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Abstract
We present results concerning when the average of the first n terms of any sequence
satisfying a certain second-order linear recurrence is an integer. These results sub-
stantially generalize results of Fatehizadeh and Yaqubi concerning the Fibonacci se-
quence. For particular second-order linear recurrences we also explicitly determine
all positive integers n for which the period of this second-order linear recurrence
modulo n divides n.

1. Introduction

Let {G,} denote the generalized Fibonacci sequence defined by
Gn+2 = Gn+1 + G’ru (11)

with initial terms Gy and G, where G and G are integers. In particular, if Gy = 0
and G; = 1 we get the classical Fibonacci sequence and denote it by {F,}.

We will consider the question of when the average of the first n terms of {G,}
starting with n = 1 is an integer for all possible values of Gy and G;. By induction,
it is easily determined that

> Gi =Gz — G (1.2)
1=1

Let m be a positive integer. Since there are only m? possible initial ordered
pairs (Go, G1) modulo m, it follows that the sequence {G;} is eventually periodic
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modulo m starting from some term G,,. Noting that G;_; is uniquely determined
by Gi—1 = Gi41 — Gy, it is easily seen that {G;} is purely periodic modulo m for
all possible initial terms Gy and G;. By the recursion relation (1.1) and induction,
one sees that

G, =GoF,_1+ G1F,. (1.3)

Let wg(m) denote the period of {G,} modulo m, that is, mg(m) is the least
positive integer k such that

Gnir =G, (mod m)

for all n > 0. It is easily seen that r is a general period of {G,} modulo m if and
only if
wa(m) | r.

It follows from (1.3) that
mr(m) is a general period of {G;} modulo m,

where mp(m) is the period of {F,,} modulo m.
We observe by (1.2) that

1< 1
=Y Gi= (G2 —Gs)
n P n

is an integer for any initial values Gy and G, if n is equal to a general period of
{G;} modulo n, which occurs if
wr(n) | n.

Example 1.1. We observe that Fyy = 46368 = 0 (mod 24) and Fy; = 75025 =
1 (mod 24). Thus, 24 is equal to a general period of {F,,} modulo 24. By inspection,
one sees that mp(24) = 24. We note by (1.2) that

24
Y Fi=Fy— F,=121393—1=0 (mod 24).
i=1

Thus, by our observations above,

24
ZGZ = G26 — G2 =0 (mod 24)

i=1
for all generalized Fibonacci sequences {G,,} and hence
24

1
21 Z G; is an integer.
i=1
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In the remainder of this paper, we will investigate when the average of the first n
terms of more general second-order linear recurrences is an integer. We will further
explore when these second-order linear recurrences are purely periodic modulo m
and when the period modulo m of these recurrences is divisible by m. Let W (a,b)
denote the sequence satisfying the second-order linear recursion relation

Whyo =aWpi1 + bW, (14)

with discriminant D = a? + 4b, where a,b, and the initial terms Wy and W, are
all integers. We distinguish two recurrences satisfying (1.4), the Lucas sequence
U(a,b) with initial terms Uy = 0 and U; = 1, and the Lucas sequence V'(a,b) with
initial terms Vp = 2 and V; = a.

Associated with the recurrence W(a, b) is the characteristic polynomial

f(x)=2%—azx —b
with characteristic roots a and § and discriminant
D=d’>+44b= (a— B)>.

By the Binet formulas,

_ a"=p" — N n :
Un_ 047617 Vn—O[ +B ’ lfD#07 (15)
U, =na""", V, =2a", if D=0.
More generally,
Wy = coa”™ +cpp™ if D #0, (1.6)
where
c _Wl_BWO c _OzWo—Wl (17)
o — o — B 9 B = o — 6 ) .
(see [5, p.174]), while
W, = (ain+c2)a™ if D =0, (1.8)
where W W
€ = 1T0a7 co = Wo, (1.9)

see [8, pp.33-35]. Throughout this article, p will denote a prime, m will denote a
positive integer, and n will denote a nonnegative integer. If n is not explicitly given
to be a nonnegative integer, we will assume that n is a positive integer.

Lemma 1.1 below follows from the Binet formulas (1.5).

Lemma 1.1. Consider the Lucas sequences U(a,b) and V(a,b). Then we have:

(i) Usp = UpV,.
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(ii) Uszni1 =bU2 +UZ,,.
(iii) If m | n, then Up, | U,.

By our argument above, the sequence W(a,b) is purely periodic modulo m if
ged(m,b) = 1 (see also [3, pp.344-345]). Clearly, if W(a,b) is purely periodic
modulo m, then W (a,b) is purely periodic modulo p for each prime divisor p of m.

Consider the recurrence W(a,b) and assume that m is a positive integer such
that ged(m, b) = 1. The (least) period of W (a,b) modulo m, denoted by 7y, (m), is
the least positive integer r such that

Whir =W, (mod m)

for all n > ng for some nonnegative integer ng. We will primarily be interested in
the case in which ng = 0, in which case W (a,b) is purely periodic modulo m. We
will usually deal with the period 77(m) of the Lucas sequence U(a, b) modulo m.
Since we desire U(a,b) and also W(a,b), in general, to be purely periodic modulo
m for all m, we will frequently only consider recurrences W (a, b) for which b = +1.
The (least) restricted period of the purely periodic recurrence W(a,b) modulo m,
denoted by pw (m), is the least positive integer s such that

Wsin = MW, (mod m) (1.10)

for all n > ng and some integer M = My, (m) such that ged(M, m) = 1. Here
M = My (m) is called the multiplier of W (a,b) modulo m. Since U(a,b) is purely
periodic modulo m and has initial terms Uy = 0, U; = 1, it is easily seen that
7y (m) is the least positive integer r such that

U.-=0 (modm), Ur1=1 (modm), (1.11)
while py(m) is the smallest positive integer s such that
Us=0 (modm), Uspy=MU =M (modm), (1.12)
where M = My (m) is the multiplier of U(a, b) modulo m.

Remark 1.1. We now consider the Lucas sequence U (a, b) with b # 0. Assume that
ged(m,b) > 1. Let p be a prime dividing m such that ged(p,b) > 1. If p t a, then
it follows by induction that p t U, for all n > 1. If p | a, then one sees by induction
that p | U, for n > 2. Noting that Uy = 0 and Uy = 1, we see that U(a,b) is not
purely periodic modulo p. It now follows that U(a,b) is purely periodic modulo m
if and only if ged(m,b) = 1.

Given the recurrence W (a, b) and the integer m, where ged(m, b) = 1, it is proved

in (3, pp. 354-355] that pw (m) | mw (m). Let

Ew(m) = ZVVZEZZ; (1.13)
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Then by [3, pp. 354-355], Ew (m) is the multiplicative order of the multiplier M =
My (m) modulo m. By repeated application of (1.13), we see that if p = pw (m),
then

Whgpi = MW, (mod m)

foralln >0 and 7 > 1.
Remark 1.2. Consider the recurrence W(a,b) and suppose that ged(m,b) = 1. It

is clear that r is a general period of W (a, b) modulo m and s is a general restricted
period of W (a,b) modulo m if and only if

mw(m) | r and pw(m) | s. (1.14)

Remark 1.3. Consider the recurrence W(a,b). Suppose that ged(m,b) = 1. It
is evident that if m | n, then my (n) is a general period of W (a,b) modulo m and
pw (n) is a general restricted period of W (a,b) modulo m.

Given the recurrences W(a,b) and U(a,b) and the positive integer m, where
ged(m, b) = 1, the following theorem gives a relation between the period of W (a, b)
modulo m and the period of U(a,b) modulo m.

Theorem 1.1. Consider the recurrence W(a,b) and the Lucas sequence U(a,b),
where b # 0. Let m be a positive integer m such that gcd(m,b) = 1. Then W(a,b)
and Ul(a,b) are both purely periodic modulo m. Moreover,

mw(m) | 7o(m) and pw(m) | pu(m). (1.15)

In particular, my (m) is a general period of W (a, b) modulo m and py(m) is a general
restricted period of W(a,b) modulo m.

Proof. Since ged(m,b) = 1, we see by our earlier observations that W(a,b) and
U(a,b) are both purely periodic modulo m. It follows by induction that

W, = bWyU,,—1 + W1 U,,. (1.16)

We now see that (1.15) holds. The last assertion in Theorem 1.1 follows from
Remark 1.2. O
Given the positive integer m, we define 7¢;(m) iteratively as follows for i > 0. We

let % (m) = m and 7' (m) = 7y (i, (m)). We define pi;(m) similarly for i > 0.

See [11] for a study of the properties of 7i;(m)) and pt; (m).

Theorem 1.2. Consider the Lucas sequence U(a,b), where b # 0. Let m and n be
positive integers such that ged(mn,b) = 1. Then

my(lem(m, n)) = lem(my (m), 7y (n)) and py(lem(m,n)) = lem(pu(m), pu(n)),
(1.17)
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where lem(m,n) denotes the least common multiple of m and n. Furthermore,

myy(lem(m, n)) = lem(my; (m), 75 (n)) - and  pyy(lem(m, n)) = lem(py; (m), py (1))
(1.18)
fori>1.

Proof. Assertion (1.17) follows from (1.14) and Remark 1.3. Then (1.18) follows by
induction from (1.14), Remark 1.3, and (1.17). O

The recurrence W(a, b) with discriminant D and characteristic roots v and S is
called degenerate if ab = 0 or /3 is a root of unity. Note that W (a,b) is degenerate
if D = 0. We observe by the Binet formulas (1.5) that U,, = 0 for some n > 1 only if
U(a,b) is degenerate. Theorem 1.3 characterizes the degenerate recurrences Wa, b)
when b= +£1 or (a,b) = (£1,0).

Theorem 1.3. Consider the recurrences W (a,b), where b = £1 or (a,b) = (£1,0).
Then we have:

(i) W{(a,b) is degenerate if and only if (a,b) = (0,1), (0,-1), (1,-1), (—1,-1),
(2,-1), (=2,-1), (1,0), or (—1,0).

(ii) If (a,b) = (0,1), then Wa,, = Wy, Wapy1 = Wy forn > 0.

(i11) If (a,b) = (0,—1), then Wy, = Wy, Wapy1 = Wi, Wypio = —Wo, Wipgs =
—W1 forn > 0.

(iv) If (a,b) = (1,—1), then Wﬁn = Wo, W6n+1 = Wl, W6n+2 = W1 — Wo,
Wents = —Wo, Wenga = —W1, Wepgs = Wo — Wy forn > 0.

(U) If (a,b) = (—1, —1), then W3n = Wo, W3n+1 = Wl, W3n+2 = —W1 - WO fO’I”
n > 0.

(vi) If (a,b) = (2,—1), thena = =1, D =0, and W,, = nW; — (n — 1)Wy for
n > 0.

(vii) If (a,b) = (=2,-1), thena = = —1, D =0, and W,, = (=1)" T} (nW; +
(n —1)Wy) forn > 0.

(viii) If (a,b) = (1,0), then W,, = Wy forn > 1.
(iz) If (a,b) = (—1,0), then W,, = (=1)" T W forn > 1.

Proof. Part (i) follows from [13, p.613]. Parts (ii)—(v) and (viii)—(ix) follow by
induction. Parts (vi) and (vii) follow from (1.8) and (1.9). O
The following theorem gives results about the restricted period and period of the
nondegenerate Lucas sequence U(a,b) modulo n. Given the nonzero integer r, we
let P(r) denote the largest prime dividing r with the convention that P(£1) = 1.
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Theorem 1.4. Consider the nondegenerate Lucas sequence U(a,b) with discrimi-
nant D. Then the following hold.

(i) If p12bD, then py(p) > 1 and p(p) | p — (D/p), where (D/p) is the Legendre
symbol. Moreover, if p > 2, then wy(p) = pu(p)Ev(p), where Ey(p) | p— 1.
Furthermore, if p=2 and p1bD, then 7y (p) = 3.

(it) If pt2bD, then py(p) | (p — (D/p))/2 if and only if (=b/p) = 1.
(iii) If ptb and p | D, then py(p) = p and 7y (p) | p(p — 1).
() If pt2b and (D/p) =1, then my(p) | p— 1.
(v) If p12b and (D/p) = —1, then wy(p) | p* — 1 and P(my(p)) < (p+1)/2.
(vi) If ptb and p | D, then P(mu(p)) = p.

(vii) Suppose that p1b. Let ¢ > 1 be the largest integer such that py(p®) = p(p).
Then c exists. If p© # 2, then

pu(p’) = p™*0=0 py (p)
fori > 1. If p¢ = 2, let d be the largest integer such that py(4) = py(2%).
Then
pU(2z) — 2max(z+1—d,1)pU(2)
fori>2.

(viii) Suppose that ptb. Let e > 1 be the largest integer such that my(p®) = 7(p).
Then e exists. If p¢ # 2, then

ﬂ.U(pi) _ pmax(i—e,O)ﬂ_U(p)
fori>1. Let p¢ = 2 and let g be the largest integer such that wy(4) = 7y (29).
Then
7TU(2z> — 2max(z+1—g,1)ﬂ_U(2)
fori>2.

