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Abstract
Let n and t be positive integers with ¢ > 2. Let R:(n) be the number of t-regular
partitions of n. A class of functions, denoted 7 (n), is defined as follows:

g [Ta=g™* =" mmq",

where k is an integer. We express 7;(n) as a binomial coeflicient weighted partition
sum. Consequently, we obtain congruence identities that relate 7i(n), R¢(n) and
partition function weighted composition sums.

1. Introduction

Euler [3] considered the following product-to-sum representation:

[Ta-¢m=> wmnyq
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and found that )
s 31241,
(-1t ifn= S

0 otherwise.

This is the celebrated Euler’s pentagonal number theorem.
Ramanujan [15] considered the following product-to-sum representation:

(L= g™ =3 r(n)g",

1 n=1

[

q

m

and made the following conjectures:

1. 7(nm) = 7(n)7(m) if ged(m,n) =1,

2. for prime p and integer r > 1: 7(p" 1) = 7(p)7(p") — ptir(p"1),

3. for prime p: |7(p)| < QP%-

The first two were established by Mordell [12]. Delinge [2] established the third.
The function 7(n) defined above is known as Ramanujan’s tau function.

The following common generalization of the aforementioned functions of Ra-
manujan and Euler is the object of study in this article.

Definition 1. Let k£ # 0 be an integer. We define an arithmetical function, denoted
Tr(n), in the following way:

g [Ja—g™* =) m(n)g" (2)
m=1 n=1

Newman [14] and Kostant [10] were concerned with the polynomial representation
of 7i(n). Serre [17] and Heim et al. [7] examined the natural density of the set
{k € N: 14(n) # 0} at several instances of n.

The main objective of this paper is to explore various arithmetic properties of
Tr(n). We will first use the logarithmic derivative method to determine some arith-
metic properties of 7,(n) (at specific instances of k). This forms the core part of
Section 2. In Section 3, 7(n) is expressed as a binomial coefficient weighted parti-
tion sum. As a result, congruence relations involving 7(n) and ¢-regular partition
functions are obtained (at certain instances of k and t). In Section 4, an expression
for

Z p(ay)p(asz) - - - p(ag) modulo I

n=aitaz+---ag
aieNU{O}

is obtained, where [ is an odd prime number, and p(n) is the number of partitions
of n.
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2. Divisibility Properties of 7,(n) Using Logarithmic Differentiation

In this section, we will discuss several congruence properties of 74(n) when the
modulus belongs to the set {k — 1} U {d € N : d|k}.

2.1. 7x(n) Modulo k — 1 When k — 1 Is a Prime Number

Proposition 1. Let n be a positive integer, and let k — 1 be a prime number. If
2
0<n—1-3"2 20 (mod (k— 1)) for every non-negative integer r, then

Tk(n) =0 (mod (k—1)).

Proof. The pentagonal number theorem of Euler [3] allows us to write

m(n)g" =q [T (1 —q™)*
n=1 m=1
= (Zm-d?“)(f) (ZW(S)(J5> ; 3)
r=1 s=0

where w(s) is as in (1). When equating the coefficients of ¢™ at the extremes of the
chain of equalities (3), we obtain the following identity:

n—1

> 1(n = i)w(i) = 7(n).
=0

If 75—1(n—4) =0 (mod (k—1)) whenever w(i) = %1, then it follows that 7,(n) =0
(mod (k —1)). So a criterion for

Tk—1(n) =0 (mod (k—1))

is a requisite to proceed further. To that end, we define

3

Tia(@) = [JA-¢™" = nama

m=1

Now performing the operation qd% (log Ti;—1(g)) and considering the Lambert’s series
expansion for the sum of positive divisors of n (denoted o(n)), we obtain

nrg—1(n+1)=—(k—1) <Z Tr—1(i)o(n+1— z)) . (4)

