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Abstract

We use generating functions to enumerate Arndt compositions, integer composi-
tions where there is a descent between every second pair of parts, starting with
the first and second part, and so on. In 2013, Jérg Arndt noted that this family of
compositions is counted by the Fibonacci sequence. We provide an approach that is
purely based on generating functions to prove this observation. We also enumerate
these compositions with respect to the number of parts and the last part. From this
approach, we can generalize some recent results given by Hopkins and Tangboon-
duangjit in 2023. Finally, we study some possible generalizations of this counting
problem.

1. Introduction and Notation

A composition of a positive integer n is a sequence of positive integers
o = (01,09,...,04) such that o1 + 09 + -+ + 0y = n. The summands o; are
called parts of the composition and the number of parts of ¢ is denoted by parts(o).
The integer n is referred to as the weight of o and is denoted by |o|. For example,
the compositions of 4 are

(4)’ (3’ 1)7 (173)7 (272)’ (27 1)1)7 (1727 1)’ (17 1’2)7 (17 17 17 1)'

Recently, Hopkins and Tangboonduangjit [6, 7] have begun a combinatorial study
of an interesting family of compositions with a restriction over pairwise descending
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parts. Specifically, an Arndt composition of n is a composition o = (01,09, ...,0¢)
of weight n such that o9;_1 > o9; for each positive integer i, 2¢ < ¢. Let .A(n) denote
the set of Arndt compositions of weight n and A = J,,~.A(n). By definition we set
Ao = {e}, where € is the empty composition. For example, the Arndt compositions
of 6 are

(6), (5,1), (4,2), (4,1,1), (3,2,1), (3,1,2), (2,1,3), (2,1,2,1).

This name is in honor of Jorg Arndt, who observed that the cardinality of A(n)
is given by the n-th Fibonacci number F, (see [6]). Recall that Fibonacci numbers
are defined by the recurrence relation F,, = F,,_1 + F},_o for n > 2, with the initial
conditions Fp = 0 and F} = 1.

The goal of this paper is to enumerate Arndt compositions and some generaliza-
tions by means of generating functions. We use (ordinary) generating functions to
obtain explicit combinatorial formulae for the counting sequences. We generalize
many of the results given by Hopkins and Tangboonduangjit in [6, 7]. Additionally,
we provide an asymptotic approximation for the expected number of parts and the
last part. We also establish a connection between the number of Arndt compositions
and the reduced anti-palindromic compositions with a fixed number of parts. This
last family of compositions was introduced in 2022 by Andrews, Just, and Simay
[1]. In the last two sections, we study two generalizations of Arndt compositions.

2. Enumeration of Arndt Compositions

A polyomino is a finite collection of connected squares, each of size 1 x 1, which must
be joined at an edge and not just at a vertex. A polyomino is called column-convez
if each column within it is connected (see [5]). A bargraph is a column-convex
polyomino with its lower edge lying on the z-axis.

A composition (o1, 09,...,0¢) of weight n can be represented as a bargraph of
¢ columns, such that the i-th column contains o; squares for 1 < ¢ < /. For
example, in Figure 1 we show the Arndt compositions of n = 6 with their bargraph
representations.

We now introduce a bivariate generating function to count the number of Arndt
compositions with respect to the weight and number of parts:

A(x,y) — Z x|o|yparts(o)'
ogeA

Note that the coefficient z™y™ of A(x,y) is equal to the number of Arndt compo-
sitions of n with m parts. In Theorem 1 we give a rational generating function for

Az, y).
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(3,1,2) (2,1,3) (2,1,2,1)

Figure 1: Arndt compositions of n = 6.

Theorem 1. The generating function for Arndt compositions with respect to the
number of parts and weight is given by

A _1—x—x2+x3+xy—x3y
(z,9) = 1—z—a?+a3—ady?

