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Abstract
Let f be a normalized primitive holomorphic cusp form of even integral weight &
for the full modular group I' = SL(2,Z), and denote by A¢(n) the nth normalized
Fourier coefficient of f. Let Ayx f(n) be the nth normalized coefficient of the Dirich-
let expansion of the Rankin-Selberg L-function L(f x f,s) associated with f. In
this paper, we investigate the asymptotic behavior of the sum

> N,

n<x
n=l( mod q)
where ¢ is a prime with (I,¢) = 1. In a similar manner, we also consider the general
divisor problem of the coefficients of Rankin-Selberg L-functions associated with f
over the set of arithmetic progressions.

1. Introduction

The Fourier coefficients of modular forms are important and interesting objects in
number theory. Let H; be the set of all normalized primitive holomorphic cusp
forms of even integral weight k& > 2 for the full modular group I' = SL(2,Z). Then
the Hecke eigenform f(z) € H; has the Fourier expansion at the cusp oo:

where e(z) = e?™# and Af(n) is the n-th normalized Fourier coefficient (Hecke

eigenvalue) such that As(1) = 1. Then A¢(n) is real and satisfies the multiplicative

—~
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property
A - Af( ) W
d|(m,n)

where m > 1 and n > 1 are positive integers. In 1974, P. Deligne [8] proved the
Ramanujan-Petersson conjecture

[A(n)] < d(n), (2)

where d(n) is the classical divisor function. By Equation (2), Deligne’s bound is
equivalent to the fact that there exist ay(p), Bs(p) € C satisfying

ar(p) + Bs(p) = As(p),  ar()Br(p) = lay(p)| = [B;(p)] = 1. 3)

More generally, for all positive integers [ > 1, one has

M) = () +ar() " Br(p) + -+ ap(p)Br(p) "+ Br ().
In 1927, Hecke [11] proved that
> A p(n) < @t (4)
n<x

Later, the upper bound in Equation (4) was improved by several authors (see, for
example, [8, 14, 46]). In particular, Wu [49] has shown that

Z)\f < xdlog x,

n<x

where

B 102+7\/ﬁ(6—\/i)5+102—7\/i(6+\/ﬁ>5 33

— 22 = 0.118--- .
210 5 210 5 35

Using the Sato-Tate conjecture proved by T. Barnet-Lamb et al. [1], one has the
best result to date that

Z)\f < s (logz)~(1~ aw).

n<x

In the 1930s, Rankin [45] and Selberg [47] independently proved the following
asymptotic formula,

Z Ai(n) = cpx + O(z*/%), (5)

n<x
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where ¢y > 0 is a positive constant depending on f, and € > 0 is an arbitrarily small
positive number. Recently, the exponent in Equation (5) was improved to % — 4 in
place of 2 by Huang [16] , where § < 1/560. More recently, motivated by the work
of Kowalski, Lin, and Michel [28] concerning the Rankin-Selberg coefficients in large
arithmetic progressions, Huang [17] further sharpened the exponent of the result to
% — 0o with 09 = %. This remains the best possible result in this direction.
Later, based on the work about symmetric power L-functions, Moreno and

Shahidi [40] were able to prove

Z 74(n) ~ crxlogx, x — oo,

n<lz

where 79(n) = 7(n)/n® is the normalized Ramanujan tau-function, and ¢; > 0 is
a positive constant. Obviously, Moreno and Shahidi’s result also holds true if we
replace 79(n) with the normalized Fourier coefficient Ay (n).

Let f € H} be a Hecke eigenform and denote its nth normalized Fourier coeffi-
cient by A¢(n). Define

S;(fia) = 3 Xo(n),

n<z

where j € Z1 and z > 1.
Based on the work of Moreno and Shahidi concerning the symmetric power L-
functions L(sym? f, s) for j = 1,2, 3,4, Fomenko [9] established the estimate

S5(fix) <y 2%, Su(fi2) = cpxloga + dpx + Of (a¥/107F),

where ¢y > 0 and d; are suitable constants depending on f; here € is an arbitrarily
small positive number. Later, Lii (see, e.g., [29, 30, 31]) considered higher moments
S;(f;x) for 3 <1 < 8, which improved and generalized the work of Fomenko. Later,
Lau, Lii, and Wu [32] proved that