(iz) pu(1l) =mu(1) = 1.

Proof. Parts (i)—(iii) are proved in [6, pp. 423 and 441]. Part (iv) is proved in [2,
pp. 44-45].

(v) By part (i) and (1.13), pu(p) | p+1 and 7y (p) = pu(p)-Eu (p). Since Ey (p) is
the multiplicative order modulo p of the multiplier My (p), we see that Ey (p) | p—1.
Thus, 7 (p) | (p+1)(p— 1) = p? — 1. Let ¢ be an odd prime dividing 7y (p). Then
gl (p+1)/20rq| (p—1)/2, since q is odd. Hence, P(ny(p)) < (p+ 1)/2, since
(p+1)/2>2.
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(vi) By part (iii) and the proof of part (v), p | 7y (p), so p | p(p — 1). It now
follows that P(m(p)) =

(vii) and (viii) Since U (a, b) is nondegenerate, U,, # 0 for n > 0. It now follows
from (1.11) and (1.12) that ¢,d, e and g all exist. The rest of part (vii) follows from
Theorem X of [2], while the remainder of part (viii) follows from [12, pp. 619-620,
627-628].

(ix) It is evident that py (1) = 7y (1) = 1. O

Theorem 1.5. Let U(a,b) be a nondegenerate Lucas sequence with discriminant
D. Suppose that ged(p,b) =1, p | D and p { ged(a,b). Let v,(m) denote the largest
nonnegative integer v such that p” | m. Then the following hold.

(i) pu(p) = p and U(a,b) is uniformly distributed modulo p with each residue
(mod p) appearing exactly Ey(p) times in a least period of U(a,b) modulo p.

(ii) Suppose that p > 5 and i > 1. Then py(p') = p*, 7y (p') = p'Ey(p), and
Ul(a, b) is uniformly distributed modulo p* with each residue (mod p*) appearing
ezactly Ey(p) times in the least period of U(a,b) modulo p'.

(iii) Suppose that p = 2. Then Uy = a =0 (mod 2). Moreover, if a = 2 (mod 4)
and i > 1, then p(2°) = 2¢. Furthermore, ifa =2 (mod 4),i > 1, and b = —
(mod 4), then Ul(a,b) is uniformly distributed modulo 2* with each residue
(mod 2°%) appearing exactly once in the least period of U(a,b) modulo 2°.

(iv) Suppose that p = 3. Then Uz = a®> +b =0 (mod 3). Further, if a> +b # 0
(mod 9) andi > 1, then p(3°) = 3° and U(a, b) is uniformly distributed modulo
3" with each residue (mod p') appearing ezactly Ey(3) times in the least
period of Ul(a,b) modulo 3°.

(v) Suppose that p =2 and vo(a) = ¢ > 2. Then py(2°) = 2maxG+1=cl) forj > 1.

(vi) Suppose that p =3 and v3(a® +b) = d > 2. Then py(3') = 30ax(i+l=d1) g
1> 1.

Proof. Parts (i)—(vi) follow from results in [1] and [14]. O

2. The Main Results

From here on, given the recurrence W (a, b), we let By (n) = Y., W; and Aw (n) =
L Bw (n). In Theorem 2.1 below, given the degenerate Lucas sequence U (a, b), where
b= =£1 or 0, we will find positive integers n for which Ay (n) is an integer for all
possible recurrences W (a, b).
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Theorem 2.1. Consider the degenerate Lucas sequence U(a,b) and the degenerate
recurrence W(a,b), where b = £1 or (a,b) = (£1,0). Let n be an arbitrary positive
mnteger.

(i) If (a,b) = (0,1), then By(n) = [n/2]. Moreover, Ay (n) is an integer for all
recurrences W(a,b) if and only if n = 1.

(i) If (a,b) = (0,—1), then Bw(4n) = 0 for all recurrences W(a,b). Moreover,
Aw (4n) = 0 and is an integer for all recurrences W(a,b).

(ii) If (a,b) = (1,—1), then By (6n) = 0 for all recurrences W(a,b). Moreover,
Ay (6n) = 0 and is an integer for all recurrences Wa, b).

() If (a,b) = (=1,—1), then By (3n) =0 for all recurrences W(a,b). Moreover,
Aw (3n) =0 and is an integer for all recurrences Wa,b).

(v) If (a,b) = (2,-1), then Bw(n) = (W1 — Wo)n(n + 1) + Won. Moreover,
Aw (n) is an integer for all recurrences W (a,b) if and only if n =1 (mod 2).
In particular, Aw (2n — 1) = n(Wy — Wy) + Wy forn > 1.

(vi) If (a,b) = (=2,—1), then By(n) = (=1)"*1[n/2]. Moreover, Ay (n) is an
integer for all recurrences W (a,b) if and only if n = 1.

(vii) If (a,b) = (1,0), then By (n) = nWi. Moreover, Aw(n) = Wy and is an
integer for n > 1 for all recurrences Wa,b).

(viii) If (a,b) = (—1,0), then By (2n) = 0 for all recurrences W(a,b). Moreover,
Aw (2n) = 0 and is an integer for all recurrences Wa, b).

Proof. Parts (i)—(viii) follow from Theorem 1.3 and induction. d

Theorem 2.2. Consider the recurrence W(a,b) and the Lucas sequence Ul(a,b)
with characteristic roots o and 3, where bD # 0.

(i) Ifa+b—1+#0, then

BW(n) = é(WHH - Wi+ b(Wn - WO)) = %7

a+b—-1
where J(n) = Wy — Wi + b(W,, — Wy). Moreover, if ged(n,b) = 1 and
mu(n) | r, then J(r) =0 (mod n).

(2.1)

(i) Ifa+b—1=0, then

1 K
Bw(n) = b1 ((W1 _WO)Un-H —n(W1 +bW0)—|—W0—W1 = %, (22)

where K(n) = (Wy — Wo)Upy1 — n(Wy + dWy) + Wy — Wy. Furthermore, if
ged(n,b) =1 and wy(n) | s, then K(s) =0 (mod n).
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Proof. Equations (2.1) and (2.2) follow from (1.6)—(1.9), and [5, pp.176-177]. If
a+b—1 # 0, ged(n,b) = 1, and 7wy (n) | v, then r is a general period of U (a, b) modulo
n, and consequently, r is also a general period of W (a,b) modulo n by Remark 1.2
and Theorem 1.1. Hence, W, 1 = W7 and W, = Wy (mod n). It follows from
(2.1) that J(r) = 0 (mod n). Now suppose that a + b —1 =0, ged(n,b) = 1, and
mu(n) | s. Then s is a general period of U(a,b) modulo n. Hence, Us11 = Uy =1
(mod n). It now follows from (2.2) that K(s) =0 (mod n). O

Remark 2.1. The formulas given in [5, pp. 176-177] evaluate Y., W;. We obtain
(2.1) and (2.2) by subtracting W from Y., W;. We observe that if a+b—1 =0,
then either & = 1 or § = 1, where a and § are the characteristic roots of W (a,b)
(see [5, p. 176]).

We have the following two corollaries to Theorem 2.2. The first of these corollaries
follows immediately from Theorem 2.2.

Corollary 2.1. Consider the Lucas sequence U(a,b), where b # 0.

(i) If a+b—1#0, then

1
(i) Ifa+b—1=0, then
1
BU(TL) = ﬁ(Un‘Fl —1- ’I’L)

Corollary 2.2. Consider the Lucas sequence U(a,b).

(i) Let a+b—1 # 0 and let n be a positive integer such that ged(n, b(a+b—1)) = 1.
Then Ul(a,b) is purely periodic modulo n. Suppose that wy(n) | r. Then

Bw(r)=0 (mod n)
for all recurrences W (a,b).

(i) Let a+b—1 =0 and let n be a positive integer such that ged(n,b(—b—1)) = 1.
Then U(a,b) is purely periodic modulo n. Suppose that w7y (n) | s. Then

Bw(s) =0 (mod n)
for all recurrences W (a,b).

Proof. (i) Since ged(b,n) = 1, W(a, b) is purely periodic modulo n for all recurrences
W (a,b). We note that r is a general period of U(a,b) modulo n. Then according to
Theorem 1.1, r is also a general period of any recurrence W (a,b) modulo n. Since
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ged(n,a+b—1) =1, it follows from Theorem 2.2 (i) that By (r) =0 (mod n) for
all recurrences W (a, b).

(ii) We find by the observations in the proof of part (i) that W(a,b) is purely
periodic modulo n for all recurrences W(a,b) and that s is a general period of
U(a,b) modulo n. Since ged(n, —b — 1) = 1, it follows from Theorem 2.2 (ii) that
By (s) =0 (mod n) for all recurrences W(a, b). O

Remark 2.2. Given the Lucas sequence U(a,b), where b # 0, we let S(U) denote
the set of all positive integers n such that ged(n,b) = 1 and 7y (n) | n. By our
discussion above, U(a,b) is purely periodic modulo n if n € S(U), which implies
that all recurrences W (a, b) are then purely periodic modulo n. In Theorems 4.2 and
4.3, we explicitly find all members of S(U) for the nondegenerate Lucas sequences
U(a,£1), U(=b+ 1,b), and U(b — 1,b). We further let S’(U) denote the set of all
positive integers n such that n € S(U) and By(n) = 0 (mod n), or equivalently,
such that n € S(U) and Ay (n) is an integer. We note that 1 € S(U) and 1 € S'(U)
for any Lucas sequence U(a, b). Given the positive integer n such that ged(n,b) = 1,
we define C'(n) to be the least positive integer m, if it exists, such that n | m and
m € S(U). We also define C’(n) to be the least positive integer m, if it exists,
such that n | m and m € S'(U). We let T(U) denote the set of positive integers
n coprime to b such that n | U,, or equivalently, py(n) | n. Clearly if n € S(U),
then n € T(U). Theorems 2.3, 2.4, and 2.5 and Corollary 2.3 below present results
about elements in S(U) and S’'(U) and results concerning C'(n) and C’(n).

Theorem 2.3. Consider the Lucas sequence U(a,b), where b # 0. Suppose that
n € S(U) and that p | n. Then pn € Sy. Moreover, pn is also a member of
S'(U) and Aw (pn) is an integer for all recurrences W(a,b) if it is the case that
a+b—1%#0 and ged(a+ b —1,n) = 1, or it is the case that a+b—1 =0 and
ged(=b—1,n) = 1.

Proof. Since ged(n,b) = 1, we have that ged(pn,b) = 1, and U(a,b) is purely
periodic modulo pn. Let n = p'r, where i > 1 and ged(p,r) = 1. By assumption,

mu(n) | n. (2.3)
By Theorem 1.2, ' .
7wy (p'r) = lem(my (p*), 7y (r)). (2.4)
By Theorem 1.4 (viii),
mu(p') 7o (™), so 7w ') | pru(p’). (2.5)

It now follows from (2.3), (2.4), and (2.5) that

mu(pn) | pn.
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Hence, pn € S(U).

Furthermore, suppose that a +b — 1 # 0 and ged(a + b — 1,n) = 1. Then
ged(a + b — 1,pn) = 1. It now follows from Theorem 1.2, Theorem 1.4 (viii),
and Corollary 2.2 that np € S'(U) and Aw(np) is an integer for all recurrences
W (a,b). Finally, suppose that a + b —1 = 0 and ged(—b — 1,n) = 1. Then
ged(—b—1,pn) = 1. It again follows that np € S'(U) and Ay (np) is an integer for
all recurrences W (a, b). O

We have the following immediate corollary of Theorem 2.3, which is proved by
repeatedly applying Theorem 2.3.

Corollary 2.3. Consider the Lucas sequence U(a,b), where b # 0. Suppose that
n € S(U) and that each prime divisor of m divides n. Then mn € S(U). Moreover,
if it is the case that a+b—1# 0 and ged(a +b — 1,n) = 1 or it is the case that
a+b—1=0 and gcd(—b—1,n) =1, then mn € S'(U) and Aw (mn) is an integer
for all recurrences W (a, b).

Theorem 2.4. Consider the Lucas sequence U(a,b), where b # 0. Suppose that m
and n € S(U). Then lem(m,n) and mn € S(U). Suppose further that it is the case
that a+b—1%#0 and ged(a+b—1,mn) =1 or it is the case that a+b—1=0 and
ged(—=b — 1,mn) = 1. Then m, n, lem(m,n), and mn are all members of S’'(U).
Moreover, Aw(m), Aw(n), Aw(lem(m,n)), and Aw (mn) are all integers for all
recurrences W(a,b). In particular, if v is a positive integer such that C(r) exists
and either it is the case that a +b—1+# 0 and ged(a+b—1,C(r)) =1 or it is the
case that a+b—1 =0 and ged(—b—1,C(r)) = 1, then C(r) = C'(r) and Aw (C(r))
is an integer for all recurrences W(a,b).

