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Abstract
Let F(s) be a function from the Selberg class, F*)(s) be the k*" derivative of
F(s), and a be a complex number. The solutions of F¥)(s) = a are called a-points
of F(*)(s). In this paper, we study the distribution of the a-points of F(*)(s) and
estimate the number of these a-points. Furthermore, we give an asymptotic formula
for
Z 2 as T — oo,

pi1ayM<r

where x is a positive real number such that x > 1 and pgk) = 5&’“) + iv,(lk) denotes
an a-point of the k' derivative of F(s).

DOLI: 10.5281/zenodo.10580952
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1. Introduction

An L-function in number theory is often defined by a Dirichlet series, or an Eulerian
product on prime numbers, and satisfies certain analytical properties. The typical
example of an L-function is the Riemann zeta function; it plays an important role in
mathematical research, constitutes a first link between arithmetic and analysis and
was used by Euler, Dirichlet, Tchebychev and Riemann to study the distribution
of prime numbers. The distribution of the zeros of the Riemann zeta function
¢(s), as well as of other zeta and L-functions, is related to important questions in
number theory. The famous (yet unproved) Riemann hypothesis, which claims that
all nontrivial (nonreal) zeros of ((s) lie on the critical line s = % + it with ¢ € R,
is of special interest. The Riemann hypothesis is the subject of several studies and
research papers, has a variety of equivalent statements, and may be extended to
a large class of L-functions (see for instance [2] and [10]). Dixit et al. [3] studied
the vertical shifts s to s + 7. In [8], Li and Radziwill established results on the
distribution of values of ¢ (% +i(al + b)), where a and b are real numbers with
a > 0, and [ ranges over the integers in some dyadic interval [T,2T]. Gonek [4]
developed a uniform version of an explicit formula known as Landau’s formula (it
provides a connection between zeros of the zeta function and primes) which can be
used in applications. The study of the derivatives of zeta functions was inspired by
Speiser’s paper [16]. Moreover, he proved that the Riemann hypothesis is equivalent
to the absence of zeros of the derivative of the Riemann zeta function to the left
of the critical line. Berndt [1] studied the number of zeros of the higher-order
derivatives of the Riemann zeta function, and Spira [17] investigated the zero-free
regions of the higher-order derivatives of the Riemann zeta function. Levinson and
Montgomery [7] proved that, under certain conditions, the Riemann zeta function
and its derivative have approximately the same number of zeros to the left of the
critical line. They also studied the zeros of the higher-order derivatives of the
Riemann zeta function, and assuming the Riemann hypothesis, they proved that
there are a finite number of such zeros in the critical strip. Yildirim [20] considered
the number of zeros of the first and higher-order derivatives of the Dirichlet L-
functions. He obtained zero-free regions and an estimate of the number of zeros for
these functions.

Let F(s) be a function from the Selberg class, F*)(s) be the k*® derivative of
F(s), and a be a complex number. The solutions of F*)(s) = a are called a-points
of F(¥)(s). In this paper, we study the distribution of the a-points of F(*)(s) and
we estimate the number of these a-points.

Theorem 1. Let F(s) be a function belonging to the Selberg class, k be a positive
integer and a be a nonzero complex number. Then, for sufficiently large T we have

drT

drpT T
Ni(a;T,F) = ;—WlogT—F %log (AQ?) — +0(logT),
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where Ny(a; T, F) denotes the number of a-points of F¥)(s) in the region 0 < t < T
and Fy < 0 < Ey, where E1 and Ey are from Lemmas 1 and 3, respectively, as
given below.

Remark 1. The case a = 0 was already proved by R. Simenas in [14]. In fact, he
calculated the number of zeros of F(¥)(s) in the region |t| < T and E; < 0 < Fy;
he obtained the following result:

Ni(0; =T, T,F) = > 1
k), -T <+ <
Po By < 8" < By
T T T T
= dLlogT—&——log()\QQ)—dL——logé—&—O(logT),
™ ™ ™ ™

where ¢ € N is the least number such that the Dirichlet series coefficient a, for
F (k)(s) does not vanish. In a similar way to Simenas’s work, we can easily prove
the following result:

drpT
21

T o dpT T
logT—i-%log (AQ?) — o glogf—i—O(logT).