Now we observe from the Identity (4) that, if gcd(n,k—1) = 1, then 7,1 (n+1) =0
(mod (k —1)). Since k — 1 is a prime number, the condition ged(n,k — 1) =1 is
equivalent to the condition n Z 0 (mod (k—1)). Thus, if n Z 0 (mod (k—1)) then
Tg—1(n+ 1) =0 (mod (k — 1)). This completes the proof. O
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Remark 1. Since the 7 function was introduced, an in-depth study over the value
7(n) modulo 23 is an important consideration. Mordell [13] gave the following
criterion for the divisibility of 7(n) by 23:

7(23n+m) =0 (mod 23)

for m € {5,7,10,11,14,15,17,19, 20,21, 22}. Here an application of Proposition 1
.2
gives the following criterion: if 0 < n —1— % # 0 (mod 23) for every non-
negative integer r, then
7(n) =0 (mod 23).
2.2. 1,(n) Modulo Divisors of k

Interestingly, by substituting any formal power series with integer coefficients, say
oo

f(@) € Z[[q]], for T] (1 — ¢™), one can further generalize Definition 1. Denote

m=1
f(@* =ao+arqg+as® +--- .
On differentiating with respect to ¢, we have
EF(Q)" f(q) = a1 + 2a2qg + -+ - .

This gives the relation
na, =0 (mod |k|).

Now fixing f(q) = [] (1 —¢™) we have a,, = 7x(n+1). This observation yields the
m=1
following result.

Proposition 2. Let n be a positive integer, and let k be an integer with |k| > 2.
Then we have
ntp(n+1) =0 (mod |k|).

The following result is a straightforward application of Proposition 2.

Proposition 3. Let m > 0 and k be integers such that |k| > 2. Then we have

k
T(|klm +dr+1)=0 (mod U)

for every d | |k| such that d < |k|, and for every integer r such that ged(r, ‘%l) =1.

Proof. We have the congruence below based on Proposition 2:

ntr(n+1) =0 (mod |k|).
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Given the aforementioned congruence and ged(n, |k|) = d, it can be deduced that

k
%Tk(n—l— 1)=0 <m0d|d|> .

Since ged(n, |k|) = d, for a positive integer r satisfying ged (r, %) =1, the integer

k .
% must have the form % = %m +r for some integer m > 0. As a result, n assumes

the form n = |k|m + dr. O

The following list of congruences for 7(n) modulo the divisors of 24 is obtained
by substituting 24 for k.

Proposition 4. For every integer m > 0, we have

1. 7(2dm+7r+1) =0 (mod 24) for each r € {1,5,7,11,13,17,19,23};
2. 7(2dm +7r+1) =0 (mod 12) for each r € {4,20};

3. 7(24m +1r+1) =0 (mod 8) for each r € {3,9,6,15};

4. 7(24m +r+1) =0 (mod 6) for each r € {8,16};

5. 7(24m + 13) =0 (mod 4).

3. Representation of 1(n) as a Partition Sum Involving Binomial Coef-
ficients

In this section, congruence properties of 7;(n) are derived using a partition sum
representation (involving binomial coefficients) of 74, (n). Presenting the main results
of this section requires the following definitions of partition theory.

Definition 2. Let n be a positive integer. By a partition of n, we mean a non-
increasing sequence of positive integers whose sum equals n. Each element of the
sequence is called a part. If each part, say a;, appears f; times in a partition of n
then we denote that partition by n = a{l ---afr. In this case fi,--- , f» are said to
be the frequencies of the partition af" - -- afr.

Definition 3. Let n and t > 2 be positive integers. If all of the parts of a partition
of n are not divisible by ¢, then the partition is called a t-reqular partition. We
denote the number of ¢-regular partitions of n by Ri(n).
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We note that the number of partitions of n with parts from the set N\ tN equals
the number of t-regular partitions of n, from which the following equalities arise:

S rme =[] =
n=0

reN\tN
1 — gt 1
= H 1— qts H 1-— qr
seN reN\tN
ﬁ 1— qtm
m=1 1- qm

This insight is one we utilize frequently in this section. We express 7x(n) as a
binomial-coefficient-weighted partition sum in the following result.