Si(f;x) = fo(logx) + Ofﬁg(aceﬁe), 3< <8,

where P} (t) = 0 are the constant functions for j = 3,5,7, and P;(t), F§ (t), 5 (t)
are polynomials of degree 1,4, 13, respectively, and

7 40 176
0; = — 05 = — 0, = ——
3 10’ > 43 TR
g, — 1l _ 175 _ 2933
Ty 67181 87 2957

Lau and Li [33] derived the general results for S;(f;z) for all j > 2 under the
assumption that L(sym!f,s) is automorphic cuspidal for some positive I. Now we
know that L(sym?f,s) is automorphic for all j > 1 due to the recent celebrated
works of Newton and Thorne [42, 43].
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Andrianov and Fomenko [3] firstly considered the second power sum of A¢(n) over
arithmetic progressions for holomorphic cusp forms. Later, Andrianov [2] improved
the error term. Ichihara [19, 20] has investigated )\?c (n) over arithmetic progresssions
for holomorphic cusp forms for z < ¢*:

S Nm = ——J[-ar @ A -p (- Br(p)?) () e

©(q) oie

n<z
n=Il( mod q)

+Of,5(x%q%+5)7

where ¢ is some suitable constant depending on f, and af(p), 8¢(p) are the Satake
parameters given by Equation (3). Later, Jiang and Lii [22] considered the sum of
)\ij (n) over arithmetic progressions for j = 2,3,4. In a similar manner, they also
established the corresponding results for the normalized Hecke-Maass cusp form
with respect to SL(2,Z) for j = 2,3, 4.

Very recently, Zou et al. [52], by using the existence of automorphic cuspidal
self-dual representation sym? my for all j > 1 due to Newton and Thorne [42, 43]
in combination with some nice properties of the corresponding automorphic L-
functions, established the following result.

Theorem 1.1 ([52, Theorem 1]). Let f € Hy be a Hecke eigenform. Let q be a
prime with (g,1) =1. For j > 2 and q < x%‘sﬂ', one has

Z )\?(nj) — Gt + Oy ¢ (qxl_%‘sﬁa)

= e(q)
n=Il( mod q)
for any & > 0, where ¢; > 0 are some suitable constants, and 6 = 2= and §; =
92 for j > 3.

69(j—1)(j+3)+247
Let f € H} be a Hecke eigenform, and the Rankin-Selberg L-function L(f X f, s)
associated with f is defined as

w27 (-3) (-2

P

Then we can rewrite L(f X f,s) as

s} ’I’L2 o r(n
L(f x £.5) = C(2) 3 MU o 57 A ()

n

For any given integer w > 1, we write

[ee]

L(f x gy = 3 Aess )
n=1
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for R(s) > 1. Then

)\wjxf(n): Z /\fxf(nl)...)\fxf(nw).
N=N1...7M0y
In particular, Ay rx r(n) = Afxp(n).
Define

Uy(z) := Z Aw, fx £(1).
n<x
A classical problem is to investigate the asymptotic behaviour of U, (x), which
can be regarded as the general divisor problem considered by Kanemitsu, Sankara-
narayanan, and Tanigawa [24]. When w = 1, Rankin [45] and Selberg [47] indepen-
dently proved that

Ur(z) = Cyx + Of(a?),

where Cy is some suitable constant depending on f. For w > 2, Kanemitsu,
Sankaranarayanan, and Tanigawa [24] showed that
Uw(x) = Mw (l‘) + Of,a (xl_ﬁ+s)7 (6)
where M,,(z) denotes the residue of the function Mzs at s = 1, which takes
the form of zP,_;(logz), where P,_1(t) denotes a polynomial of ¢t with degree
w — 1.
In [36], Liu and Zhang established the asymptotic formula

Z )\fxf(n)Q =xzP(logz) + Oy, (xgﬂ),

n<z

where P(t) is a polynomial of ¢ with degree 1, and they also proved that

My (x) + Oy ($1_413118u4+42 +5)7 if2<w<5,
Un(®) = My(z)+ Oy (xk T T3 +€), if6 <w<11,
My (x) + Oj . (1‘1_713134”4"‘5)7 if w> 12,

where M, (x) is defined as in Equation (6). For more results in this direction, the
interested readers can refer to [34, 35, 50, 38, 51].