Remark 2. For the case k = 0, we refer to Steuding’s book [18, Chapter 7].

Theorem 2. Let F(s) be a function belonging to the Selberg class, k be a positive
integer and a be a complex number. Then, for x > 1 and sufficiently large T we
have

(k) T —1)k0+D)
(), o ;M <7 s 2 l;) ( a)z+1 (logno)**
Pa’ by < B < By A
x (log 1 log na...10g 11)* tng @n, ...an, + O(log T), if (a # 0)
and

(k) T -1\
Z zPe = o Z <7> (log n)*t*
¥

k
(k) >0 arlog™l
(k). 0<~g <T 20,
. 0=
Eg < Bg ' < Eq ny,...,np > £L41
@ =ngny...ny /et t1

x (log n1 log na... log m)kanoan1 w.an, +OogT), if (a =0),

where £ € N is the least number such that the Dirichlet series coefficient ay for
F(k)(s) does not vanish, p((lk) = B,(lk) + im(lk) denotes an a-point of the k% derivative
F®)(s), while By and Ey are from Lemmas 1 and 3, respectively, as given below. If
a # 0, the sum on the right-hand side is zero for x ¢ Z, and if a = 0 with {"x ¢ Z

for any n € N, then the sum on the right-hand side is zero.
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2. Preliminary Lemmas and Equations

The Selberg class S was introduced by Selberg [13]. It consists of the Dirichlet
series

oo
a(n)
F(s) = R 1
5= 5 (Re (s) > 1),
which satisfy the following conditions:

e Ramanugjan hypothesis: a(n) = O(n®).

Euler product: For s with sufficiently large real part,

o k
o)~ TTew (32220
p k

=1
with suitable coefficients b(p*) satisfying b(p*) = O(p*?) for some 6 < 3.

e Analytic continuation: There exists a non-negative integer m such that (s —
1)™F(s) is an entire function of finite order (in the sequel mp denotes the
smallest integer m with this property).

e Functional equation: For 1 < j < r, there exist positive real numbers @,
Aj, and complex numbers p;, w with Re(u;) > 0 and |w| = 1 such that
¢r(s) =wor(l —3), where

or(s) = F(s)Q%n [[T(\js + 1y)- (2.1)

=1

It follows from the Euler product that F' € & has no zeros in the half-plane o > 1.
Also, F' admits zeros in the left-half plane, which are generated by the poles of the
I-factor appearing in the functional equation. These zeros are called trivial and
they are located at the points s = fn?‘j, wheren € Nand 1 < j <r.

All other zeros are located inside the critical strip and they are called nontrivial
zeros of F'. It is expected that for every function in the Selberg class, the analogue
of the Riemann hypothesis holds, i.e., all nontrivial zeros lie on the critical line
Re(s) = 1. The degree of F € S is defined by dp = 22;:1 Aj. The logarithmic
derivative of F(s) has a Dirichlet series expansion, as given below:

—%(S)ZZAF(TL)TFS, (Res > 1)

where Ap(n) = b(n)logn is the generalized von Mangoldt function (supported on
the prime powers). The Euler product of every F' € S can be written in the standard
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form F(s) =[], Fp(s), where F,(s)=1+3>7_, a’;(pm) It has been conjectured

in [6] that the p-factors F), are of polynomial type, hence we have
- ai(p)\ ™
Fy(s)=]1 (1 - ps) , ai(p)] < 1.
i=1

In view of our investigations, the functional equation is of special interest. We
rewrite the functional equation as

F(s) = Ap(s)F(1 —3), (2.2)

where
-

AF(S) _ wQ172s H

j=1

L1 = s) +75)
L(Ajs + 1)

. (2.3)
By Stirling’s formula, we have
. Sydm s —o—it , im(p —dp)
Ap(o+it) = (A\Q*tr) exp thp+f {w+0(1/t)}
and

