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Abstract
Using combinatorial techniques, we derive a recurrence identity that expresses an
exponential power sum with negative powers in terms of another exponential power
sum with positive powers. Consequently, we derive a formula for the power sum of
the first k£ natural numbers when the power is odd, which when used in combina-
tion with Faulhaber’s formula for computing power sums helps us to retrieve the
Bernoulli numbers in certain cases.

1. Introduction

A Dirichlet character x modulo k (where k is a positive integer) is defined to be odd
if x(=1) = —1 and even if x(—1) = 1. The Dirichlet L-function L(s,x) is defined

by the infinite series > Xﬁ?), where s € C with Re (s) > 1. The Gauss sum G(z,x)
n=1
for any complex number z is defined as

k .
G(zx) = Y x(m)e™F=.

m=1

E. Alkan established the following identity connecting L(r,y) with Gauss sums
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and Bernoulli numbers:

2[5]

—1)v ! 2 (r

7< 1,7,2)7,717” L(r,x) = E (q) B,S(r —¢,x) [3, Theorem 1], (1)
q=0

where

k L\ m
— J ;
-3 (1) ¢,
j=1
and B, are the ¢'" Bernoulli numbers. See [5, Chapter 12] for the definition and
other properties of Bernoulli numbers and Bernoulli polynomials.
E. Alkan derived formulae in [1] for the sums Z IL(1,x)]? and > |L(2,x)|?

X even
using Identlty (1). His computations involved the snnphﬁcatlon of sums of the

form Z Pe= 5" He mainly tried to express such sums in terms of positive
s=1
arguments of the exponential function. It seems that the complexity of simplifying

these exponential power sums prevented him from establishing an exact formula for
computing the value of > |L(r, x)|? in general.

X,r with same parity
In this paper, we derive an identity that expresses the exponential power sum

—2mwims

Z sPe & in terms of another exponential power sum with positive powers.

Consequently, we derlve a recursive formula for the power sum of the first k£ natural
numbers h(p, k) := Z sP when p is odd.

We note that Schaumberger and Faulhaber gave two different techniques for find-

ing the power sums of natural numbers. In [9], Schaumberger used the exponential
generating function

S =3

p=0 r=1

and L’Héspital’s rule for evaluating h(p, k).
Faulhaber’s formula [7, Identity 1] is a non-recursive formula for finding h(p, k).
It involves the Bernoulli numbers B, and is given by

h(p, k) = (pl e +Z (pH)B it 2)

In [10], J. Singh defined the power sum ¢, (k) = af +ab + -+ + ai(k), where
ai, ag, '+, Ay(k) are positive integers each of which is less than or equal to n and
relatively prime to n. There he gave a relation between h(p, k) and v, (k). In [2],
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E. Alkan used the results from [10] to obtain a formula for the weighted average

k T -
e 2 jTen(f), where ¢ (j) = X e is the Ramanujan sum. Later in [11],
j=1 m=1
(m,k)=1

J. Singh studied the sum of products of power sums via the multiple products of
their exponential generating functions.

For non integral power sums, some approximate results only seem to exist in the
literature. See, for example Theorem 1 in [8].

2. The Main Result and Proof

We state and prove our main identity in this section. To begin with, we introduce the
terms which we use in this paper. An ordered partition or composition of a positive
integer n is an m-tuple (j1,...,Jm) with j1 + ... 4+ j, = n, where 1 < j; <n. The
j1 are called parts of the composition and m, the number of parts in it, is called the
length of the composition. We use C(n) to denote the set of all compositions of n.
For 1 <m < n, C(m,n) will denote the set of all compositions of n with length m.
The number of elements in C(m,n) is (?~}) ([4, Theorem 4.1]). More properties
and results related to compositions can be found, for example, in [4, Chapter 4].
In this paper, we mainly derive the identity given in the next proposition.

Proposition 1. For k,p positive integers with k1 m and p > 1, we have

k—1 p—1 D k—1
—27ims _ _ 2mims
g sPe” k= —kP 4+ E (=P a( >ka E sPTe TR .
a
s=1 a=0 s=1

We state and prove a lemma which is essential in the proof of the main proposi-
tion.