Inspired by the above results, for j > 1, in this paper we firstly consider the
distribution of the coefficients )\?X f(n) over arithmetic progressions by adopting
the similar approach given by Zou et al. [52] and the celebrated work of Newton
and Thorne [42, 43]. More precisely, we establish the following result.

Theorem 1.2. Let f € Hj be a Hecke eigenform, and let g be a prime with
(¢,1) =1. For j > 1 and ¢ < 2", one has

A2 (n) = —— P(logx +O;¢. qxl_%"JrE

n<zx
n=Il( mod q)
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for any € > 0, where n = %fﬁ and P(t) is a polynomial in t of degree 1 with
leading positive coefficient.

By using a similar approach as that of Theorem 1.2, along with some nice prop-
erties of the associated L-functions, we also establish the following theorem.

Theorem 1.3. Let f € Hj be a Hecke eigenform, and let g be a prime with
(q,1) =1. Forw >2 and q¢ < 2", one has

x 3
Aw n) = ——Py,_1(logz) + Of . (qz'—27w+e
> x5(n) = rs Pu (log) + Oy, (g )

n<x
n=Il( mod q)

for any € > 0, where ¥y, = ﬁi_w,
w — 1 with positive leading coefficient.

and Py,_1(t) is a polynomial in t of degree

Throughout the paper, we always assume that f € H} is a Hecke eigenform. Let
€ > 0 be an arbitrarily small positive constant that may vary in different occurrence.
The symbols p and ¢ always denotes prime numbers.

2. Preliminaries

In this section, we introduce some background on the analytic properties of auto-
morphic L-functions and give some useful lemmas which play an important role in
the proof of the main results in this paper.

Let f € H; be a Hecke eigenform, and let Ay(n) denote its n-th normalized
Fourier coefficient. It is natural to define the Hecke L-function L(f,s) associated

to f by

3

L(fs)

H 1 _ )‘f p —s _|_p—2$)—1
p

)

where ay(p), Bf(p) are the local parameters satisfying (3). The j-th symmetric
power L-function associated with f is defined by

n=1

I
“::1

L(sym’ f,s) = [ | H 1—a; () ™B(p)™p*) "L, R(s) > 1.
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We may expand it into a Dirichlet series:

. i W
L(sywif,s) = }:%sf(”)
n=1
)\smj )‘smf g
— I|(1+yqf(p)'f""+ykfg(p)+"'>7%(s)>1'(7)
p P P

Apparently, Agymsr(n) is a real multiplicative function. In particular, for j =1, we

have L(sym! f,s) = L(f, s).
It is standard to find that

) Jj+1 J+1 J
M) = A () = 2 >()_5f§ = 3 ol o)
=0

which can be rewritten as

)‘f( ) = )‘symﬂf( ) Uj(/\f(p)/2),

where U;(z) is the j-th Chebyshev polynomial of the second kind. It is not hard to
find that

|)‘symff(n)| < dj+1(n)’

where d;41(n) denotes the number of representations of n as the product of j + 1
positive integers, which can also be regarded as the Dirichlet coefficients of ((s)771;
here, as usual, {(s) denotes the classical Riemann zeta function.

Let x be a Dirichlet character modulo q. Then, we can define the twisted jth
symmetric power L-function by the Euler product representation with degree j + 1

Ly’ f@x.s) = [[ ] Q- er@’"8s)"x(p)p~*) "

p m=0
_ i Asmef(n)X(n)
n=1 ne

for R(s) > 1

As is well-known, to a primitive form f is associated an automorphic cuspidal
representation m¢ of GL2(Ag), and hence an automorphic L-function L(7y, s) which
coincides with L(f,s). It is predicted that 7, gives rise to a symmetric power lift—
an automorphic representation whose L-function is the symmetric power L-function
attached to f.

For 1 < j < 8, the Langlands functoriality conjecture, which states that sym? f
is automorphic cuspidal, was proven by a series of important work of Gelbart and
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Jacquet [10], Kim [27], Kim and Shahidi [26, 25], Shahidi [48], and Clozel and
Thorne [5, 6, 7]. Very recently, Newton and Thorne [42, 43] proved that sym? f
corresponds with a cuspidal automorphic representation of GL;11(Ag) for all j > 1
(with f being a holomorphic cusp form). Then we know that L(sym?/f, s), j > 1,
has the analytic continuation to the whole complex plane as an entire function and
satisfies a certain Riemann-type functional equation. We refer the interested readers
to [21, Chapter 5] for a more comprehensive treatment.