Theorem 1. Let k be a positive integer. We have

(a)
re(n+1) = JZ (—1)fitts (J’z) (;) (5)
i P
(b)

NS (flljk1—1>(f;k1—1> (6)

_f1 fr
n=ay!---al

Proof. In light of the binomial theorem, we may write

imn)qn _ qu[l(l gy
RO B o),

The above equality suggests that the value (—1)fitfz++f- (ﬁ)(g) (f) con-

tributes to the coefficient of ¢"*! for each partition of n of the form n = a{l alr
with the restriction 1 < f; < k, and vice versa. Therefore, (a) is implied.
By using binomial expansion, we can write

(1 _ an)—k

2

o0
> k)" =q
n=1

1

(G (2 e (B )

m

2

q

m
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The aforementioned equality suggests that the value (f 1;1“; 1) e (f T,jf; 1) con-
tributes to the coefficient of ¢"*! for each partition of n of the type n = a{l alr,
and vice versa. Thus, (b) is implied. O

3.1. Parity Results Connecting 1,(n) and R:(n) at Specific Instances of
kand t

We can get a parity result for 7(n) (which involves a partition function) using the
partition sum representation mentioned in Theorem 1.

Definition 4. Let n be a positive integer and let A be a set of positive integers.
We define F4(n) to be the number of partitions of n having each frequency from
the set A.

Theorem 2. Let k be a positive integer. Let A={a € N:a <k, (*) =1 (mod 2)}.
We have
Tr(n+1) = Fa(n) (mod 2). (7)

Proof. From the representation given in (5) of Theorem 1, the proof follows imme-
diately. O

Using Theorem 2, we obtain a parity result for the 4-regular partition function.

Theorem 3. Let n be a positive integer. We have

Ry(n) = (®)

1 (mod?2) ifn= %;

0 (mod 2) otherwise.
Proof. We observe that (2k4) =1 (mod 2) if, and only if, k € {8,16,24}. We may
now write

T(n+1) = Fig 16,24y (n) (mod 2),

in accordance with Theorem 2. As a result, 7(n+ 1) = 0 (mod 2) for each n # 0
(mod 8). Therefore, the n such that n =0 (mod 8) is our primary concern.

The partitions of n that the function Fyg 1624)(n) counts when n = 0 (mod 8)
can be expressed as follows:

n= a?a%ﬁag‘l.

Alternatively expressed,
n B
— = ajaia.

8

Consequently, F(s 16,24}(8m) counts the number of partitions of m whose fre-
quencies do not exceed 3. We denote the number of such partitions by ds(m).
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As can be seen,

Y ods(n)g" =(1+q+@+PF) 1+ +d* + )1+ +d°+¢°) -
n=0

o0 1_q4m
_gll—qm )

(1 +q7n>(1 +q2m).

2

m=1

Considering that

oo o0

> am)gt = [ +4¢™)

n=0 m=1
is the generating function for the number of partitions of n with distinct parts
(denoted ¢g(n)), the equation

5]
d3(n) = ) a(n—2s)q(s) (10)
s=0
is obtained from the above chain of equalities.
We obtain
q(s) =w(s) (mod 2),

in light of Euler’s Pentagonal Number theorem. Upon substituting this in Equation
(10), we obtain
3]
ds(n) =) q(n—2s)w(s) (mod 2). (11)
s=0

In view of Theorem 3 (i) in [1], we have

: (12)
0 otherwise,

aln — 28)(s) = {
where

. _ m(m+1),
5,(n) = 1 ifn=—5—
0 otherwise.

At this point, we can see from Equation (9) that d3(n) = R4(n). Now the result
follows from (11) and (12). O

Remark 2. The congruence ds(n) = 1 (mod 2) is true only when n = m<7;+1).
This suggests that 7(n+1) is odd only if § = w Since § = % simplifies
ton+1=(2m+1)2, it follows that 7(n + 1) is odd only if n + 1 is an odd square.