Proof. We first show that lem(m, n) € S(U). We observe that ged(lem(m,n),b) = 1,
because ged(m,b) = ged(n,b) = 1. Since my(m) | m and 7y (n) | n, it follows from
Theorem 1.2 that

7y (lem(m, n)) = lem(wy (m), 7y (n)) | lem(m, n).

Thus, lem(m,n) € S(U).

We now demonstrate that mn € S(U). Let n = nyna, where ny is the largest
factor of n that is relatively prime to m. Then mn; € S(U) by Corollary 2.3. Since
ged(mny, ne) = 1, it follows by our argument above that mn = mnins € S(U).

Finally, suppose that it is the case that a+b—1# 0 and ged(a+b—1,mn) =1
or it is the case that a +b—1 = 0 and ged(—b — 1, mn) = 1. It then follows from
Corollary 2.2 that m, n, lem(m, n), and mn are all members of S’(U), and that each
of Aw(m), Aw(n), Aw (lem(m,n)), and Ay (mn) is an integer for all recurrences
W (a,b). The last assertion follows, since C(r) € S(U) and C'(r) € S'(U) by
definition. O
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Theorem 2.5. Consider the Lucas sequence U(a,b), where b # 0. Suppose that
m and n € S'(U) and m | r. Then By(r) = 0 (mod m). Moreover, lem(m,n) €
S'(U). Furthermore, Aw(m), Aw(n), and Aw (lem(m,n)) are all integers for all
recurrences W(a,b). Additionally, By (r) =0 (mod m) for all recurrences W (a,b).

Proof. 1t follows from the definition of S'(U) that ged(m,b) = 1, my(m) | m, and
By (m) =0 (mod m). Suppose that m | r. Then m and r are both general periods
of U(a,b) modulo m. It now follows that

By(r) = (r/m)By(m) = (r/m)-0=0 (mod m).

Since m € S'(U), n € S'(U), m | lem(m,n), and n | lem(m,n), we see by our
argument above that

By(lem(m,n)) =0 (mod m) and By(lem(m,n)) =0 (mod n).

Hence,
By (lem(m,n)) =0 (mod lem(m,n)).
Since lem(m, n) € S(U) by Theorem 2.4, we have that lem(m,n) € S’ (U).

Now suppose that m € S'(U) and W(a,b) is an arbitrary recurrence. Next we
show that Ay (m) is an integer. Noting that m is also in S(U), we have that U(a, b)
is purely periodic modulo m and m is equal to a general period of U(a,b) modulo
m. Then U,, = Uy = 0 (mod m). Let W(a,b) be an arbitrary recurrence. Then,
by (1.16),

W = 0WoU—1 + W1U,,. (26)

Noting that U, = Uy =0 (mod m) and By (m) =0 (mod m), we find that
Z U, = Z Ui—1 =0 (mod m). (2.7
i=1 i=1

Hence, by (2.6) and (2.7),

SWi=btWod Ui+ Wi Ui=bWy-0+W1-0=0 (modm). (2.8)
i=1 i=1 i=1
It now follows from (2.8) that Ay (m) is an integer. Since m and r are both general
periods of W(a, b) modulo m and W (a,b) is purely periodic modulo m by Theorem
1.1, we see by (2.8) and our above argument that By (r) =0 (mod m). O

Remark 2.3. By Theorem 2.5, given the ordered pair of integers (a,b) such that
b#0,if n € S(U) and one wishes to demonstrate that Ay (n) is an integer for all
recurrences W (a, b), it suffices to show that By (n) = 0 (mod n), which implies that
Ay(n) is an integer for the Lucas sequence U(a,b). In particular, if C'(n) exists,
then Aw (C’(n)) is an integer for all recurrences W(a,b). We also note that in
Theorem 2.5, we do not necessarily assume that ged(a+b—1,n) =1ifa+b—1#0
or that ged(—b—1,n) =1ifa+b—1=0 as in Theorem 2.4.
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Theorem 2.6. Consider the Lucas sequence U(a,b) = U(1,b), where b # 0. If
ged(n,b) =1, then By(n) =0 (mod n) if and only if Upyo = 1 (mod n).

Proof. We observe that U(1,b) is purely periodic modulo n, since ged(n,b) = 1.
Noting that a = 1, we see that a +b—1 = b # 0. It now follows from Corollary 2.1
(i) that

1 1
<~ Upt2=1 (mod n).
This ends the proof. O

Theorem 2.6 was proved for the case of the Fibonacci sequence U(1, 1) in Theorem
7 of [4].

Example 2.1. In contradistinction to Theorem 2.5, we show by two examples that
there are instances of Lucas sequences U(a,b) for which n & S(U) and Ay (n) is an
integer, but Ay (n) is not an integer for infinitely many recurrences W(a,b). First
consider the Fibonacci sequence U(1,1) and let n = 319 = 11 - 29. By inspection,
mr(11) = 10 and 7y (29) = 14. We confirm that By (319) = 0 (mod 319), which
implies that Ay (319) is an integer. Since 7y (11) = 10 | 320, we see that Usy =
Up = 1 (mod 11). Since ny(29) = 14 | 322, we find that Usyy = Usas — Usaa =
1—-0=1 (mod 29). Thus, by Theorem 2.6, 11 | By (319) and 29 | By (319), which
yields that 319 | By(319).

Now we evaluate By (319) for an arbitrary generalized Fibonacci sequence W(1,1).
Notice that by (1.2), By (319) = W39 —W5. We observe that 10 is equal to a general
period of W(1,1) (mod 11) and 14 is equal to a general period of W(1,1) (mod 29).
Then

Wso1 —Wo =W — Wo = -Wy  (mod 11), (2.9)

while
Wag1 — Wo = Wagz — Wagg — Wo = Wi — Wy — Wy
= —(WQ — Wl) — Wo = —2WO (mod 29) (210)

Suppose that 11 -29 = 319 | By (319). Then by (2.9) and (2.10), Bw (319) =
—Ws = 0 (mod 11) and Bw (319) = —2W;y = 0 (mod 29), which implies that
Wo = 0 (mod 319). Hence, A (319) is not an integer if Wy # 0 (mod 319). We
note that for the Fibonacci sequence U(1,1), Sequences A331976, A331870, and
A111035 in the On-Line Encyclopedia of Integer Sequences [7] give further examples
of integers n for which Ay (n) is an integer, but n ¢ S(U).

As a second example, we consider the Lucas sequence U(1,—2) and let n =21 =
3. 7. We will show that By (21) = 0 (mod 21), which implies that Ay (21) is an
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integer. By the proof of Theorem 2.6 and inspection,

Bu(21) = - (Uss — Us) = —%(967 )= —483=0 (mod 21).

1
-2
We now evaluate By (21) for an arbitrary recurrence generalized Fibonacci se-
quence W(1,—2). By examination, 7y (3) = 8 and 7y (7) = 21. Hence, mw (3) | 8,
so mw(3) | 24 and 7w (7) | 21. Suppose that By (21) = 0 (mod 21). Then by
Theorem 2.2 (i),

By (21) = %Q(WB —W5)=Wa3 —Wo =0 (mod 3). (2.11)
Since 24 is equal to a general period of U(1, —2) modulo 3, we see that
Wos = (=2) "1 (Was — Way) = W1 — Wy (mod 3). (2.12)
Thus, by (2.11) and (2.12),
Bw(21) =Wo3 —Wo =W — Wy — Wy =Wy =0 (mod 3). (2.13)

Hence, by (2.13), Wy =0 (mod 3). Therefore, Ay (21) is not an integer if Wy # 0
(mod 3).

Theorem 2.7. Consider the Lucas sequence U(a,b). Suppose that W (a,b) is purely
periodic modulo n starting from the term Wy for all recurrences W(a,b) and that
the period of W(a,b) modulo n divides n. Suppose further that Ay (n) is an integer
for all recurrences W (a,b). Let m € S'(U). Then Aw (lem(m,n)) is an integer for
all recurrences W (a, b).

Proof. Let W(a,b) be an arbitrary recurrence. It follows from the hypotheses
that By (r) = 0 (mod n) if n | r. Thus, By (lem(m,n)) = 0 (mod n). By The-
orem 2.5, By (lem(m,n)) = 0 (mod m). It now follows that By (lem(m,n)) =
0 (mod (lem(m,n))), and thus, Ay (Iem(m,n)) is an integer. O

Remark 2.4. Suppose that we are given the Lucas sequence U(a,b) and positive
integer n such that ged(n,b) = 1. We define w(n) = w to be the least nonnegative
integer k, if it exists, such that both 75" (n) = 7 (n) for some j for which 0 < j < k
and ged(m;(n),b) = 1 for all i such that 0 < i < k. We define the radical of the
nonzero integer 7, denoted by rad(r) as follows: let rad(4+1) = 1 and let rad(r) be

the product of all the distinct primes dividing » when |r| > 1.

Theorem 2.8. Consider the Lucas sequence U(a,b), where b # 0. Suppose that
ged(n,b) =1 and w(n) = w exists. Then C(n) exists. Moreover,

C(n) = L(n) := lem(7% (n), 75 (n), . .., 78 (n)). (2.14)

Further, if C'(n) exists and either it is the case that a+b—1 # 0 and ged(C(n),a+
b—1) =1 or it is the case that both a+b—1=0 and ged(C(n), —b—1) =1, then
C'(n) = C(n) and Aw (C(n)) is an integer for all recurrences W (a,b).
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Proof. Suppose that n | m and m € S(U). Then ged(m,b) =1 and 7y (m) | m. Tt
follows by Remark 1.2 that 7y (n) | w1y (m), so my(n) | m. Similarly, 7% (n) | my(m),
so m&(n) | m. It follows that 7% (n) = n | m and 7;(n) | 7y (m), so wi(n) | m for
all ¢ such that 1 <i < w(n). Thus,

L = L(n) = lem(r(n), 75 (n), ..., 75 (n)) | m.

Let k = w(n). Since 77 (n) = 7} ( ) for some j such that 0 < j < k, we find by
Theorem 1.2 that
mu(L) | L | m.

It now follows that L = C'(n).

Now suppose that it is the case that a +b—1 # 0 and ged(n,a+b—1) = 1,
or it is the case that a + b — 1 = 0 and ged(n,—b — 1) = 1. Since ged(n,b) = 1,
it follows from our above observations that W (a,b) is purely periodic modulo n
and that 7y (n) is a general period of W (a,b) modulo n for all recurrences W (a, b).
Noting that C(n) € S(U), it now follows from Theorem 2.4 that Ay (C(n)) is an
integer for all recurrences W(a,b) and that C'(n) = C(n). O

Remark 2.5. By Theorem 2.11 below, if b = 41, then both w(n) and L(n) exist
for all n. By Theorem 2.8, C'(n) then exists for all n and C(n) = L(n).

Corollary 2.4. Consider the Lucas sequence U(a,b), where b # 0. Suppose that
ged(n,b) =1 and w(n) exists. Then the following hold.

(i) Suppose that m | n. Then L(m) and L(n) both exist and L(m) | L(n), where
L(m) and L(n) are defined as in Theorem 2.8.

(ii) Suppose that g | wi;(n) for some i > 0. Then L(g) | L(n).

(iii) Suppose that ged(r,b) = ged(s,b) = ged(r,s) = 1 and both w(r) and w(s)
exist. Then L(r) and L(s) both exist and L(rs) = lem(L(r), L(s)).
)

(iv) Suppose that ged(p,b) = 1 and w(p) ewists. Let i > 1. Then L(p®) exists and
L(p') = lem(p', L(p))-

Proof. (i) We observe by Theorem 1.2 that if m | n and ged(n,b) = 1, then
7wy (m) | my(n). It follows that

i (m) | 7 (n) (2.15)

for i > 0. Since w(n) exists, we see that there exists a nonnegative integer i < w(n)
such that 7{;(n) = m};(n) for infinitely many integers j. Since 7;(n) has only
finitely many divisors, it follows from (2.15) that w(m) exists. It now follows from
the definition of L(m) and L(n) that L(m) | L(n).
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(ii) This follows from the construction of L(n).

(iii) By Theorem 2.8, L(r) = C(r) and L(s) = C(s). By definition, C(r) and
C(s) € S(U). It now follows from Theorem 1.2 that L(rs) = lem(L(r), L(s)).

(iv) This follows from Theorem 1.4 (viii) and the definition of L(p*). O

Remark 2.6. If L(n) exists, it follows from the construction of L(n) that both n
and 7wy (n) divide L(n). We will make use of this observation later in some of our
proofs to prove that C’(n) exists. Moreover, we see from the definition of L(n) that
L(n) = lem(n, L(my (n))).

For some of our future work, we will need to make use of results in Theorem 2.9
involving the evaluation of L(2) and L(3) if they exist.

Theorem 2.9. Consider the Lucas sequence U(a,b). Then the following hold.
(i) Ifa=b=1 (mod 2), then L(2) exists if and only if ged(b,3) = 1.
(ii) If a =0 (mod 2), then L(2) exists if and only if b=1 (mod 2).
(iii) If L(3) exists, then either L(3) =3 or 6 | L(3).
(iv) L(3) =3 if and and only if a =b = —1 (mod 3).