Lemma 2.1. Let f € H} be a distinct Hecke eigenform, and let x be a primitive
character modulo a prime q. Then the complete L-function

A(sym' f @ x, 8) := T2y (s) L(sym' f @ x, 5)

can be extended to the whole complex plane as an entire function, and satisfies the
functional equation

A(sym' f @ x,8) = e(f, X\)A(sym' f ® X, 1 — s),

where i > 1 and |e(f,x)| = 1. Here, v(s) denotes the product of some gamma
functions T((s + k5))/2,n =1,2,..., (i + 1), with k, depending on the weight of f
and the parity of the character x and R(k,) > 0.

Proof. This can be deduced by a similar argument as done by Zou et al. [52]. O

Lemma 2.2. ([36, Lemma 2.2]) For (s) > 1, define

Fl(S) = i A??Lfs(n)
n=1

Then we have

Fi(s) = (*(s)L*(sym® f, s) L(sym" f, s)U s),

where the function U(s) admits the Dirichlet series which converges absolutely and
uniformly in the half-plane R(s) > £ + ¢, and U(s) # 0 for R(s) = 1.

Let f € H}; be a Hecke eigenform, and let x be the Dirichlet character modulo
g. Define

>© X2 . (n)x(n
Fi(s.x) = 30 20X, ®)

Lemma 2.3. Let Fy(s, x) be defined by (8), then
Fi(s,x) = L¥(s, )L (sym® f © x, ) L(sym" f @ x, 9)U (s, ),

where (7(8, X) admits the Dirichlet series which converges absolutely for R(s) > %—1—5,
and the convergence for all cases is uniform in q.
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Proof. This follows a similar approach as that of [52, Lemma 10] by using Lemma
2.2. O

Lemma 2.4. For any € > 0, we have

[+

uniformly for T > 1, and
Clo+it) < (1+1t))

12
dt < T, (9)

max{13(1-0),0}+e

(10)
uniformly for% <o<1l4c¢eandlt]| >1.

Proof. The first result is given by Heath-Brown [12] and the second result is the
recent breakthrough due to Bourgain [4, Theorem 5. O

Lemma 2.5. For any € > 0, we have

S(1—o
max{ ¢ (1-0),0}+¢ (11)

L(sym®f,o +it) < (1+ |t])
uniformly for % <o<1l+4c¢eandlt]|>1.

Proof. From the result given by Lin et al. [39, Corollary 1.2], we can easily deduce
that

1 3
L(sym2f, 3+ it) < (14 ¢)5". (12)

We can obtain the required result from the Phragmén-Lindel6f principle for a strip
[21, Theorem 5.53] and the Equation (12). O
Lemma 2.6. Let x be a primitive character modulo q. For T > 1 and ¢ < T?,

L(o +iT, x) <= (g1 + |T])) {5000+ (13)
L(o +iT, sym* f ® X) <e (q(1 4 |T]))>x{5(1=0).0}+< (14)
and further for q is a prime,
T
/ |L(o + it, )| 2dt <. ¢*1 )32+, (15)
0
Proof. The results follow from the work of Heath-Brown [13], Huang [15], and

Motohashi [41], together with the Phragmén-Lindel6f principle for a strip, respec-
tively. O
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From above, we note that the automorphic L-functions L(sym’ f, s) and L(sym’ f®
X, s) are the general L-functions in the sense of Perelli [44]. For these L-functions,
we have the following individual or averaged convexity bounds.

Lemma 2.7. Let x be a primitive character modulo q. For the general L-functions
L8, 1 (s.X) of degree 2A indicated above, we have

2T
/T 189 (0 + it ) [PdE < (qT)2A0-)+e (16)

uniformly for % <o<1andT >1. Furthermore,
Lo (o +it,x) < (q(Jt] 4 1))mextAt=e).00 e (17)
uniformly for —e <o <1+4e€.

Proof. This can be derived by following a similar argument as in Zou et al. [52],
which was originally deduced from Jiang and Lii [22]. O

Remark 2.8. For the automorphic L-functions L(sym’ f,s),j > 1 we can regard
the modulus ¢ to be 1.

