mi g 0<mez)
we obtain

09 =L e (o)

k=0
From (2.3), (2.4) and (2.7) we conclude that (1.18) holds.

(ii) Let 0 <t <1land 0 < p < 2. Since —1 < 1 — ut < 1, we obtain

1 I =
=P = 1— pt)”.
P u;)( ut)

(2.3)
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It follows from (1.1) and (2.6) that

H, Lintog(l —t
7__/ og(l1—-1) .,
0

n t
1 oo
= —/ t"log(1 —t)u Z(l — pt)”
0 v=0

Z—MZ/ " log(1 — t) Z<]> (—pt)dt
:—“ZZ ()/0 t" log(1 — t)dt

IJO]O

H .
_ ZZ a+1< >n i O

v=0 j=0

Proof of Theorem 5. (i) Using (1.1) and (2.2) gives

LHk k—1
- = /logl—tZt dt

k=1 k=1
_ / log(lflt_)(tl—tn)dt
/Ollog 11__t: 3 G:i)ydt
i (1—X\ u+1/ log(1 —¢)(1 —¢")(t — A)"dt
v= 0
ZEW;G)(—A)V—J‘(/O i log(l—t)dt—/o 4 log(l—t)dt)

oo

_ 1 ~ (VY i (Hiv1  Hugjn
_Z(l)\)”+1j§(j)( A j(jil n+j]+1)'

v=0
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(ii) We apply (1.1) and (2.8). Then

"\ H, :_/1 (1—t")log(1—1t) .
0

£ 1

- / (1—(1—2)")log()
0

T

_ _/0 log(x)(1 — (1 - 2)") S (1 - pa)’de

v=0

_ _“;/o log()(1 — (1 — 2)")(1 — pz)”dax

—yy (") mimind) (2.9)
with )

T(n,j) = /o log(z)(1 — (1 — x)™)a’ da.

Using (2.5), (2.6) and (2.7) gives

Td) = 509) - 553 = 32 e (1) 210)
n,j)=Snj)———3 =) 703 . :

J Do " &g+ 02 \k

From (2.9) and (2.10) we conclude that (1.21) holds. O
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