This is an established result. Ewell [4] previously provided a proof.
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Remark 3. The number of 4-regular partitions of n is equal to the number of
partitions of n with frequencies from the set {1,2,3}, as we have concluded in the
previous theorem’s proof. This equinumerous statement can be generalized in the
way that follows: the number of (t41)-regular partitions of n is equal to the number
of partitions of n with frequencies from the set {1,2,--- ,t}. This generalization may
be validated by the subsequent equalities. If one denotes the number of partitions
of n with frequencies not greater than ¢ by d;(n), then:

1+Zdt(n)qn = H(1+qm+q2m...+qtm)
- B mOjl 1 — glt+Dm
Pl
=14 Ren(n)d"
n=1

Remark 4. We find that
Tor(2n) =0 (mod 2)

without the use of Theorem 2. This is deduced from a general property of f(q) €
Z[[q]). Denote f(q) = ao + a1q+asg® +---. Then

f(a)* = aoao + (agar + aga1)q + (apas + aray + azao)g” + - -
=aj+ajg® +--- (mod 2)
=ap+aig®+--- (mod 2).

This gives
f@)? = f(¢*) (mod 2).

Consequently, we have
af(@)** = qf(¢*)"  (mod 2).
Now plugging 10_0[1(1 —¢™) in place of f(q), we have 15 (2n) =0 (mod 2).
It is not so simple to determine the parity of 7ox(2n 4+ 1). We obtain parity
expressions for 714(2n 4+ 1) and 75(2n + 1) in the following result.
Theorem 4. Let n be a positive integer. We have
(a) T14(2n + 1) = Rg(n) (mod 2);

. _ m(m+1) .
(mod 2) ifn= (f,

(mod 2)  otherwise.

() 76(2n + 1) = {é
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Proof. Define A = {1 < a; < 14 : (}*) = 1 (mod 2)} = {2,4,6,8,10,12,14}.
Considering Theorem 2, we can now write

Tia(n +1) = Fy246.8,10,12,143(n) (mod 2).

All partitions of n that Fys 46 8,10,12,14) (1) counts while n is even are of the type

_ 2468 10 12 14
N = a]a5030405 g Q7 .

Alternatively expressed,
1.2.3 4567
5 = 01030304050607-
As a result, Fys 46,8 10,12,14} (1) counts the number of % partitions with frequencies
that do not exceed 7. Consequently, Fy2 46.5.10,12,14}(n) = d7(5) = Rg(5). Thus,

considering the even n, we have
Tia(n +1) = Fi246.8,10,12,143(n) (mod 2)
= Rsg (g) (mod 2).

Now (a) follows. A similar search together with the parity result of R4(n) (men-
tioned in Theorem 3) gives (b). O

The following parity result relates Ros(n) and 79s_1(n). This follows from a
parity result concerning binomial coefficients.

Theorem 5. For every positive integer s, we have
Ros(n) =7os_1(n+1) (mod 2). (13)

Proof. We note that 22—’2 = 2571 — 1 is the largest integer that does not exceed

22—_1 Stated in another way,

29 -1

| 5 =21 1.

Using the result of James Glaisher [9], we obtain

n 0 (mod 2) if n is even and k is odd;
< > - (14)

k (E) (mod 2)  otherwise.

We obtain the following congruence relation by substituting 2° — 1 for n in (14):

)= ) eean
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After using the previously specified modulo 2 reduction s — 1 times, taking the
right-side term for subsequent reduction, we obtain

(281; 1) =1 (mod 2).

Now that the aforementioned observation has been made, we may write

Y mealn+ "= [[-gm)*

n=0 m=1

b (s—1)
[Ta+q"+--+¢"") (mod2)

m=1

oo

_ Ty L=

m=1

Z Ros(n)g™ (mod 2).
n=0

The proof is now completed. O

3.2. Ramanujan’s Tau Function Modulo 3, 5, 7, 11, 13, 17, 23, and 25

This section is concerned with deriving a simple expression for 7(n) modulo m
when m € {3,5,7,11,13,17,23,25}. The derivations of this section just rely on
some arithmetic properties of (254).