3. Proof of Theorem 1.2
In order to prove Theorem 1.2, we firstly consider the sum }, _, fxf(n)x(n),

where x is a primitive character modulo a prime g.

Proposition 3.1. Let f € H} be a Hecke eigenform, and let x be a primitive
character modulo a prime q. For any € > 0 and ¢ < ", we have

3702, p()x(n) = Oy (qz!=5179), (18)

n<lz

where n = %.

Proof. Applying Perron’s formula [21, Proposition 5.54] to the generating function
Fi(s,x) appearing in Lemma 2.3, and using Deligne’s bound, we obtain

1 14+e+4T 5 .’131+E
Z)‘fxf %/1 Fl(SaX)Sd3+Of,a<T>a

n<z Fe—iT

where s = o +it, and 1 < T < zx is a parameter to be chosen later.
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By shifting the line of integration to the parallel line with R(s) = % + ¢, and
invoking Cauchy’s residue theorem, we get

1 LyetiT 14e—iT I4e+iT e
S gt = o [ [ [ R0
2 2

e 2mi te—iT te—iT tetiT
$1+E
Oy.e
+0y, ( T )
xl-i—e
= 11’1 +Il}2 +Il}3 + Of75 (T) (19)

For the integral over the vertical segment, by Equations (14),(15) and (16),
together with Holder’s inequality, for ¢ < T2, it follows that

1 [2h
I < x%+€10gT sup {T/ |F1(0+it,x)|dt}
1

1<T<T/2 i
1
L2 =+t
(3+)

2T
J:
N
i)

1
L3 (Symzf ® X, 3 + it)
2 \2
dt) }

1
L? (2 + it,x)

7

ol

1
< x%+510gT sup { (

1< <r/2 (11
2T,
« ( /
T
2T,
« ( /
T

1 1
< x2T¢logT sup { (

1<Ty<T/2 1

6 \ i
)

1
L(sym4f ® X, 3 + it)
2T,
A
2 1 .
L{ sym f®x,§+zt
2T, 2 \13
X / dt)
Ty
27, 1 2 \3
><</ L(sym4f®x,+it) dt) }
T1 2

< wrtegETeTITe (20)

ol

6 4
i)

X max
T, <t<2T,

1
L(sym2f R X, B + z't)

For the integrals over the horizontal segments, by Equations (13), (14) and (17),
we have

14¢
Lo+ hs < / 2% |Fi(o +it,x)|T 'do

bre

< max 27 (qT)(3*23x G5 +3) (o) tep—1
lte<o<ite
14
x

< T +x%+5q%T%. (21)
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Combining Equations (19)-(21) and taking T = x771 /q, we get (18). Since
g < T?, we have ¢ < x5t . This proves the desired result. O

Proposition 3.2. Let f € H} be a Hecke eigenform, and let x be a principal
character modulo a prime q. For any € > 0 and q < x, we have

> Nisln = zP(logz) + Oy (z779), (22)
n<x
where 1 = %, and P(t) is a polynomial in t of degree 1 with leading positive
coefficient.

Proof. From Lemmas 2.2-2.3, we know that

Fi(s,x0) = Z w

= Fi(s)H1(s,x), (23)

where H (s, ) is a Dirichlet series which converges absolutely for R(s) > 4 +¢ and
uniformly in ¢q. Applying Perron’s formula and invoking Cauchy’s residue theorem,
we obtain

14etiT plte
ZAfo = / Fl(SaXO) dSJFOfs( T >

e 1+e—iT

1 L+eiT L+e—iT Ite+iT x5
- {/ +/ +/ }Fl(S»XO)dS
21 14e—iT 14e—iT 3 +e+iT §
5 :)31+8
+Resg—1 (F1(S,X0)S> +Of,6< T )

1+£
= I21+I22+I23+xP(logx)+Of5( T )7 (24)

where P(t) is a polynomial in ¢ of degree 1 with leading positive coefficient. Here,
due to the holomorphy of L(sym?f,s) and L(sym?% s) at s = 1, the main term
xP(logx) is derived from the residue of Fl(s,X0)§ at the pole s = 1 of order 2,
coming from the factor ¢(s)2.