Proof. Let o = (01,02) be an Arndt composition with two parts. From the defini-
tion we have the condition o1 > g9 > 1; see Figure 2 for a graphical representation

|

J

J

Figure 2: Decomposition of an Arndt composition with two parts.

of this case.

gp 02

If 01 = j > 2, then the bivariate generating function for this case is the bivariate
polynomial z7y? (z 4+ 2? + - + 27~!). Summing over j > 2 we have

j 3,2
Ja2 2 e Jj—1 = 2 jw_x]: Ty
ny (z+a+-+27 )=y Za: [l s T cur
Jj=2 §>2

Arndt compositions (bargraphs) with an even number of parts are the concatenation
of pairs of parts (columns) as in Figure 2. Therefore the generating function for
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Arndt compositions with an even number of parts (see Figure 3) is given by

2 " m_ (1—2)?(+a)
S (rrmes) e

m>0

-

01 02 03 04 O9m—1 O2m

Figure 3: Decomposition of an Arndt composition with an even number of parts.

Analogously, if the number of parts is odd, then the generating function is given

by
Z( a? ) o z(1—2)y
— )2 — o — 22 1 23 _ 232
= (1—-2)?2(1+x) l—z 1—-z—224+23—23y

Notice that the generating function zy/(1 — x) corresponds to the last part (last
column). Adding the last two equations, we obtain the desired result. O

As a series expansion, the generating function A(z,y) begins with

Alz,y) =1+ay+2°y+2° (v’ +y) +2* (v +v° +v)
+2° (28 + 2% +y) +2° (v + 4w’ + 20° +y) + O (27).

Figure 1 shows the Arndt compositions corresponding to the bold coefficient in the
above series.

Let a(n) and a(n,m) denote the number of Arndt compositions of n and the
number of Arndt compositions of n with exactly m parts, respectively. It is clear
that a(n) = ), ~; a(n,m). In Table 1 we show the first values of the sequence
a(n,m). Note that we take the initial values as a(0) = 0 and a(0,0) = 1. This
array corresponds to the entry A354787 in the OIES [12]. This array also counts
the number of reduced anti-palindromic compositions and we prove this relation in
Theorem 7.

In Theorems 2 and 3 we give combinatorial sums and recurrence relations to
calculate the sequence a(n,m).


http://oeis.org/A354787
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n\m |0 1 2 3 4 5 6 7
0 1

1 0 1

2 0 1

3 ]0 1 1

4 0 1 1 1

) 0o 1 2 2

6 01 2 4 1

7 |01 3 6 2 1

8 |01 3 9 5 3

9 0 1 4 12 8 8 1
10 0 1 4 16 14 16 3 1

Table 1: Values of a(n,m), for 0 <n <10 and 0 <m < 7.

Theorem 2. For all n,m > 0 we have

n—m-|%|

o= B (g e

=0 2
Moreover, for allmn >3 and m > 2,
a(n,m) =a(n—1,m) +a(n—2,m) —a(n—3,m) +aln—3,m—2).
Proof. From the proof of Theorem 1 and the well-known identity (cf. [4])
1 n+fl—1\ ,
=) ‘Z( ‘ ) |
£>0

we have

xSm

(L= 2" (L +a)"

]y <2m +Zz - 1) v Z; <m +;‘ - 1> 1)

a(n,2m) = [x"]

i>0
2mA =1\ (mti—fl—1 L
_ [,.n—3m _1)i—4,.
e 12;( . )( o )( 1)t
_"‘23:’” 2m =T (n=2m = 1Y
o prd ¢ n—3m—/ '

A combinatorial formula for a(n,2m + 1) is obtained in a similar manner:

n—3m—1

2m+ L6\ (n—2m — £ — 2 e

e o G ey
£=0
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From these two identities we obtain the desired result. Finally, the recurrence
relation follows from the equality

1—z—2+a2% - 23y)A(x,y) =1 — 2 — 22 + 23 + 2y — 25y O

Theorem 3. For all n,m > 0 we have

a(n,m) =

L(n—mi’;nm (L“JJ ;g - 1) (n - zﬁi—]% - 1).

Proof. We argue similarly as in the proof of Theorem 2. We have

£=0

T 3m

a(n,2m) = [z" = [2"m !
(n.2m) =" o — & A — oy

[ S (m +ii - 1) 23 (m +z'i - 1) 5

i>0 i>0
_ m+l—1\/m+i—1\ ;.o
) B )T
£>0 i>0 ¢ v

This with t = i 4+ 2¢ implies
n—3m m+L—1\/m+t—-20-1
s e (P (e
£20 t>2¢

Therefore,

[ 2]

Z m+l—1\(n—-2m—2({—1
a(n,2m) = P 1 .