(v) 6| L(3) if and only if ged(b,6) = 1 and it is not the case that a = —1 (mod 3)
and b= —1 (mod 6).

(vi) If a =0 (mod 2) and b=1 (mod 2), then L(2) = 2.
(vii) If a = £1 (mod 6) and b=1 (mod 6), then L(2) = L(3) = 24.

(viii) If a = 1 (mod 6) and b = —1 (mod 6) or it is the case that a = 3 (mod 6)
and b =1 (mod 6), then L(2) = L(3) = 6.

(iz) Ifa =b=—1 (mod 6), then L(2) =6 and L(3) = 3.

(z) If a =0 (mod 6) and b =1 (mod 6), then L(3) = 6, while if a = 0 (mod 6)
and b= —1 (mod 6), then L(3) = 12.

(xi) If a =3 (mod 6) and b = —1 (mod 6), then L(2) = L(3) = 12.

(zi1) If a = £2 (mod 6) and b = 1 (mod 6), then L(3) = 24, whereas if a = +2
(mod 6) and b= —1 (mod 6), then L(3) = 6.

(xiii) Suppose that rad(n) | 6. If L(n) exists, then rad(L(n)) | 6.

Proof. Parts (i)—(xii) follow by inspection. Part (xiii) follows from parts (i)—(xii),
Theorem 2.8, and Corollary 2.4 (iii) and (iv). d

Theorem 2.10 refines Theorem 2.1 (vii) and (viii).
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Theorem 2.10. Consider the Lucas sequence U(a,b) and arbitrary recurrence
W{(a,b), where b # 0. Let n > 1. Suppose that m € S"(U), where m > 1.

(i) If n| b and a =1 (mod n), then Aw (n) and Aw (mn) are both integers.

(ii) If n is even, n | b, and a = —1 (mod n), then Aw (n) and Aw (mn) are both
integers.

Proof. 'We observe that ged(m,n) = 1, since n | b and ged(m,b) = 1. We treat
the parameters a and b and the terms W, and W; as residues modulo n when
considering W (a,b) modulo n and as rational integers when considering W(a,b)
modulo m. The theorem now follows from Theorems 1.3 (viii) and (ix), 2.1 (vii)
and (viii), 2.4, 2.5, and 2.7. O

Remark 2.7. Given the nonzero integer r, we let Q(r) denote the least prime
dividing r with the convention that Q(+1) = cc.

Theorem 2.11. Consider the nondegenerate Lucas sequence U (a,b) with discrim-
inant D. Suppose that Q(b) > 5. Then C(1) = 1 and C(n) exists for all n such
that n > 2 and P(n) < Q(b). Specifically, if b = £1, then C(n) exists for all n.
Moreover, if P(n) < Q(b) and ged(C'(n),a+b—1) = 1, then Aw (C(n)) is an integer
for all recurrences W(a,b). In particular, ifa+b—1%#0, Qa+b—1) > 5, and
P(n) < Q(bla+b—1)), then Aw (C(n)) is an integer for all recurrences Wa,b).
Specifically, if (a,b) = (1,1), (=1,1), or (3,—1), then la+b—1| = |b| = 1 and
Aw (C(n)) is an integer for all n and for all recurrences W(a,b).

Proof. Let n > 2 be an integer such that P(n) < Q(b). Then ged(n,b) = 1. We
first prove that L(n) exists. Then L(n) = C(n) by (2.14). Let

n=[]p" (2.16)
i=1

be the prime power factorization of n, where p; < ps < --- < p,. By Corollary 2.4

(iv), if p | n and L(p) exists, then L(p*) also exists and
L(p') = lem(p", L(p)).

It follows by (2.16), by Theorem 1.4 (i), (iii), (iv), and (viii), and by repeated
applications of Theorem 1.4 (v) and (vi) that if p; = 2, then

P(r;(p1") <3 < Q(b),
while if 1 < ¢ < r and p; > 2, then

Pl (pf)) < pi < pr < Q(D). (2.17)
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By Theorem 1.2,
mfy(n) = lem(nf, ("), 7 (952), ., 7, (P17))
if j > 1. If L(p;) exists for ¢ = 1,2,...,r, we further see by Corollary 2.4 (iii) and
(iv) that
L(n) = lem(p* L(p1), p52 L(pa), - . ., 0¥ L(py)). (2.18)

It follows by (2.18) that if we can show that L(p) exists for any prime p dividing n,
then L(n) exists. By Theorem 2.9, if p = 2 or p = 3, then L(p) exists and L(p) | 24.
Now suppose that p > 5 and p | n. Then by (2.17), 7};(p) < p < P(n) < Q(b), and
consequently, ged(7é;(p), b) = 1 for all ¢ > 0. We show that L(p) exists in this case.
By Theorem 1.4 (iii)—(v),

mu(p) [ p(p+1)(p—1). (2.19)

Suppose that ¢ is an odd prime and ¢’ || 7y (p) for some j > 1, where ¢ || m for
i > 0 means that ¢* | m, but ¢"*! { m. Since ¢ > 3 and both p+ 1 and p — 1 are
even, we see that ¢/ | p, or ¢/ | (p+1)/2, or ¢ | (p — 1)/2. Thus, if ¢ = p, then
¢’ = p, which occurs if and only if p | D by Theorem 1.4 (iii)—(vi). If ¢ # p, then
¢ < (p+1)/2 < p. Now suppose that 2 || 7r7(p). Then by (2.19), 2% | (p+1)(p—1).

We note that ged(p + 1,p — 1) = 2. If p = 1 (mod 4), then 2 || p+ 1 and
4|p—1 Ifp=3 (mod4)then 2 || p—1and 4| p+1. It now follows that
28 < 2(p+1) = 2p + 2. Hence, by our discussion above, we can write 7r7(p) as the
prime power factorization given by

mu(p) = 28pal gf? - - ¢, (2.20)

where 1 < 2" < 2p+2,e=11ifp | D, e = 0if p{ D, and both ¢; { 2p and
g <(p+1)/2for1<i<s.
We now consider 7% (p). Then by Theorem 1.2 and (2.20),

75 (p) = mu (v (p)) = lem(my (2%), 7u (p%), 7o ('), 7u (@32), . .., 7w (gl)), (2.21)

Let 27 || 72(p). Then by (2.21), 27 || 7y (2%), or 27 || 7y (p©), or 27 || my(gl) for
some 7 such that 1 < i < s. If 27 || m(2%), then by Theorem 1.4 (i), (iii) and (viii),
27 | 3-2F. Hence by (2.20), 27 < 2¥ < 2p 4 2. Suppose that 27 || 7y (p€). Then
2Y<p—-1ifp| D and € = 1, since my(p) | p(p — 1) by Theorem 1.4 (iii). If e = 0,
then 27 = 1. If 27 || WU(qui) for some ¢ such that 1 < ¢ < s, then by Theorem
1.4 (iii)(v) and (viii), 27 | ¢/*(¢; + 1)(g: — 1). In this case, we see by our above
discussion that

1
27§2qi+2§2%+2:p+3<2p+2.

Hence, by examining all cases, we find that 27 < 2p + 2.
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We now suppose that p° || 77 (p). Let us point out that m(2%) | 3 - 2% and
7u(q) | ¢ (g +1)(qi — 1) for 1 < i < s. Thus, p t 7(2%) and p | 7y (gl?) for
any ¢ such that 1 < ¢ < s, since p > 5 and qfl < (p+1)/2. Hence, by (2.19),
p° [ p(p+1)(p—1). Then § =0if pt D and § =1 if p | D.

Finally, suppose that ¢* || 7%(p), where A > 1 and ¢ is a prime such that ¢ { 2p.
If ¢* || 7y(2F), then ¢* | 3-2% and ¢* = 3 < (p+ 1)/2. If ¢* || 7 (p°), then
@ | plp+1)(p—1) and ¢* < (p+1)/2. If ¢* || 7u(¢) for some i such that
1 <i<s, then

gl (g + 1D)(g — 1), (2.22)

where gl < 7. Then by (2.22), ¢* | ¢! < B3, or

e+l _p+3  p+1
Tl s ST
or ¢* | 451 < XL Thus, in all cases, ¢* < (p+1)/2.

We note that p > 5 and 77[0, (p) = p. The following observations follow by our
above arguments and by induction. Let i > 0. If 2% || 7 (p), then 2% < 2p + 2.
If p° || w&(p), then p° = 1if p{ D and p° = pif p | D. If ¢* || 7 (p), where
A > 1 and q is a prime such that q { 2p, then ¢* < L‘gl. Hence, there are at most
J = m(22) — 1 odd primes q # p such that g | 7;(p) for any i > 0, where 7(z) is
the number of primes less than or equal to the real number . We thus find that

J
wh(p) < (20 -+ 2)p(L)
for all ¢ > 0. Therefore, by the pigeonhole principle, there exists a nonnegative
integer w = w(p) such that 7r°[‘j+1(p) = 7% (p) for some j for which 0 < 5 < w, which
implies that L(p) exists. Hence, L(n) exists and C(n) = L(n) by Theorem 2.8.

Now suppose that a + b — 1 # 0 and ged(a + b — 1,C(n)) = 1. By Theorem 2.8,
C(n) = C'(n) and Aw (C(n)) is an integer for all recurrences W(a, b).

Finally, suppose that a+b—1# 0, Q(a+b—1) > 5, and P(n) < Q(bla+b—1)).
It follows from our arguments above that L(n) = C(n) exists, P(L(n)) < Q(b), and
P(L(n)) < Q(a+b—1). It again follows from Theorem 2.8 that Ay (C(n)) is an
integer for all recurrences W(a,b). O

Remark 2.8. We found in Theorem 2.11 that for the nondegenerate Lucas se-
quences U(a,b), where (a,b) = (1,1), (—=1,1), or (3,—1), given any positive integer
n, C(n) exists and Aw (C(n)) is an integer for all recurrences W(a, b). We will see
later in Theorems 2.24 and 2.25 that this property holds for the more general Lucas
sequences Ula, 1) and U(a, —1) when a is an odd integer.

In Theorem 2.12, we apply Theorems 2.11 and 2.8 to a large class of Lucas
sequences U (a, b) so that for each given Lucas sequence U (a, b), we will find infinitely
many positive integers n € S(U) for which rad(n) | 6 and Ay (n) is an integer for
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all recurrences W (a,b). Before presenting Theorem 2.12, we will need to make use
of Lemma 2.1 given below.

Lemma 2.1. Consider the nondegenerate Lucas sequence U(a,b), where ab # 0
and a+b—1# 0. Suppose that p is odd and p® || a, where e > 1. Suppose further
that b=1 (mod p°*t). Then p° || a+b— 1. Moreover, if m > 1, then

By(2mp') =0 (mod p*)
foralli>1.

Proof. Let p be an odd prime such that p® || @ and b = 1 (mod p®*!). Then it is
easily seen that p¢ || a+b— 1. Then Uy = a = 0 (mod p¢) and Uz = a® + b =
1 (mod p®). Since p°*! { a, it follows that 7y (p®) = 2 and my(pe*') > 2. By
Theorem 1.4 (viii), we now see that

e+i)

Ty (p) =2p

for i > 1. Hence, 2mp’ is a general period of U(a,b) modulo p¢*? for m > 1. We
note by Theorem 2.2 (i) and Corollary 2.1 (i) that

BU(Zmpi) _ J(Qmpl)

= —= 2.23
a+b—-1’ ( )

where J(2mp') = Ugpppiv1 — 1 + bUgpypi and J(2mp') = 0 (mod p**¢). Since p® ||
a+b—1, we find from (2.23) that

By(2mp') =0 (mod p*)
for all ¢ > 1. O

Theorem 2.12. Consider the nondegenerate Lucas sequence U(a,b), where b(a +
b—1)#0. Thenn € S(U) and Aw (n) is an integer for all recurrences W(a,b) in
the following cases, where rad(n) | 6, i and j are nonnegative integers, and e > 1:

(i) a=+1 (mod 6), b=1 (mod 6), and n =1 or n = 2i+33/+1,
(ii) a=1 (mod 6), b= —1 (mod 6), and n =1 or n = 2iF13/+1,
(iii) a =3 (mod 6), b= —1 (mod 6), and n =1 or n = 20+237+1,
(iv) a=3 (mod 6), 3°| a, b=1 (mod 2-3°T1), and n =1 or n = 21+13/ 1,

Proof. Clearly, we can assume that n > 1. For each of parts (i)—(iv), it follows
from Theorem 2.8, Corollaries 2.3 and 2.4, and Theorems 2.9 and 2.11 that L(n) =
n = C(n), which then implies that n € S(U). In each of the cases of (i)—(iii), we
observe that b(a +b — 1) = £1 (mod 6). It then follows that Q(b(a +b—1)) > 5
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and P(n) = 3. Hence, P(n) < Q(b(a+b—1)). By Corollary 2.4, Theorem 2.9, and
Theorem 2.11, it then follows that C’(n) exists, C'(n) = C(n) = L(n) = n, and
Aw (C(n)) is an integer for all recurrences W (a, b) in the cases of parts (i)—(iii).