F

—%(a +it) = log (A@Q*t"") + O <1) ,

where =237 (1 —2p;) and A =[[}_, )\?)"7. Further, we have
(o) = limsup 8@+ _ 0 for o>1,
e = t—>:|:oop log |t] " G-o0)dp for o<,
and 1
ur(o) < idp(l —o) for0<o<1.
Also

F(o +it) <, thr(ote,

For more details, kindly see Lemma 2.1 in [9]. Moreover, by Cauchy’s integral
formula we have

F(k)(s):;;i/c(w}i(g)kﬂds’ (2.4)

where C is any arbitrary small circle centered at s. By using the last bound of F(s)
of (2.2), it follows that

F®) (s) < thr(@)te, (2.5)

Lemma 1. Let F(s) be a function belonging to the Selberg class, k be a positive
integer and a € C. Then, there exists a real number Ey = F1(k,a, F) > 1 such that
there is no a-point of F®)(s) in the region {s € C: 0 > E}.
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Proof. The case a = 0 was treated by Simenas in [14]. Hence, we consider only the
k
case a # 0. Since F®)(s) = (=1)F Y -, %, we have
n|(logn)*
|F0) (5)] < Zm .0 as o — oo,

o
n>2

Hence, there exists By = E(k,a, F) > 1 such that |F(*)(s)| < |a| for ¢ > E;. Thus
F®)(s) # a in this half-plane. O

Lemma 2. Let F(s) be a function belonging to the Selberg class and k be a positive
integer. Then, for ¢ > 1 the following equation holds in the region {s € C : o >
¢, |t| > 1} for sufficiently large 1y :

= k) (dF)k 2s—1 - s
Fl-3" = ——-Q TITOs + u)T(N\js + 1=\ — 755)
Jj=1

X H sinm(—Ajs + \; +75) | log"(s)
j=1

(0 ()

Proof. Using Equations (2.2), (2.3) and applying the Euler reflection formula

™
T =s)T(s) = sinms
with s #0,—1,—2,---, we obtain
F—5) = —Q> 'F(s) H T(A\s + 1) TOys + 1 — Ay — T17)
W Y J Y J M

j=1
,
X H sinT(—Ajs+ A\ +1;).
j=1

Further, by differentiating the previous equation k times we get

Trw

. (k)
) 1 oo _
F(l-5" = ——Q*! (HF(AjSJrNj)F(/\jSJrl)\j Mj))

j=1
X H sinm(—=Ajs + \j + ;) F(s)
j=1

T

k-1 (n)
1 o _
7r,.WQ2 S (H P(Ajs +p)T(Ajs + 1= X; — Nj)) Rk (s),
n=0

j=1

Jr
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where

Bnls) = ii( () () s

m=0 [=0
(m—1)

X Hsinw(—/\js—F/\j +75;) FW(s).

Jj=1

Using [20, Equation (13)], derivatives of the Gamma function can be estimated as

follows: F60)(5) = I(s) (log 5)° (1 +0 (S 1;g S))

in the region {s € C,0 > 1+ 4, |t| > 1}. Furthermore, with the use of the last
estimated values of TW)(s) and the equality log(as 4+ b) = logs + log (a+ g), it
follows that for sufficiently large |¢t| > 7, and o > ¢ > 1 one has

(k)

[ITOys +u)TOys +1 =X = 155)

j=1

k (n1)
Z <nl7n27-“7n2r) (F(A18+,U‘1))

ni+no+...+no,r=k
X(C(Ars +1— M —7m0) "2 (D(Aar—1s + prar—1))"2r=D
XxT'(A2rs +1 = Ao 7E)("27-)

log® (s) H T(Ajs +p)P(Njs + 1=\ — ) (1 +0 (TQ@)))

j=1

% Z ( k > )\111 +ng )\;7,3+n4 '”>\:2r—1+"2r
ni+no+...+nop=k 112y ey T2

(dr)* log*(s) H TOys + 1) Oys + 1= Ay — 117) (1 +0 (ﬁg(s)» .

j=1

Moreover, using the same argument as above in the same region F(s) < 1 and
l
FU(s) = anz a"(_nw < 1 we get