£=0
Similarly, we have

Ln—3m—1

2 -1 —2m—-2(—1
a(n,2m+1) = Z (m +f )(n mm ¢ )
=0

From these two identities we obtain the desired result. O

Furthermore, we can use the Wilf-Zeilberger algorithm [9] to derive an additional
recurrence relation for the sequence a(n, m). The Wilf-Zeilberger algorithm, named
after mathematicians Herbert Wilf and Doron Zeilberger, is a powerful tool in com-
binatorics and symbolic computation. It is particularly useful for proving combi-
natorial identities by transforming them into hypergeometric summation problems,
which can then be solved algorithmically. Authors interested in this technique and
additional examples can refer, for instance, to the references [2, 8, 10].
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Theorem 4. For all n,m > 0,
(m—n—24+{m/2])a(n+2,m)+ (m —|m/2])a(n+ 1,m) +na(n,m) =0

Proof. Let F(n,{) be the expression

F(n,0) = (m +f N 1) ( nom _flJ__l e) (—1)nm-L3 )=,

n—m-— %

By the Wilf-Zeilberger’s algorithm, we have that F'(n,¢) satisfies this relation

(m-n-2+ L%D F(n+2,0)+ (m - {%J) F(n+1,0) + nF(n,0)
=G(n,l+1)—G(n,?),
with the certificate

U—t—m+n)(-1+|2])

R(n,t) = (24+L+m—n+|Z])(-1+L+m—n+[2])

That is, R(n,{) = F(n,?)/G(n,?) is a rational function in both variables. Summing
over all £, the right-hand part cancels out, and we obtain the desired result. O

In the following corollary we give an asymptotic expression for the number of
Arndt compositions with a fixed number of parts. It is a direct application of the
transfer theorem (see Theorem 5.5 of [11]).

Corollary 1. For a fized positive integer m we have

nm—l

a(n,m) ~ STrvE (o =1 TR

Proof. We know that

a’m f(x)

a(n, 2m) = [2"] Q=2 (l+a)™ W}m’

where f(z) = 23" /(1 + x)™. From Theorem 5.5 of [11], we conclude that

f(1) 2m—1 n?mt
2 ~N — N m =
a(n, 2m) Cm_1)" 2m(2m — 1)1
If m =2m + 1, then a(n,2m)~%~ -

Setting y = 1 in Theorem 1 implies the following corollary. This is an alternative
approach to this counting problem. Note that Hopkins and Tangboonduangjit [6]
proved this result by using a bijective approach.
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Corollary 2. The generating function of the number of Arndt compositions is

1— 22

T l—z—a2?

Az,1) = Z a(n)z"

n>0
Moreover, a(n) = F,, for alln > 1.

From Theorems 2 and 3 we obtain the following expressions (probably new) to
calculate the Fibonacci number F,, for n > 1:

n n—m—|%2|
m+z—1)< n—m—~{—1 ) n—m—| %]~
Fn: m -1 : ‘
mz::() ZZ:(:) ( L n—m—LiJ_g( )
- Zn: [(nmzL:E”J)/QJ (Lng_i_g_l) (n—QLgJ—2£—1>
m=0 =0 ¢ LLJ

2

Let p(n) denote the total number of parts (columns) over all compositions in
A(n). The generating function for the sequence p(n) is given by

Pla) = Y plujar = 2250

n>0

X i i .%'3 — .174
E=—— »

=+ 2% + 323 + 62" + 112° 4+ 212° + 3827 + O(28).  (2)

For example, from Figure 1 we can verify that the number of parts (columns) of all
compositions in A(6) is 21.