Theorem 6. Let n be a positive integer. We have

_ )Ry (%) (mod3) if3|n;
1) = {O (rgnod 3) otherwise. (15)

Proof. Given the following observations:
1. (3 =0 (mod 3) when k € {1,2,4,5,7,8,10,11,13,14, 16,17, 19, 20, 22, 23},
24\ __
2. () =-1

3. (2,€4) =1 (mod 3) when k € {6,12,18,24},

(mod 3) when k € {3,9, 15,21},

we may write

ZT(n + 1)qn = H (1 + q3m + q6m NI q24m) (mod 3)
n=0 m=1
e 1— q9><3m

m=1



INTEGERS: 24 (2024) 12

Since
0 1— q9m

H —gn ZRg(n)q",
n=0

m=1
in view of the above observation, we obtain the following congruence:

rny1)= LR (5) (mod3) if3|n,
~ |0 (mod 3) otherwise.
0

As an immediate consequence of the theorem above, we obtain the following
result of Ramanujan.

Corollary 1 (Ramanujan [16]). Let n be a positive integer. We have
7(3n) =0 (mod 3).
Proof. Theorem 6 allows us to write

7(3n) =7(3n —1+1)
=0 (mod 3).

O

As another consequence of Theorem 6, we obtain the following expression for
Rgy(n) modulo 3.

Corollary 2. Let n be a positive integer. We have
Ro(n)=0(Bn+1) (mod 3). (16)

Proof. We have
7(n) =no(n) (mod 3)

from the works of Ramanujan [6, p. 112]. It follows therefrom that

NMEF (mod 3) if 3 | n;

o(n) (mod 3) if ged(n,3) =1.
Given the above observation, Theorem 6 allows us to write

Ry(n)

7(3n+1) (mod 3)
o(3n+1) (mod 3).
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Theorem 7. Let n be a positive integer. We have
7(n+1) = Ra5(n) (mod 5). (17)
Proof. We observe that
L. (3) =1 (mod 5) when k € {0,2,4,6,8,10,12, 14, 16, 18, 20, 22, 24},
2. (%) = -1 (mod 5) when k € {1,3,5,7,9,11,13,15,17,19, 21, 23}.

Based on these observations, we can write

dortn+1)g" = [[A+q™+™+-+¢*™)  (mod 5)
n=0 m=1
O 1— 25m
= H % (mod 5).
—q

m=1

Since

) ZR% 2

I—qgm
m=1
we obtain from the above observation that
7(n+1) = Ra5(n) (mod 5).
O

An expression for Ros modulo 5 can be obtained by applying the aforementioned
theorem.

Corollary 3. Let n be a positive integer. We have
Ros(n)=(n+1)o(n+1) (mod 5). (18)
Proof. Wilton [18] established that
7(n) =no(n) (mod 5).
We may now write in light of Theorem 7:

Ros(n) =71(n+1) (mod 5)
=n+1)on+1) (mod 5).

Theorem 8. Let n be a positive integer. We have

Tn+1)= > (=)™ @2m +1)(2r +1) (mod 7). (19)

= mnt1) | r(rd)
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Proof. We observe that

()=

Based on this observation, we can write

1 (mod 7) if k=0, 3, 21, 24;

0 (mod 7) if k=4, 5, 6, 11, 12, 13, 18, 19, 20;
3 (mod 7) if k=1, 2, 22, 23;

—4  (mod 7) if k=7, 10, 14, 17;

12 (mod 7) if k=8, 9, 25, 16.