TITOys + m)TNs + 1= X — ) [ [ sinw(=Ajs + A + 1) F(s)
Jj=1 j=1

=TI TOys + m)TAgs + 1= Aj = 17) log" (s)emPa A Al
j=1
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and

k=1 [ r )

S TITOs +u)T s +1 =X — 1) Ry.i(s)
n=0 \j=1

< T TOys + m)T(Ns + 1= A; = 117) logh ™ (s)em M FAe bt ADIH]
j=1

As a consequence, we get

(k) (dF)k 2s—1 . i
F1-5 = ——Q” [ITOys + u)T(Ns + 1= X5 — 1)
j=1

in the region {s € C: 0 >¢,|t| > 7 }. O

Lemma 3. Let F(s) be a function belonging to the Selberg class, k be a positive
integer and a € C. Then, there exists a real number Es = FEo(k,a, F) < 0 such that
there is no a-point of F*)(s) in the region {s € C : 0 < Ey, |t| > 71} for sufficiently
large Ty,.

Proof. Tt follows from Lemma 2 that F(*)(1 — s) — oo as ¢ — co and there exists
Ey; = Es(k,a,F) < 0 such that \F(k)(s)\ > |a| for ¢ < E5 and |t| > 7. Thus
F®)(s) # @ in this region. O

Remark 3. It can also be seen by Rouché’s theorem [19, Section 3.42] and Lemma 2
that there is Ny, = Ny (a, F) < 0 such that F(*)(s) has an a-point around any trivial
Z€ro § = —%,n e N,1 < j<rof F(s) in the region {s € C: o < Ny, |t| < 7%}
Those a-points can be regarded as trivial a-points of F(k)(s).

Now, we consider the number Ny (a;T,F) of a-points of F(*)(s),k > 1 in the
region 0 < t < T and Fy < 0 < Ey, where F; and E5 are from Lemmas 1 and 3,

respectively. The following lemma is a direct result of a combinations of Equation
(2.5) and Jensen’s formula.

Lemma 4. Let F(s) be a function belonging to the Selberg class, k be a positive
integer and a € C. Then, for sufficiently large T, we have

Ni(a; T+ 1,F) — Ni(a; T, F) < log(T).
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Lemma 5. Let F(s) be a function belonging to the Selberg class, k be a positive
integer and a € C. Then, for any constants 01,09 and s € C with o1 < 0 < 02 and
large t, we have

FU+D(s) 1
= > ———=+0(logt),
F(k)(s) —a {9 —t1<1 §— szk)

(k (k)

where pi¥) denotes an a-point of the k™ derivative F®)(s) and vq = Im(p,(lk)).

Proof. Tt is clearly reflected from Equations (2.2), (2.3) and Stirling’s formula that
the function (s —1)™* F(s) is of order one (see Lemma 3.3 in [15] for more details).
Further, using Equation (2.4) the same result can easily be shown for the functions
(s — 1)mr+k(F®)(s) —a), k > 1. Hence, by the Hadamard factorization theorem
we get

(s = )" H(EW(s) —a)

S S
~optn e T (1= 5o ().
Pa

P #0 “
where Ay, , and By, , are certain complex constants, my, o is a positive integer and
the product is taken over all a-points pflk) of F(*) (s). Hence, applying the property

< : )
k k
o) 20 P( ) PEz )

1 1

P20

of the logarithmic derivative we obtain

F(k+1)(s) Ak u
=) B
FK®)(s) —a S ke

Then, by the same argument due to Onozuka [12, Lemma 2.6] and using Lemma 4
we complete the proof. O

Lemma 6. Let F(s) be a function belonging to the Selberg class, k be a positive
integer and a € C. Then, for s € C with sufficiently large o > Fy we have

PO (s) (1) b1 k
FE . = 3 Zr— (log g )" (log ny log ns.... log ny)
1>0
nQy My g >
AngGny o G, .
x ngni...ny ’ Zf a # 0
and
1+1
PO (5) -1 k1 k
F®) (s)—a = Z ag logF ¢ (1Og no) + (IOg n log na... IOg TL[)
1>0
n072 £
Rl eamy > 041