We now prove part (iv). We note that a +b—1 =3+4+1—-1 = 3 (mod 6).
Thus, ged(271, (b(a + b — 1)) = 1. Since L(n) = n, we see that n is a gen-
eral period of U(a,b) modulo 2iT!. It now follows from Theorem 2.2 (i) that
By(n) =0 (mod 2°1). Since 3 | a, it follows from Lemma 2.1 that By (2-371) =
0 (mod 3771).

Since 2-37F! | n, we see that By(n) =0 (mod 3/*1). Thus, By(n) =0 (mod n).
It now follows that C'(n) = C(n) = L(n) = n, and Ay (C(n)) is an integer for all
recurrences W(a, b). O

Theorem 2.13. Consider the nondegenerate Lucas sequence U(a,b), where d =
ged(a,b) > 1. Suppose that ged(n,d) = e > 1. Then Ay(n) is not an integer.

Proof. By inspection, U; = 1 and U; = 0 (mod €) for ¢ > 2. Thus, By(n) = 1
(mod e). Since e | n, we see that Ay (n) is not an integer. O

where a = 0
(mod 2) and

Theorem 2.14. Consider the nondegenerate Lucas sequence U(a,b),
(mod 2) and b = 1 (mod 2). If n = 2 (mod 4), then By(n) = 1
Ay (n) is not an integer. Moreover, C(2%) = 2% for k > 0.

Proof. Suppose that a =0 (mod 2) and b =1 (mod 2). We see by induction that
Usi—1 =1 (mod 2) and Uy; = 0 (mod 2) for ¢ > 1. We now observe that if n = 2
(mod 4), then By(n) =n/2=1 (mod 2) and Ay (n) is not an integer.

We now determine C(2%) for k& > 0. Clearly, C(1) = 1. Since Uy = a = 0
(mod 2) and Uz = aUs +bU; =0+ 1 =1 (mod 2), we find that 7y (2) = L(2) = 2.
By Corollary 2.4 (iv), it follows that L(2¥) = C(2%) = 2% if k > 1. O

Theorem 2.15. Consider the nondegenerate Lucas sequence U(a,b), where a = 2
(mod 4) and b = 1 (mod 4). Then 2° € S(U) for i > 1. Suppose that 2% || n,
where k > 2. Then By(n) = 0 (mod 2%). In particular, C'(2) = 4 = 20(2) and
C'(2%) = 28 = C(2%) for k > 2. Moreover, if k > 2, then Aw (2F) is an integer for
all recurrences W (a, b).

Proof. Consider the Lucas sequence V (a,b). By inspection, V; =2 (mod 4) for i >
0. By examination and Lemma 1.1 (i), Uy =0,U; =1, Uy =a =2 (mod 4), Uz =
a’+b=1 (mod 4), Uy = UyVo =4 (mod 8). By Lemma 1.1 (i), Us = bUZ+UZ = 5
(mod 8). Consequently, 7y (2) = 2, 7y (4) = 4, and 7y (8) # 7y (4). By Theorem
1.4 (viii), mp(2%) = 2% for k > 1. We claim that Use; = 2F + 1 (mod 25*1) for
k > 2. We proceed by induction.

The result is true for k = 2. Assume that the result is true up to k, where k& > 2.
Then 2% || Uyx and Ugpryq = 2F +1 (mod 25+1). By Lemma 1.1 (ii),

Ugesr g1 =bUgi + UZi g = 04281 1 =251 4 1 (mod 2°F2),
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as desired. Noting that 2 || Vor for k > 1, 2 || Us, and Ugk+1 = Uqk Var, we see by
induction that 2% || Uy for k > 1.

We now show that By (2%) =0 (mod 2%) for k > 2. We observe that a+b—1 =
24+1—1=2 (mod 4), and thus a +b — 1 # 0. By Corollary 2.1 (i),

1
By (2F) = m(U2;chl — 1+ bUsr).
We note that

Upryy — 1+ bUp =28 + 2 =0 (mod 28F1).

Since 2 || a+b—1, we see that By (2%) =0 (mod 2*) and C’(2F) = C(2%) for k > 2.
Noting that C’(2) # 2 by Theorem 2.14, we observe that C’(2) = 4 = 2C(2). By
Remark 2.3, if £ > 2, then Ay (2*) is an integer for all recurrences W (a, b). O

Theorem 2.16. Consider the nondegenerate Lucas sequence U(a,b), where a =0
(mod 4) and b = 1 (mod 4). Suppose that 2% || n, where k > 1. Then By(n) #
0 (mod 2%), and C’(n) does not exist if n is even. In particular, Ay(m) is an
integer only if m is odd.

Proof. Consider the Lucas sequence V(a,b). By inspection, V; = 0 (mod 2) for
i > 0. By examination and Lemma 1.1 (ii), Uy =0, U; = 1, Uy = a = 0 (mod 4),
and Us = a®> + b= 1 (mod 4). Thus, 777 (4) = 2. It follows from Theorem 1.4 (viii)
that 2¢~1 is a general period of U(a,b) modulo 2* for & > 2. Then

BU(4):U1+U2+U3+U451+0+1+022 (m0d4).

We claim that By (2%) = 28~ (mod 2F) for & > 2. We proceed by induction.

The result is true for £ = 2. Assume the result is true up to k, where k > 2.
By our earlier observation, 2¥ is a general period of U(a,b) modulo 2*+!. By
assumption, By (2F) = 2871/ (mod 2F*1), where £ = 1 or 3. Since 2* is a general
period of U(a,b) modulo 2+, we find that

By(2*t)y =2. 21y =2/ =2 (mod 2Ft1),

as desired. Since n = 2¥i for some odd integer i and 2* is a general period of U(a, b)
modulo 2¢+1. we see that

By(n) =2Fti=2F1  (mod 2%). (2.24)

and By (n) # 0 (mod n). It now follows from (2.24) and Theorem 2.14 that C'(m)
does not exist for any even integer m. (|

Theorem 2.17. Consider the nondegenerate Lucas sequence U(a,b), where a =0
(mod 4) and b = —1 (mod 4). Then 2¢ € S(U) for i > 1. Suppose that 2% | n,
where k > 2. Then By(n) = 0 (mod 2%). In particular, C'(2) = 4 = 20(2) and
C'(2%) = 28 = O(2%) for k > 2. Moreover, if k > 2, then Aw (2F) is an integer for
all recurrences W (a, b).
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Proof. By Theorem 2.14, Byy(2) =1 (mod 2). Consider the Lucas sequence V (a, b).
By induction, V; =0 (mod 2) and V2; = 2 (mod 4) for i > 0. By examination and
Lemma 1.1 (i) and (ii), we observe that Uy = 0, U; = 1, Uz = a = 0 (mod 4),
Us=a’+b=—1 (mod 4), Uy = U3V =0 (mod 8), and Us = bU3+UZ =0+1=1
(mod 8). Hence, my(4) = 7 (8) = 4. It follows from Theorem 1.4 (viii) that 2¥ is a
general period of U (a, b) modulo 2¥*! for k > 2 and 2* is a general period of U(a, b)
modulo 2% for k = 1 or 2. Thus, Uy = 0 (mod 2¥71) and Uyky; = 1 (mod 2F+1)
for k > 2. We observe that a+b—1=0—-1—-1=2 (mod 4). It now follows by
Corollary 2.1 (i) and our previous observations that,

1

By(2") = a+b—1

(Ugkpqg — 1+ bUs) =0 (mod 2%). (2.25)
Since By (2) =1 (mod 2) by Theorem 2.14, it follows from (2.25) that C'(2) =4 =
2C(2) and C'(2%) = 2% = C(2F) for k > 2. We now see by Remark 2.3 that Ay, (2¥)
is an integer for all recurrences W(a, b). O

Theorem 2.18. Consider the nondegenerate Lucas sequence U(a,b), where a = 2
(mod 4) and b = —1 (mod 4). Suppose that 2% || n, where k > 1. Then By(n) #
0 (mod 2%). In particular, C'(n) does not exist if n is even, and Ay (n) is an integer
only if n is odd.

Proof. By Theorem 1.5 (iii), 2 | D if ¢ > 1, and U(a,b) is uniformly distributed
modulo 2* with each residue appearing exactly once in a least period of U(a,b)
modulo 2¥. Moreover, 7y (2%) = 2F for k > 1. It now follows that

2k (2% 41
BU(Qk)El+2+"‘+2kE%E2k_1 (mod 2%).

By the induction argument given in the proof of Theorem 2.16, it follows that
By(n) =281 (mod 2F)

for k > 1. This yields that By (n) Z 0 (mod 2¥) and Ay (n) is an integer only if n
is odd. O

Theorems 2.19-2.23 sharpen Theorem 2.1.

Theorem 2.19. Consider the nondegenerate Lucas sequence U (a,b) with discrimi-
nant D such that a+b—1 # 0. Let n be an odd integer such that a = 2 (mod rad(n)),
b= —1 (mod rad(n)). Then rad(n) | D. Moreover, C'(n) = C(n) =n and Aw(n)
is an integer for all recurrences W(a,b).

Proof. Clearly, ged(n,b) = 1. Since D = a® + 4b = 22 + 4(—1) = 0 (mod rad(n)),
it follows that rad(n) | D. Suppose that p¢®) || n, where e(p) > 1. Let e = e(p).
By Theorem 1.3 (vi), U, =p =0 (mod p) and Upp1 =p+1=1 (mod p). Hence,
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7 (p) = p and Ey(p) = 1. By Theorem 1.4 (viii), p® is equal to a general period of
U(a,b) modulo p* for i > 1. Thus, n is a general period of U(a, b) modulo p°.
Suppose now that it is not the case that p = 3, e > 2, and Uz = 0 (mod 9).
It follows from Theorem 1.5 (i), (ii), and (iv) that U(a,b) is uniformly distributed
modulo p¢ with each residue appearing exactly once in a least period of U(a,b)
modulo p®. Then
PP +1)
2
Next suppose that p = 3, ¢ > 2, and Uz = a2 +b =0 (mod 9). Then b = —a?
(mod 9). Furthermore,

By(n)=By(p°)=1+2+---+p° = =0 (mod p®). (2.26)

Uy=alUs+bUs=a-0+ba=—a®> (mod9). (2.27)
Since a = —1 (mod 3), we have that a = —1 4 35 for some integer j. By the
binomial theorem, a® = (—1 + 35)®> = —1 (mod 9). Hence, by (2.27), Uy = 1

(mod 9). Tt follows that 71(9) = 3. Therefore, by Theorem 1.4 (viii), 3° is equal
to a general period of U(a,b) modulo 3°+! for i > 1. We prove by induction that
By (3Y) =0 (mod 3%) for 4 > 1. This is true for i = 1 by (2.26). Assume that this
is true up to 4, where i > 1. Then By (3") = 3'm for some integer m. Since 3° is a
general period of U(a,b) modulo 3!, we have that

By(37*) =3(3'm) =0 (mod 3°1).

It thus follows that

By(n)=By(3°) =0 (mod 3°). (2.28)
We now see by (2.26) and (2.28) that By(n) =0 (mod n), and thus, C'(n) = C(n)
and Aw (n) is an integer for all recurrences W(a, b). O

Theorem 2.20. Consider the nondegenerate Lucas sequence U(a,b) with discrimi-
nant D such that a+b—1 # 0. Suppose that n = 2¥n, is an integer such that k > 1,
ny > 1, ny is odd, a is even, and a = —2 (mod rad(ny)), b = —1 (mod 4rad(ny)).
Then rad(ny) | D and C(n) = n. Moreover, the following hold.

(i) Suppose that a =2 (mod 4). Then C'(n) does not exist.

(i1) Suppose that a = 0 (mod 4). If n = 2 (mod 4), then C'(n) = 2C(n) = 2n,
and Aw (2n) is an integer for all recurrences W(a,—1). If n = 0 (mod 4),
then C’'(n) = C(n) = n, and Aw (n) is an integer for all recurrences W(a, —1).
Proof. Tt is evident that ged(n,b) = 1. Since D = a? + 4b = (—2)? + 4(—1) =
0 (mod rad(n,)), it follows that rad(ni) | D. Suppose that p°®) || n;, where
e(p) > 1. Let e = e(p). By Theorem 1.3 (vii),
Uy=p=0 (modp), Ups1 =(-1)P2(p+1)=-1 (mod p),

Uspp=—=2p=0 (modp), Uspy1=(-1)*2@2p+1)=1 (modp). (2:29)
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Hence, my(p) = 2p and Ey(p) = 2. Furthermore, since a = 0 (mod 2), we see that
7y (2) = 2. It now follows from Theorem 1.4 (viii) that 2p€ is equal to a general
period of U(a,b) modulo p® and 2* is equal to a general period of U(a,b) modulo
2%, We see by the definition of L(n), by Theorem 2.8, and by Corollary 2.4 that
L(ny) = 2ny, L(2%) = 2% and hence,

L(n) = lem(L(2%), L(n1)) = lem (2, 2n;) = 2Fn; = n.