Now we begin to handle the three terms I> 1, I> 5 and I3 3. For I5 1, by Equations
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(9), (17), and Lemma 2.5, and Hoélder’s inequality, we have

1 20
Ly < x2™logT sup {/ \Fl(a+it)]dt}
1<m<rye L1 Jr
, 1/ 20 1 6 \@
< z2™logT  sup {(/ §2<+z’t) dt)
1<m<r/2 VT \ Jp 2
1 72Ty 2 :
20 1 2
X<T12;?§T1 L<sym f,2 +zt> /T1 L(sym f= +zt> dt)
2Ty 2 3
><</ L(sym f,= +zt) dt> }
Ty

< arteriete, (25)

For I5 5 and I 3, by Equations (10), (11) and (17), we have

14¢
Lo+ s < / IU|F1(U+it)}T71dCT
3+e
< max O‘T( x2+3x &45)(1- a)+5T 1
3+e<o<l+e
1+e
< = + a3 teT s, (26)

Putting together Equations (24)-(26), we obtain

.’£1+5
Y Nius(n)x(n) = eP(logz) + O (w3 =T <) +0fs( T ) @0
n<x
On taking T = z2% in Equation (27), we get
Z)‘fxf —xP(logx)—l—Ofs(x%gngE)
n<x
This completes the proof of the proposition. O

Proof of Theorem 1.2 Let x be a Dirichlet character modulo a prime gq. By the
orthogonality of Dirichlet character, we get

Z )‘fxf() - ﬁ Z X(Z)Z)‘?xf(”)X(”)

n<zx x( mod q) n<x
n=l( mod q)
1 2
i S Nsmnat) + O 3 M) ).
n<zc n<z

where ¢(q) is the Euler function and ¢(q) = ¢ — 1.



INTEGERS: 24 (2024) 14

From Equations (18) and (22), and noting that 1 — 31 > 7, we have

A2, .(n) = —— P(log x +O¢, qxl_%m’s ,

n<z
n=Il( mod q)

where P(t) is a polynomial in ¢ of degree 1 with leading positive coefficient. This
completes the proof of Theorem 1.2.

4. Proof of Theorem 1.3

Now we are at the stage where we are able to give the proof of Theorem 1.3. Let
f € Hj and let x be a Dirichlet character modulo g. For (s) > 1, by [36, Lemma
2.1], we define

Fa(s,x) = 3. M

= L(f X f®X75)wG1(S7X)

= L(s, )" L(sym®f ® x,8)“G1(s, x),
where G (s, x) is a Dirichlet series which converges absolutely for R(s) > 1 + ¢ and
uniformly in q.

Proposition 4.1. Let f € H} a Hecke eigenform, and let x be a primitive character
modulo a prime q. For anye > 0,q < z%» and w > 2, we have

Z Aw,fxf(”)X(”) = Of,e (qxl—%ﬂm-‘ra), (28)
n<x
where ¥, = %.

Proof. Applying Perron’s formula to the generating function Fy(s, x), shifting the
line of integration to the parallel line with R(s) = % + ¢, and invoking Cauchy’s
residue theorem, we obtain

1 S+e+iT S+e—iT 1+e+iT e
S = s d [T [ [ R g T as

n<z +e—iT +e—1iT +e+4iT
$1+5
o ()
x1+s
= Ji1+Ji2+J1i3+ 0y, (T)’ (29)

where s = 0 +it, and 1 < T < x is some parameter to be chosen later.



INTEGERS: 24 (2024) 15

For Ji 1, by Lemma 2.6, Equation (16), and Holder’s inequality, we have

1

12 <
dt max
T <t<2Th

1

2 3
dt)

w—2

1 1 6w—12
Jip < x7*logT  sup  { | max
1<my<r/2 (Th \ Th<t<2T
2Ty
X/
T

1
2T,
x /
T

1
L<sym2f ©X 5+ it>

3
sw—2

2

1
L<sym2f ® X, = + it>

1
L(syme ® X, 2 + it)
1

1 2 \®
X L(sym2f®x,+it> dt> }
T1 2
< :E%Jrgq%“”l%JﬁT%w*%Jrg. (30)

For the integrals over the horizontal segments Ji » and Ji 3, by Equations (13)
and (14), it follows that

1+e

Jig+ i3 K /1 2 |Fy(o +it, x)|T ™ do

§+E
1+e w

< / SUU‘L(J+Z‘t, X)L(sym2f®x,a+it)’ T~ do
140
2
14 1 247 247

< T + x§+sqﬁw+eTﬁw71+s. (31)