1+1
Vi >San0an1...anl

X S S s
)
nonl...nl

if a=0.
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Proof. When a # 0, we have
L

F(k“)(s) _ F(k“‘l)(s) _ F(k“)(s) (F“”(s))
F®)(s)—a —a (1 _ F(’Z(s)) —a = a
(=D Z any (logno)*+!
—a ny
ng>L 0
!
(-n* any (logn)*
X
o[ gt
1>0 ny>4
(=t k1
= > — o (logno)*™"
1>0
ng,ny, -, ny = £
x (log n1 logng..logm)k%:"a:[.
ngni..n;
When a = 0, one has
k+1
F(kJrl)(S) B Zn0>e ano(loigw
F&) (s - T (log £)F anq (logni)k
(s) L (1 + ae(logg)k Zn1>e+1 IT)
_ VA Z Gy ( logno)'chl
= )
as(log?) =, ng
!
n, (logny)®
>< e —
5 ( Ty
1>0 n1>0+1
4 1+1
= Z (719) (logno)* ™ (log n1 log na... log ny)*
= aelog” ¢
ng > ¢
ny,mg > 041

I+1)s
A OnoQny - -On,

Sy S S
ngng...n;

3. Proof of Theorem 1

We now present a proof of our first main theorem.

Proof of Theorem 1. Let a be a complex number. We write s = o + it and pflk) =
B(k) —H’y(k) with real numbers o, t, B,(lk) and m(lk). The case a = 0 was already proved
by Simenas in [14] so here we assume a # 0. By the residue theorem we have

1 F(k+1)(3)
N (Cl T F) 271_2 i{mds + O(l),
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where the integration is taken over a rectangular contour in the counterclockwise
direction, denoted by R with vertices u+ib, u+iT,v+iT, v+1ib with some constants
b>0,u> E;, v < Eysuch that F*)(s) has no a-point on the lines t = T and
t = b. Hence, we have

1 F+1) (5)
No(@;T,F) = m/RF(k)(s)_ads—&—O(l)

1 u+1b /u—HT /v+iT /v—i-zb (k+1)( ) d O( )
= — + s+ O(1
2mi v+1ib u+1ib u+iT v4iT F(k)
= h+L+I+1,+0(1

The first integral I; is independent of T' so I3 = O(1). Next we consider I5. Using
Lemma 6 it easy to see that I = O(1). From Lemma 5, we get for I3:

1 v+iT v+iT
I = — / ds +0 / (logt)ds
2mi Z u+t+iT 8§ — u+iT

[y (k) —T|<1
1 v+iT
= 5 Z / (k) ds+ O (logT) .
Uy I (h 1< u+iT 8 — Pqg

Now we change the path of integration. If m(lk) < T, we change the path to the
upper semi circle with center p{*) and radius 1 (see Figure 1). If v > T we

(k)

change the path to the lower semicircle with center pg’ and radius 1 (see Figure

2).

p(k)

. I m _ , Iy ™ .
v 4T . — u i1 v +iT — u+ i1
ﬂgk) u

]/1 ]2 ]4 12

v+ib I u+ ib v+ 1b I u+ib

Bl E] El E]

Figure 1: The case 'Yz(zk) <T. Figure 2: The case %S’“) >T.
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Therefore, % < 1 on the new path, which yields
5—Pa

I;=0 > 1| +0(logT).

Iy —T|<1

Hence, by Lemma 4 we obtain Is = O (log T').
Finally, we have to estimate the value for I,. Since |F*)(s)| > |a| for 0 < Ey
and |t| > 7, one has

1 v+iTy F(k+1)($)
I, = — ——d O(1
g i /W-T Fo) —atetOW

- b e ERD(s) X L ds+ 0O (1)

2mi Jorir  FO(s) 1

1 v+iT F(k+1)

1 vFite p(k+1) 1 vtitk p(k+1) "
= 5w T(S)d”*- ® (S)Z< ® ) o

218 Jorir  FHR)(s) 21 Sy FF)(s) = F®)(s)

+0(1).