Furthermore, if C’(n;) exists, then C(ny) = 2ny | C'(n). Noting that 2n; = 2
(mod 4), it follows from Theorem 2.14 that By(2n;) = 1 (mod 2), which implies
that C’(n1) # 2n;. Hence, if C’(ny) exists, then C'(ny) > 4n4.

Now suppose that @ = 2 (mod 4). Suppose that C’(n) exists. Then n | C'(n)
and C’(n) is even. Suppose that 2¢ || C’(n), where £ > k > 1. We now see from
Theorem 2.18 that By (C’(n)) Z 0 (mod 2°). Hence, C’(n) does not exist, and part
(i) is established.

Next suppose that ¢ = 0 (mod 4). Suppose it is not the case that p = 3 and
Us =0 (mod 9). Recall that p | D and p° || ny | n. It then follows from Theorem 1.5
(i), (ii), and (iv) that U(a,b) is uniformly distributed modulo p® with each residue
appearing exactly twice in a least period of U(a,b) modulo p¢. Then myp®) = 2p°©
and n is a general period of U(a,b) modulo p¢. Hence,

2p°(p© +1)

By(n) =By (2p®)=2(1+2+---+p°) = 5

0 (mod p®). (2.30)

Now suppose that p = 3, ¢ > 2, and U3 = a2 + b =0 (mod 9). Then b = —a?
(mod 9). Moreover,

Uy=aUs+bUs=a-0+ba=—a> (mod9). (2.31)

Since a = —2 = 1 (mod 3), we have that a = 1 + 3j for some integer j. By the
binomial theorem, a® = (14+35)® =1 (mod 9). Hence, by (2.31), Uy = —1 (mod 9).
It follows from Lemma 1.1 (i) and (ii) that

Us=UsVs=V3:0=0 (mod9) and U;=U4bU2=(-1)?+b-0>=1 (mod 9).

Thus, 77(9) = 6. Therefore, by Theorem 1.4 (viii), 2-3¢ is equal to a general period
of U(a,b) modulo 3i*! for i > 1. By a similar induction argument as that given in
the proof of Theorem 2.19, we find that By(2-3%) =0 (mod 3%) for i > 1. Noting
that n is a general period of U(a,b) modulo 3¢, we see that

By(n) =By (3°) =0 (mod 3°). (2.32)
It follows from Theorems 2.14 and 2.17 that

By(n)=By(2¥)=1 (mod?2) if k=1 (2.33)
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and
By(n)=By(2¥) =0 (mod 2%) if k> 2. (2.34)

Now from (2.30), (2.32), (2.33), and (2.34) we get that C'(n) = 2C(n) =2nifn =2
(mod 4), while C'(n) = C(n) =n if n =0 (mod 4). Assertion (ii) now follows. O

Theorem 2.21. Consider the nondegenerate Lucas sequence Ul(a,b). Let n be an
integer such that 6 | n and a = 1 (mod rad(n)), b = —1 (mod rad(n)). Then
C'(n) = C(n) =n and Aw(n) is an integer for all recurrences W(a,b).

Proof. We first note that a +b—1 =1—-1—-1 = —1 (mod rad(n)). Hence,
ged(b(a + b —1),n) = 1. Suppose that p®) || n, where e(p) > 1. Let e = e(p). By
Theorem 1.3 (iv),

Uy =-1 (modrad(n)), Us=Us=0 (modrad(n)), U;=1 (mod rad(n)).

Thus, 7y (p) = 6 if p is odd and 7y (2) = 3. Hence, by Theorem 1.4 (viii), lem(6, p®)
is a general period of U(a,b) modulo p°. We note that lem(6,p°) | n. Therefore, n
is also equal to a general period of U(a,b) modulo p¢ for each prime p dividing n.
Then by Theorem 1.2, n is equal to a general period of U(a,b) modulo n. We now
see by Theorem 2.2 (i) that

1
permreme A OF

where J(n) = 0 (mod n). Since ged(a + b — 1,n) = 1, we find that By(n) =
0 (mod n). Consequently, C'(n) = C(n) = n and Aw(n) is an integer for all
recurrences Wa, b). O

By(n) =

Theorem 2.22. Consider the nondegenerate Lucas sequence U (a,b) with discrim-
inant D. Let n be an integer such that 3 | n and a = —1 (mod rad(n)), b =
—1 (mod rad(n)). Then C'(n) = C(n) =n and Aw(n) is an integer for all recur-
rences W (a,b).

Proof. We observe that a +b—1=—-1—1-1= —3 (mod rad(n)). Suppose that
p®) || n. Let e = e(p). Then ged(b(a +b—1),p°) = 1 if p # 3. By Theorem 1.3

(V),
Us=a=-1 (modrad(n)), Us=0 (modrad(n)), Us=1 (mod rad(n)).

Thus, 7y (p) = 3. Therefore, by Theorem 1.4 (viii), lem(3,p®) is a general period
of U(a,b) modulo p°. We note that lem(3,p°) | n. Therefore, n is also equal to a
general period of U(a, b) modulo p¢ for each prime p dividing n. Then by Theorem
1.2, n is equal to a general period of U(a,b) modulo n. First suppose that p # 3.
It now follows from Corollary 2.2 (i) that

1

BU(n):a—i—b—l

J(n),
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where J(n) =0 (mod p®). Since ged(a + b —1,p%) = 1, we see that
By(n) =0 (mod p°).

Now suppose that p = 3. Since Us = 0 (mod 3), we see from Theorem 1.5 that
3| D. Moreover, a = 2 (mod 3), b = —1 (mod 3). It now follows from (2.28) in
the the proof of Theorem 2.19 that

By(n) =0 (mod 3°).

Consequently, C'(n) = C(n) = n and Aw(n) is an integer for all recurrences
W (a,b). O

Theorem 2.23. Consider the nondegenerate Lucas sequence U (a,b) with discrim-
inant D. Suppose that n = 2¥ny is an integer such that k > 2, ny is odd, and
a = 0 (mod 4rad(ny)), b = —1 (mod 4rad(ny)). Then C'(n) = C(n) = n and
Aw (n) is an integer for all recurrences W(a,b).

Proof. We observe that a+b—1=0—1—1= —2 (mod rad(n;)). Then gecd(b(a +
b—1),n1) = 1. Suppose that p*®) || ny, where e(p) > 1. Let e = e(p). By Theorem
1.3 (iii),

Us=-1 (modrad(ny)), Us=a=U; =0 (mod rad(ny)),

Us =1 (mod rad(ny)).

Thus, 7y (p) = 4. Therefore, by Theorem 1.4 (viii), 4p° is a general period of U(a, b)
modulo p¢. We note that 4p° | n. Therefore, n is also equal to a general period of
U(a,b) modulo p¢ for each prime p dividing n;. Then by Theorem 1.2, n is equal
to a general period of U(a,b) modulo ny. Then by Theorem 2.2 (i), we see that

1

Bu(m) = 5=

‘](nl)a

where J(n1) =0 (mod ny). Since ged(a+b—1,n1) = 1, we see that

By(n) =0 (mod nq). (2.35)
By Theorem 2.17, we observe that

By(n)=0 (mod 2F). (2.36)

Consequently, by (2.35) and (2.36), C'(n) = C(n) = n and Aw (n) is an integer for
all recurrences W (a, b). O

Consider the nondegenerate Lucas sequence U(a,b) with characteristic roots «
and (8, where bD # 0 and |a| > |B|. Suppose that b = £1 or § = +1. In
Theorems 2.24, 2.25, 2.26, and 2.27 below, as well as Corollaries 2.5 and 2.6, we
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present comprehensive results for these specific Lucas sequences concerning the
determination of those positive integers n for which Ay (n) is an integer for all
recurrences W(a,b). The proofs of these results are given in Section 5. In Section
4, we explicitly find all elements of S(U) for these particular Lucas sequences.

Theorem 2.24. Consider the nondegenerate Lucas sequence U(a, 1), where a # 0.
Then the following hold.

(i) C(n) = L(n) exists for alln > 1. Ifn > 1, then C(n) is even and L(2) | C(n).
If n > 3, then my(n) is even. Moreover, if a is even, then my(2) is also even.

(i) Suppose that a is odd. If n > 1, then C'(n) = C(n) and Aw (C(n)) is an
integer for all recurrences W(a,1). Moreover, ifa = £1 (mod 6), then L(2) =
24. Further, if a = 3 (mod 6), then L(2) = 6.

(ii1) Suppose that a = 2 (mod 4). If n is odd or 4 | n, then C'(n) = C(n) and
Aw (C(n)) is an integer for all recurrences W(a,1). If n = 2 (mod 4), then
C'(n) = 2C(n) and Aw (2C(n)) is an integer for all recurrences W(a,1). In
particular, C'(n) exists for all n > 1. Moreover, L(2) = 2.

(iv) Suppose that a = 0 (mod 4). Ifn > 2, then n & S'(U) and C'(n) does not
exist for n > 2. Furthermore, if n is even, then By(n) #Z 0 (mod n). In
particular, Ay(n) is an integer only if n is odd.

Below, given the Lucas sequence U(a, 1) with discriminant D, we present explicit
instances of positive integers n for which rad(n) | 6D, n € S’(U) and Ay (n) is an
integer for all recurrences W(a, 1).

Corollary 2.5. Consider the Lucas sequence U(a, 1) with discriminant D = a?+4.
Let ¢ > 1 be an arbitrary positive integer such that Q(q) > 5, and rad(q) | D. Then
n € S'(U) and Aw(n) is an integer for all recurrences W(a,1) in the following
cases, where n > 1, rad(n) | 6D, and i and j are nonnegative integers:

(i) a =41 (mod 6) and n = 2iT337+1q.

(ii) a =3 (mod 6) and we have n = 217133+, or n = 204237+,
(iii) a = +2 (mod 12) and we have n = 2i+2q or n = 20337 +1q,
(iv) a = £6 (mod 12) and n = 21+23/4.

Yaqubi and Fatehizadeh prove Corollary 2.5 (i) for the specific cases of the Fi-

bonacci sequence U(1,1) and Lucas sequence V(1,1) in Theorems 3.5 and 3.6 of
[16].

Theorem 2.25. Consider the nondegenerate Lucas sequence Ul(a,—1) with dis-
criminant D = a® —4 = (a — 2)(a + 2). Let n = 2¥nyny, where k > 0, ny and ns
are both odd, rad(nyi) | a — 2, and ged(ng,a — 2) = 1. Then the following hold.
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(i) C(n)exists for alln > 1. Ifn > 1, then C(n) > 1 and ged(rad(6D),C(n)) > 1.

(i) Suppose that a # 0, 1, or £2. Then C(n1) = ny = C'(ny) and Aw(nq) is
an integer for all recurrences W(a,—1). Moreover, if C(n) is odd, then n is
odd, C'(n) = C(n), and Aw (C(n)) is an integer for all recurrences W(a, —1).

(i11) Suppose that a is odd. If n > 1, then C'(n) = C(n) and Aw (C(n)) is an
integer for all recurrences W(a, —1).

(iv) Suppose that a =0 (mod 4). If C(n) =2 (mod 4), then C’'(n) = 2C(n) and
Aw (2C(n)) is an integer for all recurrences W(a, —1). Moreover, if C(n) =0

(mod 4), then C'(n) = C(n) and Aw (C(n)) is an integer for all recurrences
W(a,—1). In particular, C'(n) exists for all n > 1.

(v) Suppose that a = 2 (mod 4). If C(n) is even, then C'(n) does not exist. In
particular, if n is even or ged(n,a +2) > 1, then C'(n) does not exist.

Corollary 2.6. Consider the nondegenerate Lucas sequence U(a, —1) with discrim-
inant D = a®> — 4 = (a+2)(a — 2). Let q1 be an arbitrary positive odd integer such
that rad(q1) | a — 2. Let qo be an arbitrary positive odd integer such that Q(g2) > 5
and rad(ge) | D. Let g3 be an arbitrary positive odd integer such that rad(qs) | D.
Thenn € S'(U) and Aw (n) is an integer for all recurrences W (a, 1) in the following
cases given in parts (i)—-(v), where n > 1, rad(n) | 6D, and i and j are nonnegative
inlegers:

(i) n = q1, where a is an arbitrary integer such that a # 0,+1, or £2.
(ii) a = £1 (mod 6) and n = 20+137+1g,.
(iii) a =3 (mod 6) and n = 20237 1q,.

(iv) a=0 (mod 4) and n = 2+2¢3.

(v) a=0 (mod 12) and n = 2:+237+1¢,.

Theorem 2.26. Consider the nondegenerate Lucas sequence U(a,b) = U(a, —a+1)
with discriminant D = (a — 2)? = (=b—1)? and characteristic roots o = a — 1 and
B =1, where a # 0,1, or 2. Let n be a positive integer. Then the following hold.