Z T(n+1)¢" = H [(1—3¢™+3¢" —¢*™) +4(¢"™ — 3¢ + 3¢"™ — ¢')
n=0 m=1

—4 (q14m o 3q15m + 3q16m o q17m)
o (q21m o 3q22m + 3q23m o q24m):| (HlOd 7)

Il
8

[(1 _ 3qm + 3q2m _ q3m) -3 (q7m _ 3q8m 4 3q9m _ q10m)

3
&

+3 (q14m _ 3q15m + 3q16m _ q17m)
_ <q21m _ 3q22m + 3q23m _ q24m>] (mod 7)

::18

[(1 _ 3q + 3q2m _ 3m)(1 _ 3q7m + 3q14m _ q21m)] (mOd 7)

3
&

::18

(1—qg™ 3H 1—-¢™)" (mod 7).
1

3
Il

Jacobi’s triple product identity states that

H 1_q Zasq } (20)

n=1

where

. 1
BN CHECARIEE PR
0 otherwise.

The intended congruence will result from applying this identity to the tail end
product of the preceding chain of expressions. O

Theorem 9. Let n be a positive integer. We have

T(n+1) = > (=1)FmEs+ (mod 11). (21)

2 m24 24 5 24
p= 32l 3m2im | qq3s2ds 4 g 3r2d
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Proof. Since

()

) for k=0, 2, 22, 24;
mod 11) for k=1, 11, 13, 23;

)

)

for k=12;
for k=3, 4, 5, 6, 7, 8, 9, 10, 14, 15, 16, 17, 18, 19, 20, 21,

\]
)
+
=
3
I
)

[(1 _ 2qm =+ qQM) —9 (qllm _ 2q12m + q13m)

1
+ (q22m _ 2q23m 4 q24m)] (HlOd 11)

n=0 m

i
2

[(1 —¢™)>3(1 - qllm)ﬂ (mod 11).

m=1

Applying Euler’s pentagonal number theorem now results in the following equality:

o0
H [(1 o qm)2(1 o qllm)Q] =1+ Z (71)l+m+s+rqn'
m=1 n:3l22il+3m,22:tm+113s22j:s+1137‘22j:7‘

This insight will yield the expected congruence when applied to the tail end product
of the aforementioned chain of expressions. O

Theorem 10. Let n be a positive integer. We have
T(n+1) = Z (=1)"711(s) (mod 13). (22)
n=13x 73"‘22ir +s
Proof. We observe that
ot (*') (mod 13)  when 0 <k < 11;
(k) =40 (mod 13) when k = 12;
(,41,) (mod13) when 13 <k <24.

This observation enables us to write

S (R G
() (e ()]

(21— g™ (1—¢"™)] (mod 13).

2

m=1
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Now given the definition of 711 (n) and Euler’s pentagonal number theorem, we may
write

H 1 _ C] q13m) =1+ Z (_1)7"7_11(8) qn.

m=1 n=13x 37"22:!:7‘_,’_8

This observation will yield the expected congruence when applied to the tail end
product of the aforementioned chain of expressions. O

Theorem 11. Let n be a positive integer. We have
T(n+1) = Z (=1)"77(s) (mod 17). (23)
n:17><73r2’2ir+5

Proof. Since

( ) (mod 17) when 0 < k < 7;
(2477 ) (mod 17) when 0 <24 — s < 7;
0 (mod 17) otherwise,

24
k
one can write

i (n+1)q
n=0

=) (e (o)
() (e ()]

(1-¢™)"(1~¢"™) (mod17).

I
3

m=1
One can have
o0
(1=q¢""(1=-¢""™ =1+ > (=Yl | ¢
m=1 n=17x 37‘2%—&-3

based on the definition of 77(n) and Euler’s pentagonal number theorem. This
observation will yield the expected congruence when applied to the tail end product
of the aforementioned chain of expressions. O

Theorem 12. Let n be a positive integer. We have

T(n+1) = > (=1)'75(s) (mod 19). (24)