Combining Lemma 2 and Stirling’s formula we get

F(k)(v + it) > |t|gde’U*F%dFe*ﬂ'(A1+)\2+...+>\y»)lt|(log |t|)]€eﬂ'()\1+/\2+...+)\7-)‘tl.

Here we choose v such that 5 —dpv+5dp > 3. Then, we obtain F*) (v+it) > It]2.

Therefore N
a
-3
Z (F<k)(v+z’t)> <l

n>1
Furthermore, from Lemma 2 we have % < log|t|. Finally we get
1 v+iTE F(k;+1) vHITE
Iy, = — (S)derO(/ log(|t|)|t§dt> +0(1)

21 Jypir (k) (s) v+iT

1 v+iTE F(k+1)(s)
= — ————>ds+0O(1). 3.1
2mi /v+iT F®)(s) s+0W) (31)

The estimate of the first term of Equation (3.1) goes with the same method as per
the estimation of I3 in [14]. We have

T T T
I4—dF lo T+—1og(/\Q2)—dL+O(logT).
21 27 27

Theorem 1 follows from the estimation of Iy, I, I3 and 14. O
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4. Proof of Theorem 2

In this section, we present a proof of our second main theorem.

Proof of Theorem 2. Let a be a complex number. Since there are finitely many
a-points in the region 0 < t < 7, and Fy < 0 < FE1, by the residue theorem we have

(k+1)
p&'“)zij{ s ) et on
Z v 2mi Rx F®)(s) —a s+0Q),

ORNES A <
¢ my <) < By

where 7 is the same as in Lemma 2. The integration is taken over a rectangular
contour in the counterclockwise direction, denoted by R with vertices u + iy, u +
iT, —v + iT, —v + i1, with some constants u > Fj, v < Ey. When F*)(s) has no
a-point on the lines t = T and t = 7, then

(k) 1 F(kJrl)(s)
A A G2 1G]
> v 2m‘f€f F(s) — a2 T O
Sy, o<l <
“ Eg < B((lk) < EBE;
1 u+iTy u+1T v4+1T v4iTy
~willn Lot L L)
2mi v4iTy u+iTy u+1T v+1iT
. F(k+1)(8)

= Ji+Jo+J3+Js+0(1).

The first integral I; is independent of T', so J; = O(1). Similar to the estimate of
I3, by Lemmas 4 and 5 the integral Js can be estimated as J3 = O (logT'). Next
we consider Jy. Using Lemma 2 we obtain
FOAD (y 4 it)
— 7 «logt, t> 7.
F®) (v +it) —a o8 =Tk
Hence

T
Jy < / 2V logtdt < 2T logT — 0, v — —o0.
Tk

Now we proceed in order to estimate the value of J;. In Lemma 6 the right-hand

(3)

side is complicated; let us write it as ), a(d)d~°. Hence, we have
1 u+iT

s —s _ 1
Jo= o x zd:a(d)d dsmzd:a(d)/u

u+iTy

u+1iT
+iTk

The integral factor can be calculated as

/“”T(x)sds_ iT+0(1) for z=d,
utir, \d N 0O (1) for x #d.
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which yields

Jo = % Zd,a::d a(d)+0O(1) for z=d,
O (1) for z #d.

Combining the estimated values of Ji,Js, J3 and Jy, we finally obtain Theorem
2. O

5. Concluding Remarks

In this section, we present some problems that will be considered in a sequel to this
article.

1. Prove an asymptotic for the sum of F(*)(p,)X?, where F(¥)(s) denotes the
nth derivative of F'; X is a positive real number, and p, denotes a nontrivial a-
point of F(s). The sum is over the zeros with imaginary parts up to a height
T, as T — oo. We can find a new form of the asymptotic formula, when
X is a positive integer and that highlights the differences in the asymptotic
expansions as X changes its arithmetic nature (see [11]).

2. Following [5], we can investigate the distribution of the fractional parts of the
sequence (ay¥), where « is any fixed non-zero real number and v* runs over
the imaginary parts of the a-points of F(*)(s).

3. Study a-points of combinations of functions ¢ defined in (2.1) (see [3] for
a=0and F = ().
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