Lemma 1. Let v > 1. The set {(i1,...,4r) : 1,42, ,ip € {1,--+,p— 1},i1 >
ig > -+ > 1.} is in one to one correspondence with the set C(r + 1,p).

Proof. Write p — i1 = j1, i1 —ia = Jo, -+, bp—1 — by = Jpyip — 0 = jr41. Since
J1+Jo+ -+ jrr1 = p and j; are all positive, (ji1,...,7-+1) € C(r +1,p). Let
(i1,42,...,%,) and (i},45,...,4.) be distinct. Let I be the largest index such that
iy # 4, (with the convention that 4,41 = 0 if [ = r). Thus ji41 = ¢ — %41 and
Jie1 = 1; — iy, will be distinct. Hence (j1, j2, ..., jr41) and (51,53, .., j;41) will be
distinct. On the other hand, if (j1,72,...,Jr4+1) € C(r+ 1,p), let i1 = p — Jy,i2 =
p— (j1 + j2),... so that iy,...,4. € {1,...,p — 1} and they satisfy i1 > ... > i,,
with » = 0 giving the empty set. This shows that this correspondence is onto as
well. O

Since C(r + 1,p) has (p ;1) elements, we obtain the following corollary.
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Corollary 1. The set defined in the above proposition has (p;l) elements.

We state a result from [6] which we will be using in the proof of our main

proposition.

Lemma 2. ([6, Lemma 1)) If uy,us,us,... is any sequence of numbers, then the
-1

x .
coefficient of ™ in (1 -3 ui:ﬁ) is > Ugy Ugy *** Ugy, -
i=1

(a1,...,ar)EC(n)

Now we prove Proposition 1.

Proof of Proposition 1. We start the proof using the binomial expansion:

— é = 2mim(k
Zspezm% — (k‘ . S)pew
s=1 s=1
k—1
2mims
- S
s=1
k-l . p—1 k—1
= (—1)PsPe” 2mims i Z(_l)a (p) pp—a Sae—zmms
s=1 a=0 a s=1
Hence
k—1 k—1 p—1 b1 .
2mims 2mims Comime
S e e S (P T e
s=1 s=1 a0 por

2mwims

k=1 k—1 .
For notational convenience, we write f(p) = 3. sPe— * and g(p) = . sPe .
s=1 s=1

With this notation, we rewrite Equation (3) and expand it recursively as

Fp) =(~1)g(p) + (1)t (p)f(a)

a
a=0

=(=1)Pg(p) + (1" <pf 1) kg(p—1)

T EANE A
SR Y s A (e
+(~1)P*2 (p P 1) (i - ;) +(—1)Pt3 (Zf 1) (Z _ ;) (ﬁ B ;2),)1

xk3g(p—3) +--.

+
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It can be seen by induction that for a > 2, g(p — a) has coefficient as the sum

S 1A B G R S

i1,i2,ir€{p—a+l, - ,p—1}
11>02> >0y

with the convention that {i1,...,%,} can also be the empty set to allow the binomial
coefficient ( ” ). Thus the coefficient of kPg(0) is

S0 o

i1,dz,e yin€{1, - p—1}
i1>i2> >

P ’L'1 ir,1 ’ir - p' le ’L'r,1! Z»,"
i) \iz) Ui JNO) T (p—in)lin! (ix —in)lia! (ip—1 — ip)Vip! (i — 0)10!

p!
(p - Zl)'(Zl - Zg)' ce (i,. — O)'O'

Now we use Lemma 1. The binomial product sum in Equation (5) consists of the

summand (—1)P+! (g). This term corresponds to the empty subset of {1,...,p—1}.

Corresponding to this empty set we may take the single available element (p) from

C(1,p). Hence, (ﬁ) (g) B (“Z.:l) (;) and (3) can be replaced with the multinomial
P

coefficient (j1 e +1) and so the coefficient of kPg(0) can be rewritten as

p—1

3 3 (1)p+7‘+1<

! >
=0 (j1,52,-,Jr+1)EC(r+1,p) J1: 92, rJr

(—1>P+’“(. P )
r i) EC(r,p) J1sJ2y 0 5 Jr

Y Y

r=1 (j1,j2,....4r)EC(7,p) J1-J2 Ir

p
=1

(J1,J250 0

00 A\ 1
x’b
— (—_1\Pp! 3 P 3 P
= (—=1)Pp! x coefficient of x? in <1+ E i!)

i=1

/N

-1
obtained by taking u; = - in Lemma 2)
7!