(i) If ged(n,b) = ged(n, —a+ 1) = 1, then Ey(n) = 1.

(it) If n | b= —a+1 andm € S’ (U), then Aw (mn) is an integer for all recurrences
W(a,—a+1).

(iii) n € S(U) if and only if n € T(U), where T(U) is as defined in Remark 2.2.
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(iv) Suppose that a is odd. Thenn € S"(U) if and only if n € S(U), which occurs if
and only if n € T(U). In particular, if n € S(U), then Aw (n) is an integer for
all recurrences W(a,—a + 1). Moreover, if a = 3, then D =1 and n € S(U)
if and only if n = 1. Furthermore, if n | b, then it also occurs that Aw (n) is
an integer for all recurrences W(a,—a + 1).

(v) Suppose that a is even. Thenn € S'(U) if and only if n is odd and n € S(U).
In particular, if a = 2+ 2% for some k > 1, thenn ¢ S'(U) forn > 1. If n is
odd andn € S(U), then Aw (n) is an integer for all recurrences W (a, —a+1).

Theorem 2.27. Consider the nondegenerate Lucas sequence U(a,b) = U(b—1,b)
with discriminant D = (b + 1)2 = (a + 2)? and characteristic roots a = b and
B = =1, where a # 0,1, or —2. If n. > 1 and ged(n,b) = 1, then my(n) is even.
Moreover, the following hold.

(i) If b is even, n | b, and n is even, then Aw (n) is an integer for all recurrences
W(b—1,b).

(i) Ifn > 1, a is even, andn € S(U), then Ay(n) is not an integer. In particular,
S'(U) = {1} if a is even. Moreover, S(U) = {1} if a is odd.

(iii) Suppose that a is odd. Then b is even. Let m be an even integer such that
m | b and let t be an integer such that t € T(U). Then t is odd and Ay (mt)
is an integer for all recurrences W (b — 1,b).

The following example illustrates Theorem 2.27.

Example 2.2. Consider the Lucas sequence U(7,8) with discriminant D = 81 = 3%
and characteristic roots & = 8 and 8 = —1. We observe that Us = 72 + 8 = 57 =
3-19. It follows from Theorem 4.1 below that 3-19 = 57 € T'(U). Then by Theorem
2.27 (iii),

By(8-3-19) = By(456) =0 (mod 456),

and Ay (456) is an integer for all recurrences W(7, 8).

3. Auxiliary Results

In this section, we provide results that will be needed for the proofs of Theorems
2.24-2.27 as well as Corollaries 2.5 and 2.6. We let ord,, (n) denote the multiplicative
order of n modulo m.

Theorem 3.1. Let U(a,b) be a nondegenerate Lucas sequence and let m > 2 be an
integer such that gcd(m,b) = 1. Let h = ord,,(—b) = 2°h’ and p = py(m) = 29/,
where h' and p' are odd integers. Let m = my(m) and H = lem(h, p).
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(i) Either m = H or ™= 2H.

(ii) Suppose that m = p', where p is an odd prime and i > 1. If ¢ # d, then
m=2H. Ifc=d>0, thenm=H.

This is proved in Theorems 3 and 4 of Wyler [15].
We have the following corollaries of Theorem 3.1 corresponding to the cases in
which b = +1.

Corollary 3.1. Consider the nondegenerate Lucas sequence U(a,1) and let m > 2.
Let m = wy(m) and p = py(m). Let E = Ey(m) = w/p. Then the following hold.

(i) E=1,2, or4.
(ii) Suppose that m = p*, where p is an odd prime and i > 1.

(a) If p=2 (mod 4), then E = 1.
(b) If p=0 (mod 4), then E = 2.
(c) If p=1 (mod 2), then E =4.

(iii) my(m) is even if it is not the case that m = 1 or both m = 2 and a = 1
(mod 2).

(iv) L(m) is even if m > 2.

Proof. Parts (i) and (ii) are direct consequences of Theorem 3.1 upon noting that
h = ord,,(—1) =2 for m > 3 and h =1 for m = 2.

We now prove part (iii). Suppose that m > 1 and it is not the case that m = 2
and a is odd. Suppose first that m is not a power of 2. Then m has an odd prime
divisor p. Since m(p) = p(p)Ey(p), it follows from part (ii) that my(p) is even.
Thus, 7y (m) is even by Theorem 1.2.

Now suppose that m is a power of 2. If a = 0 (mod 2), then 7y (2) = 2, which
implies that 7 (m) is even. If a =1 (mod 2), then Uz = a? + 1 =2 (mod 4), and
v (2) = 3 < my(4). We now see by Theorem 1.4 (viii) that 7y (4) = 6. It again
follows that 7y (m) is even if m > 2, and part (iii) is established. Since 2 | L(2) and
7y (m) | L(m), it follows from part (iii) that part (iv) holds. O

Corollary 3.2. Consider the nondegenerate Lucas sequence U(a, —1) and assume
that m > 2. Let m = my(m) and p = py(m). Let E = Ey(m) = w/p. Then the
following hold.

(i) E=1 or2.
(ii) Suppose that m = p*, where p is an odd prime and i > 1.

(a) If p=0 (mod 2), then E = 2.
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(b) If p=1 (mod 2), then E=1 or 2.

Proof. This follows immediately from Theorem 3.1 upon noting that ord,,(—b)
ord,, (1) = 1.

O

Remark 3.1. We show that both possibilities for E can occur in part (ii) (b) of
Corollary 3.2. Consider the Lucas sequence U(3,—1). Then py(13) = py(29) =7,
while 717(29) = 7, whereas my(13) = 14. Hence, Ey(29) = 1, whereas Ey(13) = 2.

Theorem 3.2. Let U(a,b) be a Lucas sequence with discriminant D, where b = +1.
Suppose that p | D. Then the following hold.

(i) Ifb=1, thenp=2 orp=1 (mod 4).

(ii) Suppose that b = —1. Then a = £+2 (mod p). If a = 2 (mod p), then
Ey(p) =1 fori > 1. Ifa = —2 (mod p) and p > 2, then Ey(p!) = 2
fori>1.

Proof. (i) Since D = a® +4 = 0 (mod p), we see that p = 2 or (—4/p) = 1 for
p>2. Then p=2or p=1 (mod 4) by the law of quadratic reciprocity.

(ii) We note that D = a?> —4 = (a — 2)(a +2) = 0 (mod p). Thus, a = +2
(mod p). First, suppose that a = 2 (mod p). Then by the proof of Theorem 2.19,
Ey(p) = 1. It now follows from Theorem 1.4 (vii) and (viii) and Theorem 1.5
(i), (ii), and (iv) that Ey(p’) = 1 for i > 1. Now suppose that a = —2 (mod p)
and p > 2. Then by the proof of Theorem 2.20, Ey(p) = 2. It then follows from
Theorem 1.4 (vii) and (viii) and Theorem 1.5 (i), (ii), and (iv) that Ey(p*) = 2 for
1> 1. (I

Theorems 3.3 and 3.4 treat particular cases in which exactly one of the charac-
teristic roots of U(a, b) = £1.

Theorem 3.3. Consider the nondegenerate Lucas sequence U(a,b) = U(—=b+1,b),
where b # 0 and b # +1, with characteristic roots o and B, where |«| > |B|. Then
a=-b,B=1, and D = (—=b—1)? = (a — 2)%. Suppose that ged(n,b) = 1. Then
Unt1 = (=0)U, + 1. Furthermore, Ey(n) = 1 and my(n) = py(n). Moreover,
U; =1 (mod b) fori>1.

Proof. 1t is easily seen that « = —b, 3 =1, and D = (a — 2)2. Since ged(n,b) = 1,
p(n) exists. By the Binet formula (1.5),

(=) — 1"

Un="37

= (=D)L (=b)" 2 (=b) + 1.
Thus,
Upi1 = (=b)U, + 1. (3.1)

Let p = py(n). Then U, = 0 (mod n) and U,;; = 1 (mod n) by (3.1). Hence,
EU(n) =1. [l
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Theorem 3.4. Consider the nondegenerate Lucas sequence U(a,b) = U(b— 1,b),
where b # 0 and b # +1, with characteristic roots a and B, where |o| > |B|. Then
a=0b,8=-1,and D = (b+1)? = (a +2)%. Suppose that gcd(n,b) = 1. Then
Upy1 = bU, + (—1)". Moreover, Ey(n) = 1 if py(n) is even and Ey(n) = 2 if
pu(n) is odd. Additionally, My(n) =1 (mod n) if p(n) is even and My(n) = —1
(mod n) if py(n) is odd, where My (n) is the multiplier of U(b—1,b) modulo n and
is defined in (1.10). Furthermore, 7y (n) is even if n > 1.

Proof. Tt is easy to see that « = b, 3 = —1, and D = (b+ 1)? = (a + 2)2. Since
ged(n,b) = 1, p(n) exists. We observe that b is odd if n is even. Thus, if n = 2,
then U =b—1=0 (mod 2), and p(2) is even. By the Binet formula (1.5),

bTL _ (_1)7L

U, =
b+1

_ bn—l _ bn—2 4t (_1)nb+ (_1)71-‘1—1.
Hence,
Upir = bU,, + (—1)". (3.2)

Let p = py(n). Then U, = 0 (mod n) and U,y = My(n) = (—1)" (mod n) by
(3.2). Therefore, Ey(n) = 1if py(n) is even and Ey(n) = 2 if py(n) is odd. Since
v (n) = pu(n)Ey(n), we find that 7wy (n) is always even for n > 1. O

4. Necessary and Sufficient Conditions for 7wy (n) to Divide n

Suppose that we are given the Lucas sequence U (a, b), where ged(a, b) = 1. Theorem
4.1 due to Smyth [9] gives a necessary and sufficient condition for U, to be divisible
by n when ged(n,b) = 1. By (1.12) and (1.10), n | U, if and only if py(n) | n.
We let T'(U) denote the set of positive integers n coprime to b such that n | U,, or
equivalently, py(n) | n.

Theorem 4.1. Consider the nondegenerate Lucas sequence U(a,b) with discrimi-
nant D, where ged(a,b) = 1. Let gqo =1 or6 ifa =3 (mod 6) and b= £1 (mod 6).
Letgqo =1 o0r12ifa==+1 mod 6 andb=1 (mod 6). In all other cases, let gqo = 1
only. Then qo € T(U).

Moreover, n € T(U) if and only if n can be written in the form

qoq1 - - qr (4~1)

for some r > 0, where for i =1,2,...,r, ¢; is a prime such that ¢; | DUqyq,...qi_, -
We allow the possibility that ¢; = q; for 1 < i < j. Moreover, if n has the form
given in (4.1), then qoq1---q; € T(U) fori =0,1,...,r. Furthermore, if D = 1,
then n € T(U) if and only if n = 1.

This follows from results in Theorem 1 of [9] and Theorem 8 (iii) of [10].
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Theorem 4.2. Consider the nondegenerate Lucas sequence U(a,b) with discrimi-
nant D, where a = —=b+ 1. Then n € S(U) if and only if n € T(U).

Proof. By Theorem 3.3, E(n) = 1 and 7y (n) = py(n) for all n > 1. The result now
follows immediately. O

Given the Lucas sequence U(—b+1,b), we can now use Theorem 4.1 to explicitly
find all integers n € S(U). Theorem 4.3 below makes further use of Theorem 4.1 to
give necessary and sufficient conditions for n to be a member of S(U) for particular
Lucas sequences U(a,b) for which b = £1 or a = b — 1. We let v,(m) denote the
largest nonnegative integer i such that p® | m.

Theorem 4.3. Consider the nondegenerate Lucas sequence U(a,b) with discrimi-
nant D, where b= +1 or b is odd and a = b—1. Let p be an arbitrary prime. Then
E(p)|4ifb=1and E(p) |2 ifb=—1 or it is the case that b is odd and a =b— 1.
Let so =1 or6 if a =3 (mod 6) and b =1 or it is the case that a = £1 (mod 6)
and b = —1. Let so =1 or 24 if a = £1 (mod 6) and b = 1. Let s = 1 or 12
ifa =3 (mod 6) and b = —1. Let so =1 or 2 if b is odd and a = b —1. In all
other cases, let so = 1 only. Then so € S(U). Furthermore, n € S(U) if and only
ifn=1 orn can be written in the form

5026(50) g 2¢(s1) L. g e(sr) (4.2)
where €(sg) = 0, and s; and €(s;) are defined as follows for i =1,2,...,r. Let
T 5026(80)5126(51) gy 2€(sio1)
fori=1,2,...,r. Let s; be a prime such that s; | DU,,_, and define
€(s;) = max(va(n(s;)) — v2(ni—1),0).
In addition to n, being a member of S(U), n; € S(U) fori=0,1,...,r —1.