We need the following for the asymptotics of linear recurrences relations (see
[11]). Assume that a rational generating function f(z)/g(x), with f(z) and g(z)
relatively prime and ¢(0) # 0, has a unique pole 1/8 with the smallest modulus.
Then, if the multiplicity of 1/8 is v, we have

f(x) (_B)Vf(l/ﬂ)ﬂnnu—l' (3)

@ T )

From (1) and (3) we obtain

p(n)

3-V5 (1+V5)
~ s D "

Theorem 5. The expected number of parts in A(n) is asymptotically

()
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Proof. Let Xa,(n) denote the number of parts in a random Arndt composition in
A(n). The expected value is given by

1 p(n)
Bl ()] = o5 3 pars(o) = . )
cEA(n)
n
From F,, ~ \}5 <1+2\/g) and (4) we conclude the desired result. O

2.1. Anti-palindromic Compositions

A composition ¢ = (01,02,...,0¢) of a positive integer n is anti-palindromic if
0; # opp1—; for all i # (€ 4 1)/2. This family of compositions was recently studied
by Andrews, Just, and Simay [1]. For example, (1,2, 6,3,2) is an anti-palindromic
composition of 14. Let AP denote the set of all anti-palindromic compositions. For
each anti-palindromic composition of n with ¢ parts, it is possible to form 2L¢/2]
flip-equivalent anti-palindromic compositions of n with ¢ parts by switching any
number of the pairs o; and o,_;4+1 (¢ # (£ + 1)/2). The sets of flip-equivalent anti-
palindromic compositions of n form a partition of the set AP and each equivalence
class is called a reduced anti-palindromic composition of n with £ parts. For example,
the following anti-palindromic compositions are flip-equivalent

(17276’3)2)7 (27276’3) 1)7 (17376’2)2)7 and (2’37 6727 1)'

Let RAP be the set of all reduced anti-palindromic compositions. We introduce
the following bivariate generating functions with respect to the number of parts and
weight over the sets AP and RAP, that is

Ap(z,y) == Z glolypats) and  Bp(z,y) = Z ol yparts(@)
oEAP TERAP

Theorem 6. The generating function for anti-palindromic compositions with re-
spect to the number of parts and weight is given by

l—z—22+23 +ay— 2%y
1—x— 22+ 23 — 22392

Ap(x,y) =

Proof. Let ¢ = (01,02,...,02,) be an anti-palindromic composition of [n] with
2m parts. From the definition we have the condition o; # o9p41-4, for all i #
(2m 4 1)/2. Notice that the columns i-th and (2m + 1 — ¢)-th contribute to the
generating function the term

2 i i .2 i z i) 22 6
P 3 A () sy ©

i>1 21,57 i>1
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Therefore the composition o contributes to the generating function the term

2 \" . (1-wP(+a)
> (i) " T

m>0

If the number of parts is odd, then from a similar argument the contribution to
the generating function is given by

(1 —2?)y
1—a—a?4 2% - 203y%

Summing the above two generating functions, we obtain the desired result. O

Notice that if we divide (6) by 2, then we obtain the generating function for the
reduced anti-palindromic compositions.

Corollary 3. The generating function for reduced anti-palindromic compositions
with respect to the number of parts and weight is given by

1—az—2?+ 2%+ 2y — 23y

B =

Since Bp(z,y) = A(z,y) (see Theorem 1) we obtain the following result.

Theorem 7. The number of Arndt compositions of n with m parts is equal to the
number of reduced anti-palindromic compositions n with m parts.

It is also possible to establish an explicit bijection between these sets. First, for
convenience, we will take as a representative of a reduced anti-palindromic com-
position one that satisfies the condition o; > oy_;+1 for each pair of summands
with ¢ < 24-71. For example, for the compositions given above, the representative is
(2,3,6,2,1). Once we impose this condition, the connection between Arndt compo-
sitions and reduced anti-palindromic compositions is immediate, as in both cases,
we are comparing pairs of summands, the first greater than the other. In the case
of Arndt compositions, the pairs of summands are ordered consecutively and in the
case of reduced anti-palindromic compositions they are ordered at each side of the
composition.

For example, the representation of (2,3,6,2,1) as an Arndt composition would
be (2,1,3,2,6). To go from one to the other, we take each pair of summands at the
sides and reorder them to be adjacent in an Arndt composition. When the length
of the reduced anti-palindromic composition is odd, the summand in the middle
(the one that does not need to be compared to another) becomes the last in the
Arndt composition. It is clear that this algorithm defines a bijection between both
families of compositions.
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3. The Last Part

We denote by last(c) the weight of the last part in a composition . We introduce
the bivariate generating function to count the number of Arndt compositions with
respect to the weight and the last part:

B(I‘,y) — Z Z‘|o'|y|ast(a').
ocA

The coefficient 2"y™ of B(z,y) is equal to the number of Arndt compositions of n
whose last part is equal to m. In Theorem 8 we give a rational generating function
for B(x,y).