= (=1)Pp! x coefficient of z? in (%)
1.

Now we compute the coefficient of kg(p — a). We take the product of binomial
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coefficients appearing in Equation (4) and simplify it further:

(660 =GR - ()65

p!
(p—i)l(@r — i)t (i — p+ a)l(p — a)!

= (p—in)in _2.2?!!,_,(“ Ep—— (Z)

Write p—1i1 = jla 1] — i3 = an el — Oy = jT‘viT‘ - (p - C(,) = j7‘+1~ So
Ji+j2+--+Jjr41 = a. Asin the above case, we can see that (ji1,jo, -+, jr41) is in
a one to one correspondence with (i, ig, -+ -, 4,.), where ¢; > ... > i,. So we have

)6 ()60 = (0l )

Hence we get the coefficient of k%g(p — a) as

p—1

(—1re > (=prr (Z) (jl,jg, - ,Jm)

=0 (j1,j2,--dr+1)€C(a,r+1)

= (-1 (2) 3 > (=1 (jl,ye, N ,gm)

r=0 (j1,j2,..,jr+1)€C(a,r+1)

— (~1)r-a (2)

1= 1o+ 07 (7 e -1+ 0 (ot -

a=2

- ]g(_l)f’“ (Z) k*g(p —a) + kPg(0)

— Wt ii)(—l)“ (2)sesto )

which is what we claimed. In the last step above, we used the fact that g(0) =
k-1

> eZ 7 = —1 when %™ #£ 1. O
s=1
Let us see an application of the computations above. When k|m, e =1 and

g9(0) = k — 1 in the above so that we get

k—1 p—1 k—1
st =kP(k—1)+ > (-1 (Z) KOy sl (6)

s=1 a=0 s=1
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k
Let h(p, k) = > sP. If p is odd, from the above, we get a recursive formula for
s=1
the sum of pt" powers of the first k& natural numbers as

h(p, k) = <(k+ 1 Pk+pz (Z)(m 1)°h(p — a, k)).

a=1
On replacing p — a with j, we get the following.

Corollary 2. For p, k positive integers with p odd, we have

p—1
h(p, k) = % (k+1)Pk + Z(—l)j (f) (k+1)P7h(5,k) | . (7)

Jj=1

Such a formula cannot be derived when p is even because of the cancellation of
h(p, k) taking place from both sides of Identity (6).

k
To illustrate the use of the above identity, let us compute > s3. Note that the
s=1

k
1,k) = Z sand h(2,k) = Z s? is necessary for this computation.

knowledge of h(
We have h(1,k) = Ll)and h(2,k) = M Thus
;<k+1 k+z <)k+1) h(3—aak)>
% ( (k+1)>* 1)2(3> (k4 1Dh(2,k) + (—1)* <Z)(k+ 1)2h(1,k)>
;<k+1 k+3k+1)(k“)6(2’”1)_3(k+1)2k(k2“)>
i( k+1)2(2k+1) — (k+1)%)
_{ (k+1)]
2

We cannot compute h(4, k) using Identity (7). But if we use the known formula
h(4,k) = k(k+1)(2k+;é(3k2+3k_l), we get h(5, k) as kz(k+1)2(122k2+2k_1) if we proceed
as in the above computation for h(3, k).

Another application of Identity (7) is that we can retrieve the Bernoulli numbers
using Identities (2) and (7). For example, if we put p = 1 in the right-hand side of
both the Equations (2) and (7) and equate them, we get

o o) - e
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On comparing the coefficients of k on both sides, we get By = —%.

Similarly, if we put p = 3 in the right-hand side of both identities (2) and (7),
we get

k4 3 (k+1)3k 3 k(k+1)
L B 4+ SBok? —4Bsk =Y T (4 1)2
4 1"+ 552 3 2 2( +1) 2
3 E(k+1)(2k + 1
+§““”W'

By comparing the coefficients of k2 on both sides in the above, we get By = %.
Proceeding like this we can find the values of By, Bg, --. Note that Bs,_1 = 0 for

all positive integers n except when n = 1.
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