2
n=19x ¥+s
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Proof. Since
1 (mod 19) when k = 0, 5,19, 24;
24\ |5 (mod 19) when k =1, 4,20, 23;
(k:) T )10 (mod 19) when k =2,3,21,22;
0 (mod 19)  otherwise,

one can write

oo

Z T(n+1)¢" =

n=0 m

3

[(1=5¢™ +104°" — 10¢°™ + 5¢"™ — ¢°™)
1
— ¢ (1-5¢™ +10¢*™ — 10¢>™ + 5¢*™ — ¢>™)] (mod 19)

Il
13

[(1—¢"™)(1— ¢™™)] (mod 19).

m=1

Now from the definition of 75(n) and Euler’s pentagonal number theorem, we have

[ee]
[Ta-g¢ma—-g¢"™) =1+ S (=)l | g
m=1 n=19x 3T22:tr +s
While applying this observation in the tail end product of the above chain of ex-
pressions, we get the expected congruence. L]
Utilizing the following Ramanujan’s formula [8, pp. 163-164] for 7(p"):
11
p2’
T\ —
(") = sin 1,
where p is a prime number and cos, = ;(ﬂ , Lehmer [11] gave an expression for
D 2

7(n) modulo 23:

sin (1 + 1)y,

t
¢ 2
7(n) = 011 (n1)2'37% [[ sin gu +a;) (mod 23), (25)
=1

t
where n = nq [] p;, pis are the only prime factors of n which are not of the form
i=1
u? + 23v? but are quadratic residues of 23, and «; is the exponent of the highest
power of p; dividing n.
We provide an expression for 7(n) modulo 23 in the following result, which is
quite simple in comparison to (25).

Theorem 13. Let n be a positive integer. We have

Tn+1)= > (=1)""*  (mod 23). (26)

24 244
n= 37 2i7 +23% 3s 2:&5
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()

Proof. Since

1 (mod23) ifk=0,1,23,24;
0 (mod 23) otherwise,

we can write

Z T(n+1)¢" = H (1 — " — g 4 q24m) (mod 23)
n=0 m=1
= [ [@—gm@—=¢*m™)] (mod 23).
Write -
IT [ —g™—g*m)] Z ang".

Now in accordance with Euler’s pentagonal number theorem7 we have

-1 r+s if n = 3r4r + 23 x 352:i:s;

2 2

an = .
0 otherwise.

While applying this observation in the tail end product of the above chain of ex-
pressions, we get the intended congruence. O

Theorem 14. Let n be a positive integer. We have

r(n+1)= > (=1)***(25 + 1)R5(r) (mod 25). (27)

n=r453ltl) | 5302kt

Proof. Since
1 when k=0, 2, 4, 20, 22, 24;
—1 when k=1, 3, 21, 23;

24 4 when k=5, 7,9, 15, 17, 19;
( ) —4  when k=6, 8, 16, 18;
6 when k=10, 12, 14;
—6  when k=11, 13,

we can write

o0 o0
dorn+1)g" =[] [A+a™+ ™ + ¢ +¢*™)
n=0 m=1
— 4 (" + "+ ¢+ P+ )
+ 6 (qlom + qllm 4 q12m + q13m + ql4m)
4 (q15m + q16m 4 q17m 4 q18m + q19m)
+ (q20m 21m +q22m + q23m +q24m):| (mod 25)
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ﬁ 1_q5m _4q5m1_q5m +6 10m1_q5m ml_q5m
1—qm 1—qgm 1—qm 1—qm

m=1

1— 5m
+q20mqm] (mod 25)

l—gq
Ennll—qu ¢®)*  (mod 25).

Given the generating function of Rs(n), Euler’s pentagonal number theorem and
Jacobi’s triple product identity, we may write

- 1_q5m - s+t n
g{lfmlﬂ =1+ Z% (~1)*+(2s + 1) R5(r)g

n=r4+52(+ 15 3t22j:t
While applying this observation in the tail end product of the above chain of ex-
pressions, we get the intended congruence. O
3.3. Prime Moduli

Let p be a prime number. This section provides an expression for 74 (n) modulo p
when k € {p*:s € N}U{2p,2p+1,p? +1}.