Theorem 8. The generating function for Arndt compositions with respect to the
weight and the last part is given by

11—z — 2% — 2%y + 223y + 22ty — 2oy — x4y
(=2 —a?)(1—2y)(1 - 2%)
Proof. Let 0 = (01,02) be an Arndt composition with two parts. If o9 = j > 2,

then the bivariate generating function is 7 (xy + (zy)? +- -+ (my)jfl). Summing
over j > 2 we have

J (gt () et (=1 = S g T~ (@) 23y
j;x(y'l-(y)'l- + (zy) ™) ]22:2 i i

B(x7y> =

Therefore the generating function for Arndt compositions with an even number of
parts with respect to the last part is given by

23 m—1 23y? B 23(1— 22y
”Z<(1—x><1+x2>) M-o0+a%) O-a-a?)1-a%)

m>1

Analogously, if the number of parts is odd, then generating functions is
3

x "oay (1-2)%2(l+a)y
Z((l—x)(1+x2)> l—ay  (I-2—a?)(1-ay)

m>0

Adding the last two equations we obtain the desired result. O
As a series expansion, the generating function B(z,y) begins with
B(a,y) = 1 +ay + 2%y +2° (4° +y) +2* (' +2y)
+ 2 (y5+2y2+2y) + b (y6+y3+2y2+4y) —I—O(Jc7).

Figure 4 shows the weights of the Arndt compositions corresponding to the bold
coefficient in the above series.
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Figure 4: Weights for Arndt compositions (bar graphs) in A(3).

n\m|0 1 2 3 4 5 6 7 8 9 10
0 |1

1 (0 1

2 |0 0 1

3 [0 1 0 1

4 (0 2 0 0 1

5 |0 2 2 0 0 1

6 ([0 4 2 1 0 0 1

7 |0 6 3 2 1 0 0 1

§ ([0 10 5 3 1 1 0 0 1

9 ([0 16 8 4 3 1 1 0 0 1
10 0 26 13 7 4 2 1 1 0 0 1

Table 2: Values of b(n,m), for 0 <n <10 and 0 < m < 10.

Let b(n,m) denote the number of Arndt compositions of n, whose last part is
equal to m. Note that a(n) = > -, b(n,m). In Table 2 we show the first few
values of the sequence b(n,m).

Theorem 9. For all n > 1 we have

ti(n —m), ifm<n<2m;
b(n,m) =< ti(n —m) +ta(n —2m), if 2m < n;
0, otherwise;

where t1(0) = 1, t1(1) =0, t1(n) = Fr—s forn > 2 and t2(0) = 0, t2(1) = 1,t2(n) =
F,_q forn>2.

Proof. The generating function B(x,y) can be rewritten as
B(Z‘,y) = —F(J?) + Tl(l‘,y) + Tg(.’lf, y)7
where F(z) is the generating function of the Fibonacci numbers, that is, F(z) =
x/(1 —x — x?). Moreover,
(1—2)%(1+ )
(—o— )1 —op)

(1—-z)z(l+x)
(1—z—22)(1 —22y)’

Tl(xay) =

and Th(z,y) =
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By standard methods, the generating functions of the sequences t1(n) and t2(n)
defined in the statement of this theorem, are given by

=Yt = C(1-a)? (1—1—3:’ S t(m)a = _ (A —2)a(lta)

n>0 (1—2—a) n>0 (1—2—2?

By the Cauchy product we have

Ti(w,y) = Ti( —ZZM— =D y" Y
n>0m=0 m>0 n>0
T2($7y) — TQ( Z Z t2 n— m 2rL _ Z y th n+27n'
n>0 m=0 m>0 n>0
By comparing the coefficients we obtain the desired result. O

Notice that for all n > 2m + 2, we have the equality
b(na m) =Fym—2+ Fu_om—1.

For example, the number of Arndt compositions whose last part is equal to 1 is
given by b(n,1) = 2F, _3 for all n > 4. Our result generalizes the Corollary 2.2 of

[6]-
Let 5™ (n) and b(Z™) (n) be the number of Arndt compositions whose last part
is at most m and at least m, respectively.