Proof. We observe that if n € S(U), thenn € T(U). Moreover, ny (p) = pu(p)Ev (p)
for all primes p. The assertions regarding Ey (p) are proved in Corollaries 3.1 and
3.2 and in Theorem 3.4. Moreover, by Corollary 3.1 (iii) and Theorem 3.4, if b = 1,
then 7y (n) is even for n > 2, while it is the case that if bis odd, a =b—1, n > 1,
and ged(n,b) = 1, then my(n) is even. Let L(n) be defined as in Theorem 2.8.
Then by Theorem 2.8, L(n) = C(n) and L(n) € S(U). We note that if n € S(U),
then n = L(n). Since n € T'(U), it follows by Theorem 4.1 that ged((L(n),6D) > 1
if n > 1. By Theorem 2.9 (vii), L(2) = L(3) = 24 if a = +1 (mod 6) and b =1
(mod 6). Moreover, by Theorem 2.9 (xi), L(2) = L(3) = 12 if a = 3 (mod 6)
and b = —1 (mod 6). Further, by Theorem 2.9 (viii), L(2) = L(3) = 6ifa =3
(mod 6) and b = 1 (mod 6). In all other cases, D = 1 or ged(L(2),D) > 1 or
ged(L(3), D) > 1. The rest of the proof of Theorem 4.3 follows from Smyth’s proof
of Theorem 1 in [9)]. O
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Remark 4.1. We note that in formula (4.2) of the statement of Theorem 4.3, we
have that 0 < e(s;) <2if b =1, while 0 < ¢(s;) <1if b= —10or a=b— 1, where
1 < i < r. This follows from the fact that E(p) | 4 if b = 1, whereas E(p) | 2 if
b=—-1lora=0b—-1.

5. Proofs of the Main Results

We are now ready for the proofs of Theorems 2.24-2.27 and also of Corollaries 2.5
and 2.6.

Proof of Theorem 2.2/4. Part (i) follows from Corollary 3.1 (iii) and (iv), Theorem
2.11, Theorem 2.8, and Corollary 2.4 (i).

We now prove parts (ii)—(iv) together. The assertions in parts (i) and (iii)
concerning L(2) follow from Theorem 2.9. By Remark 2.3, in order to show that
Aw (C'(n)) is an integer for all recurrences W(a, 1), it suffices to show that C’(n)
exists which implies by definition that By (C’(n)) = 0 (mod C’(n)). Since b = 1,
we see from Theorem 2.2 (i) and Corollary 2.1 (i) that if n > 1, then

By(n) = ~J(n), (5.1)
where J(n) = Up11 — 1+ U,. Then
J(C(n))=0 (mod C(n)) (5.2)

by Theorem 2.2 (i), since C(n) € S(U) by the definition of C(n). Suppose that
ged(p,a) = 1 and p®) || C(n), where e(p) > 1. Let e = e(p). Then by (5.1) and
(5.2),

By(C(n)) =0 (mod p®) if ged(p,a)=1. (5.3)

We note that C(n) is even by part (i). Thus, if 2¢ || C(n), where i > 1, then
By(C(n)) =0 (mod 2%)

when a is odd.
Now suppose that p is odd, p | a, where a is not necessarily odd, and p?®) || C(n),
where j(p) > 1. Let j = j(p). By Lemma 2.1,

By(2mp’) =0 (mod p’) (5.4)

for all m > 1. Since C(n) is even, we see that 2p/ | C(n). It now follows from (5.4)
that
By(C(n)) =0 (mod p?) if p isodd and p | a. (5.5)
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By (5.3) and (5.5), it follows that if a is odd, then
By(C(n)) =0 (mod C(n)),

which implies that C’(n) = C(n) for all n > 1.
Next suppose that a = 2 (mod 4). Suppose that 2% || C(n), where & > 1. By
Theorems 2.14 and 2.15, if m is a positive odd integer, then

By (2¥m) #0 (mod 2F) if k=1, (5.6)

while
By(2¥m) =0 (mod 2¥) if k> 2. (5.7)

It now follows from (5.3), (5.5), (5.6), and (5.7) that if @ = 2 (mod 4), then C’(n)
exists for all n > 1. Moreover, C'(n) = 2C(n) if n = 2 (mod 4), while C’(n) = C(n)
in all other cases.
Finally, suppose that a = 0 (mod 4). Suppose further that n is even and 2° || n.
Then by Theorem 2.16,
By(n) 0 (mod 2°).

Since C'(n) is always even for n > 2, we see that C'(n) does not exist if n > 2. O

Proof of Corollary 2.5. This follows from Theorems 2.24, 2.9, 2.11, 2.12 (i) and (iv),
3.2 (i) and 4.3, and from Corollaries 2.3 and 3.1. d

Proof of Theorem 2.25. (i) By Theorem 2.11, C(n) exists for all n. By Theorem
2.8 and Remark 2.6, if n > 1, then n | C(n). As C(n) € S(U), it follows from
the fact that p(n) | m(n) that C(n) € T(U). We now see from Theorem 4.1 that
C(n) € T(U) implies that ged(rad(6D),C(n)) > 1.

We now prove parts (ii)—(v) together. Noting that b = —1, we see from Theorem
2.2 (i) and Corollary 2.1 (i) that

Bu(C(n) = —J(Cn), (58)

where J(C(n)) = Uc(n)+1 — 1 — Ug(n)- Then by Theorem 2.2 (i),
J(C(n)) =0 (mod C(n)), (5.9)
since 7y (C(n)) | C(n) by Remark 2.6. Hence,
J(C(n)) =0 (mod ns), (5.10)
Since ged(ng, a — 2) = 1, it follows from (5.8) and (5.10) that

By(C(n)) =0 (mod ng). (5.11)
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We now note that it follows from Theorem 2.19 that C’'(n1) = C(n1) = ns.
Hence,
By(n1) =0 (mod nq). (5.12)

Since ny | C(n), we see that

By (C(n)

~—

=0 (mod ny). (5.13)
Noting that ged(ny, ns) = 1, it now follows from (5.11) and (5.13) that
By(C(n)) =0 (mod nins). (5.14)
We now find from (5.14) that
By(C(n)) =0 (mod C(n)) if C(n) is odd, (5.15)

which yields that C’'(n) = C(n) in this case. Since n | L(n) = C(n), we also see
that if C'(n) is odd, then n is odd.
We next suppose that a is odd. Then a—2 is odd. It follows from (5.8) and (5.9)
that
By(C(n)) =0 (mod 2Fn,), (5.16)

because J(C(n)) =0 (mod C(n)), 2¥ny | C(n), and ged(2¥ns,a — 2) = 1. We now
see by (5.13) and (5.16) that

By(C(n))=0 (modn) for n>1 if a is odd, (5.17)

which implies that C’'(n) = C(n) for all n if a is odd. Parts (ii) and (iii) are now
established.

We now suppose that ¢ and C(n) are both even. First suppose that a = 2
(mod 4). Then by Theorem 2.18, if m is even, then By (m) £ 0 (mod m). Suppose
that C’(n) exists. Since C'(n) is even and C'(n) | C'(n), this would imply that C’(n)
is even and By (C’(n)) = 0 (mod C’(n)), which is a contradiction. Hence, C'(n)
does not exist if n =2 (mod 4) and C(n) is even. Since n | C(n) by definition, we
see that C(n) is even if n is even. Now suppose that p is odd and p | ged(n,a + 2).
Tt follows from (2.29) in the proof of Theorem 2.20 that my(p) = 2p. Since 7y (p) |
mu(n), so my(p) | L(n) = C(n), we see that C(n) is also even in this case. Part (v)
is now proven.

We next suppose that a = 0 (mod 4). Then by Theorems 2.14 and 2.17, if m is
even and 2F || m, then By(m) # 0 (mod 2%) if k = 1, while By (m) = 0 (mod 2%)
if k > 2. Since 2F | C(n), we then have that

By(C(n)) =1 (mod 2%) if k=1, (5.18)

while
By(C(n)) =0 (mod 2%) if k> 2. (5.19)
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Noting that lem(2%, ny,ns) = 2niny = n, it now follows from (5.14), (5.18), and
(5.19) that

By(C(n)) 20 (modn) if k=1, (5.20)
while

By(C(n)) =0 (modmn) if k> 2. (5.21)
By (5.20) and (5.21), we see that C’(n) = 2C(n) if k = 1, whereas C’'(n) = C(n) if
k > 2. Part (iv) now follows. O
Proof of Corollary 2.6. This follows from Theorems 2.25, 2.9, 2.11, 2.12 (ii) and
(iii), 3.2 (ii) and 4.3, and from Corollaries 2.3 and 3.2. O

Proof of Theorem 2.26. We observe that a +b—1 = 0. By Theorem 3.3, «a = a —1
and f =1, D = (a — 2)?, and Ey(n) = 1 if ged(n,b) = 1. Hence, part (i) holds.
Part (ii) follows from Theorem 2.10 (i). Part (iii) follows from Theorems 4.1 and
4.2.

We now prove parts (iv) and (v) together. Suppose that n € S(U). Then
ged(n,b) = 1. We observe that it follows from Theorem 4.1 that if D = 1, then
S(U) = {1}. Let n = ning, where ny is the largest divisor of n that is relatively
prime to a —2 = —b— 1. Since n € S(U), it follows by definition that n is equal to
a general period of U(a,b) modulo n. Noting that ged(ng, b(—b—1)) = 1, it follows
by Corollary 2.2 (ii) that

By(n) =0 (mod ngy). (5.22)

Now suppose that p°() || ny, where p is odd. Let e = e(p). Then p | a — 2, which
implies that p | D. We claim that if p = 3 and e > 2, then U3 # 0 (mod 9). We
note that Uz = a® + b = a? — a + 1. By inspection, one sees that Uz # 0 (mod 9)
for a = 0,1,...,8. Thus, Us £ 0 (mod 9) for any integer a. It now follows from
Theorem 1.5 (i), (ii), and (iv) that U(a,b) is uniformly distributed modulo p® with
each residue appearing exactly E(p) = 1 time in a least period of U(a,b) modulo
p©. Since n is a general period of U(a,b) modulo p¢, we find that

_pe(pt +1)

BU(’I’L)EBU(pe)El—I—Z—i-----i-pe—#EO (mod p°). (5.23)

If n is odd or it is the case that both a is odd and n is even, it follows from (5.22)
and (5.23) that By(n) = 0 (mod n), which implies that n € S(U) and Aw (n) is
an integer for all recurrences W(a, —a + 1).

Now suppose that a is even and n is even. If a = 2 (mod 4), then b = —a+1 = -1
(mod 4), while if a = 0 (mod 4), then b = —a+ 1 =1 (mod 4). In both cases, it
follows from Theorems 2.16 and 2.18 that

By(r)#0 (mod r) if a iseven and r is even. (5.24)

By definition, n € S’(U) only if n € S(U). It now follows by (5.24) that if n € S(U),
n is even, and a is even, then n ¢ S'(U). Finally, suppose that a = 2 + 2¥ for some
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k> 1. Then D = (a — 2)? = 22k Tt follows from Theorems 4.1 and 4.2 that
n € S(U) only if n =1 or n is even. Thus in this case, S'(U) = {1}. Parts (iv) and
(v) now follow. O
Proof of Theorem 2.27. By Theorem 3.4, « = band 8 = —1, D = (b+1)? = (a+2)?,
and 7y (n) is even if n > 1 and ged(n,b) = 1. Part (i) follows from Theorem 2.10
(ii) upon noting that a = —1 (mod b).

(ii) Suppose that n > 1 and n € S(U). Then ged(n,b) =1 and 7y (n) | n. Since
my(n) is even, this implies that n is even.

Now suppose that a is odd. Then b is even, which is a contradiction. Hence,
S(U) = {1} in this case. Next suppose that a is even. If a = 2 (mod 4), then
b=a+1=-1 (mod4). If a=0 (mod 4), then b=a+1=1 (mod 4). In both
cases, we see by Theorems 2.16 and 2.18 that if r is even, then By (r) # 0 (mod r).
Since n is even if n € S(U), this implies that S'(U) = {1}.

(iii) Let W(b — 1,b) be an arbitrary recurrence. We observe that ¢ is odd and
ged(m,t) = 1, since ged(¢,b) = 1 and m | b. By Theorem 2.10 (ii) and the proof of
Theorem 2.7,

By (mt) =0 (mod m). (5.25)
By the definition of T'(U), py(t) | t. Thus, py(t) is odd. It follows from Theorem
3.4 that 7y (t) = 2py(t) and My (t) = —1 (mod t). Let p = py(t). Then by (1.10),

Upti = -U; (mod ) (5.26)
for 1 <i < p. It now follows from (5.26) and (1.16) that

Wori = —W; (mod t) (5.27)
for 1 <i < p. Thus,

Bw(2p) =0 (mod t). (5.28)

Since mw (t) | 7 (t), 7u(t) = 2pu (t), pu(t) | t, and 2 | m, we see that mt is a general
period of W (b — 1,b) modulo ¢. Thus, by (5.28),

Bw(mt) =0 (mod t). (5.29)
It now follows from (5.25) and (5.29) that By (mt) = 0 (mod mt), and thus
Aw (mt) is an integer for all recurrences W (b — 1,b). O
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