Combining Equations (29)-(31), we obtain (28) by setting T' = x%/q. Since
92
g < T?, we have ¢ < x2Twtio, -

Proposition 4.2. Let f € H; a Hecke eigenform, and let x be a principal character
modulo a prime q. For any € > 0,9 < x and w > 2, we have

Z Aw,fxf(n)xo(n) = xPy_1(logz) + Oy <$1§“’+E), (32)

n<x

where Uy = 1 — #f:ns, and Py,_1(t) is a polynomial of t with degree w — 1.

Proof. For xo(n) being a principal character modulo g, we have

oo

Fay(s,x0) = . %ﬂm(n)

C(S)wL(Smef? S)wG2(Sa X)a
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where Ga(s, x) is a Dirichlet series which converges absolutely for %(s) > % + ¢ and
uniformly in q.

Applying Perron’s formula, moving the line of integration to the parallel line
R(s) = 3 + ¢, and invoking Cauchy’s residue theorem, we obtain

1 S+et+iT S+e—iT 1+e+iT e
Z)‘w,fxf(n)XO(”) = 27”{/ +/ +/ }F2(57X0)$d5

n<z T+e—iT 1+e—iT T4e+iT

78 J,‘1+€
+Ress—1 (Fz(&Xo)s) ‘*‘O.ﬂs( T )

x1+s
= Jo1+ oo+ Jo3+xPy_1(logz) + Of . (), (33)

T

where P,_1(t) is a polynomial in ¢ of degree w — 1.
For the integral over the vertical segment J,;, by Lemmas 2.4-2.5, Equation
(16), and Holder’s inequality, we get
= + 1t
—+i
2 » X0

<<;+t> )y
D)

)

1

) 2T1
Joq < x2¢logT sup {
1<Ty <T/2

2T1
< x%“logT sup { (

1<Ty <T/2
2T 1
X (/ L<sym2f, )
T 2
2Ty 1 512
x(/ L(bym fi= )
T 2
1te 1
< z2"%logT sup — max
1<m<rye (11 \ Ti<t<2h
2T, 1 12\ §
></ C( +it> dt)
T 2
1 w-2 o 1 2 3
2, L 20 L
><(T11Sr%z%>§T1 L(Sym 1, 5 —|—zt> /T1 L(sym 7 2 +zt> dt)

1 w—2 2T 1 2 1
2, 4 20 4
X (Tlgzgﬂ L(sym 1, 5 + zt) /T1 L(sym 7 5 + lt) dt) }

< IzJFETiégw*ﬁJFE (34)

6w—12

The estimates for the integrals Jp 2 and Jp 3 can be treated similarly. By Equa-
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tions (10) and (11), we have

1+e
Jog+ oz K / I'U’FQ(U + it,XO)‘T_lda
%4—5
1+
< / 27|¢(o +it)L(sym®f,o +it)| T~ 'do
3+e
1+E 1 317
< 5+ g2 teT v lte, (35)

Putting together Equations (33)-(35), we obtain

1 317 61 xH‘E
Z A, fxf(n)xo(n) = xPy_1(logz) + Opc (z2 TeT 320" 551°) + O, <T) (36)
n<x

On taking T' = LIRS in Equation (36), we get

Z /\w,fxf(n)XO(n) = wa—l(IOg .13) + Of75 (x1—31712‘—}_¢(_)115 +e).

n<z
This proves the proposition. O

Proof of Theorem 1.3 Let x be a Dirichlet character modulo a prime g. By the
orthogonality of Dirichlet character, we get

S ) = == 3 w0 Y A m)x()

n<z 80((]) x( mod q) n<z
n=l( mod q)
1
= S s +0( X Awpslin(a))
Ly n<zx n<z

where ©(q) is the Euler function and ¢(q) = ¢ — 1.
From Equations (28) and (32), and noting 1 — 29, > ,,, we have

x 3
Ao n) = ——Py,_1(logx) + Of - (qul~20wF¢),
> sx5(n) = ZrsPu(log) + Oy, (g )

n<x
n=l( mod q)
where P,,_1(t) is a polynomial in ¢ of degree w — 1 with leading positive coefficient.
This completes the proof. O
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