Corollary 4. For k > 1 and n > 2k + 2, we have
b SN (n) = F, — Foop-1— Fuoap—2 and 5P (n) = F_y — Fy_oy.

Proof. From the definitions we have

K
b(n,§) =Y (Fnj—o+ Fn_2j-1)

j=1

)=

b=R) (n) =

<.
Il
—_

I
ok

(Foj = Fnj—1) + (Fooj — Fn2j2))

<.
Il
—

=F, 1 —Fh g1+ o= Fy_op_2
=F, - F k1—Fy oo

The second identity can be obtained in a similar way. O

From Corollary 4 there are F,,_s + F,,_4 Arndt compositions whose last part is
greater than 1. This result generalizes the Corollary 2.2 of [6].
Finally, we also have an asymptotic formula for b(n,m).
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Theorem 10. For a fized positive integer m we have
n—m-—2
%) 1
bn,m) ~ ——— [ 1+ > ,
( ) \/5 < (pm—l

127‘/5 is the golden ratio.

where ¢ =
Proof. From Theorem 9 we know that for 2m <n

b(n,m) =t1(n—m) +ta(n —2m) = F_pp—o+ Fr_om-1.
From F,, ~ %ap”, we directly obtain the asymptotic for b(n, m). O

Let d(n) denote the sum of the weight of the last part over all compositions in
A(n). The generating function for the sequence d(n) is given by
n_ 9B(z,y)

n>0

B x(1+x —a3)
S l—z 222+ a3 4t

y=1
=z + 227 + 423 + 62" + 1125 + 1725 + 2927 + O(2®).

From Figure 1 we can verify that the sum of the last parts (last column) of all com-
positions in A(6) is 17. Notice that the sequence d(n) corresponds to the sequence

A014217, therefore
d(n) = {(1—’_2\/5) J , n>1

Our results leave a new combinatorial interpretation for this sequence.

Corollary 5. The expected number of the weight of the last part in A(n) is asymp-
totically V5 &~ 2.23607.

4. First Generalization of Arndt Compositions

Hopkins and Tangboonduangjit [6] generalized Arndt compositions by requiring a
greater decrease or increase. Specifically, given an integer k, let A (n) denote the
set of Arndt compositions of n such that o9;_1 > 09; + k for each positive integer i.
The elements in Ag(n) will be called k-Arndt compositions. Furthermore, we will
denote by ax(n, m) the number of such compositions of n that have exactly m parts
and ar(n) := ), <, ax(n,m). For example, a3(10) = 10, the relevant compositions
being

(10), (9,1), (8,2), (8,1,1), (7,3), (7,2,1),
(7,1,2), (6,1,3), (6,2,2), (5,1,4).


http://oeis.org/A014217
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Let Ay denote the set of all k-Arndt compositions. We introduce a bivariate
generating function to count the number of k-Arndt compositions with respect to
the weight and number of parts:

Ag(a,y) =Y alolyparso),
ocEAL

We have the following generating function formulae for the preceding sequences.

Theorem 11. The generating function for the k-Arndt compositions with respect
to the number of parts and weight is given by

(1-2*)1—z(l—y)) ,

A 1 -z — a2+ a3 — g3tky?’ if k > 0;
o) = (1-2*)(1—=(1—y)) if k<0
1—z—22(14y?) +23(1 — y?) + y2a2-F’ ¢ .

Proof. If k > 0, then the k-Arndt compositions with two parts (o1,02) (j = o1 >
o9 + k) are enumerated by

933+ky2

Z xjy(x+x2+~~~+zj717k)y:m.

i>2+k

Therefore the generating function for the k-Arndt compositions with an even num-
ber of parts is

3 al "o _ (1—2)*(1+x)
(1—2)2(1+x) LA N

m>0

Analogously, if the number of parts is odd, then the generating function is

Z 3k mme y (1 22)ay
= \(1—2)*(1+2) l—z 1—z—a?+4a3—x3thy?’

Adding the last two equations we obtain the desired result. The proof for case k < 0
follows from a similar argument. O

As a series expansion, the generating functions As(z,y) and A_3(x,y) begin with
As(z,y) = 1+ yz +ya® + ya® + ya' +y2° + (y + y*)2° + 0 (27),
Ag(zy) =1 +ye+ (y+y°)a® + (y + 2" + y°)2° + (y + 39> + 3y° + y)a?
+ (y + 3y + 6y° + dy* + ¢°)2®
+ (y + 4y® + 9y° + 10y* + 5y° + y®)z® + O (7).

Setting y = 1 in Theorem 11 implies the following corollary.
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Corollary 6. The generating function of the number of k-Arndt compositions is

1— 22

ifk>0
2 3 k+37
Ap(z) = 1 xlxm—i—x T

f k< 0;
1—z— 222 + 227k’ i '

Note that if £ = 0, we recover Corollary 2.

5. A Second Generalization of Arndt Compositions

The goal of this section is to introduce a second generalization of Arndt composi-
tions. Specifically, given a positive integer k, let A®*)(n) denote the set of compo-
sitions of n such that og;_(x—1) > Ogi—(k—2) > - > 0y, for each positive integer i.
The elements in A(k)(n) will be called k-block Arndt compositions. Furthermore, we
will denote by a *)(n,m) the number of such compositions of n that have exactly
m parts and a® (n) =3 >1 a® (n,m). For example, a(®(10) = 18, the relevant
compositions being

(10), (9,1), (8,2), (7,3), (7,2,1), (6,4), (6,3,1), (6,2,1,1),
(5,4,1), (5,8,2), (5,3,1,1), (5,2,1,2), (4,3,2,1), (43,1,2),
(4,2,1,3), (3,2,1,4), (4,2,1,2,1), (3,2,1,3,1).

Let A%®) denote the set of all k-block Arndt compositions. Consider the bivariate

generating function
A(k)(:my) — Z xlo\ypartS(a)'
oc AR)

Theorem 12. The generating function for the k-block Arndt compositions with
respect to the number of parts and weight is given by

AW (2, y) = 1_kay ZJ z,y) |
7=0

where J;(z,y) = w(jzl)yj I — forj > 1 and Jo(z,y) = 1.

Proof. Let = (b1, B2, ..., ;) be a k-block Arndt composition with j parts (j < k).
This kind of compositions are integer partitions with exactly j distinct parts. The
generating functions for this family of partitions is given by (cf. [3, pp. 105])

J ¢ ] J
. x RSN 1
e =y g[:llm = T 1— 2t
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The k-block Arndt compositions are the concatenation of blocks of k columns in
decreasing order and at most j < k — 1 additional columns in decreasing order; see
Figure 5 for a pictorial description.

oy 02 Ok Okt1 k2 a2 O(im1)ht1 air B Bj

Figure 5: Decomposition of a k-block Arndt composition.

Therefore, the generating function is given by

k-1
Zkay Zijy 1—kay Jj(x

i>0 =0
O

For example, for £k = 3 and k£ = 4 we obtain the bivariate generating functions:
(1 -2 -z — 22+ 23 + 2y — 23y + 23y?)
l—z—a?+a*+ 2% —a6(1+y3)
(1—azH(1 -z —2? + 2 + 2% — 28 + xy — 23y — 2ty + 28y + 23y — 2642 +xy)
1—2— 224225 — a8 — 29 + 210 — z104H4

A (z,y) =

)

AW (z,y) =

Setting y = 1 in the above generating functions we obtain, respectively, the gener-
ating functions of the number of 3-block and 4-block Arndt compositions:

1—224 25— 28
AB) (2,1) =
(z,1) 1—x—a2+az*+ 2% — 226
=1+az+ 22+ 223 4+ 22% + 32° + 425 + 627 + 82% + 1327 + O (=),
2 2, .5
A(4)(x,1)= 1-2)1+z2)1+2%)(1 —2*+x°)

l—z— 22 +225 — a8 — 29
=14+ 2%+ 223 + 22 + 32° + 42° + 527 4 62° + 827 + O(219).

For example, these are some of the 3-block Arndt compositions of 14 with 6 parts

(5,2,1,3,2,1), (3,2,1,5,2,1), (4,2,1,4,2,1), (4,3,1,3,2,1), (3,2,1,4,3,1).
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