Theorem 15. Let p be a prime number, and let s be a positive integer. We have

1)t ifn = PBEEY.
Ty (n+1) = (=" (modp) ifn= 2 ; (28)
0 (mod p) otherwise.

Proof. Since

(f)—0<mMp>

for every t € {1,2,...,p® — 1}, we can write

o0
Z Tpe(n)g" =
n=1

s

(1—q™)P

,':18

3
I

(1—¢”™) (mod p).

Il
i3

3
Il
—

n

Using Euler’s pentagonal number theorem, we now obtain

oo . 0o
[Ta=¢"™=> wpe(rd,
m=1 r=0
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where

0 otherwise.

Nt osp o _ (B8P0,
w;nS(T){( 2 lfpa‘ 2

While applying this observation in the tail end product of the above chain of ex-
pressions, we get the intended congruence. O

Definition 5. Let m be a positive integer and let p be a prime number. Let 9,(m)
be defined as a non-negative integer k such that p* | m but p¥*+1 { m.

Theorem 16. Let p be an odd prime number. We have

T2p(n + 1) = Z (—1)7"+s (mod p). (29)
neblp (5 2

Proof. Clearly (*) =1 (mod p) and (gg) =1 (mod p). We observe that 9,(2p x
2p—1)x---x2p—(k—1))=1land Jp(1 x2x---xk)=0when1 <k <p-1.
Consequently, (215) =0 (mod p) when 1 < k < p— 1. Also, we have

2p\  2px(2p—-1)x---x(p+1) 2x(2p—-1)x---x(p+1)
(p>_ 12X xp - (p—1) '

Since 2p — 1 = —1 (mod p), 2p—2= -2 (mod p), ---, p+1=—(p—1) (mod p),
we obtain (in light of Wilson’s theorem) that

2x (2p—1)x--x(p+1)=2(p—1)! (mod p)
= -2 (mod p).

Consequently, (21)”) is of the form ,Tcz j. Given this form, we obtain (2pp) -2 =

712’; ? —2= (Tkp%l)p Therefrom, it follows that (2p ) = 2 (mod p). Moreover, since

(2;5) = (257,@)7 we can write

Z Top(n+1)¢" =

n=0 m

8

(14 (=1)P2¢"™ + (=1)*¢**™)  (mod p)

8

(1—¢"™)* (mod p).
1

m

Since
o0
[[a-¢m?=1+ 3 (—1)7* | qm,
m= nl=p (2 2k )

the result follows as a consequence of the above observation. O
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Corollary 4. Let p be an odd prime number. If ptn+1 then
Top(n+1) =0 (mod p).
Theorem 17. Let p be an odd prime number. Then we have

Topr1(n+1) = > (=1 s+t (mod p). (30)

_3r24r 3s2+s 3t24¢
np1= 20y (o7 g 3070 )

Proof. In general, the congruences (QPSF 1) = (2”1+ 1) =1 (mod p) are true. Consider
the product:

(31)

Here, the product of the first r terms gives the value ( ) Based on this observa-
tion, we deduce that (2”:'1) =0 (mod p) for r limited to the bound 2 <r <p—1.

We will now show that (2’7:1) = 2 (mod p). To that end, consider the product
of the first p terms of (31):

2p+1
r

2p+1 2p 2p—1 (2p+1)—(p—1)
1 2 3 P

After cancelling p in the above product, we obtain the following term:

2p+1)x2x(2p—1)x---x((2p+1)—(p—1))
(p—1)!

Wilson’s theorem allows us to write

Cp+1)x2x2p—1)x---x(2p+1)—(p—1))=-2x(p—2)! (mod p)

= -2 (mod p).
The form of (2”;1) is thus ff;j. From this, we have (21’;1) -2 = igj -2 =
—2 o
(Srpi_rl)p =0 (mod p).
Considering that (2”; 1) = (Q;Z:i ,), We can write

o
H <1 _ qm _ qum + 2q(p+1)m

m=1

Z Topr1(n +1)g"
n=0

FE ) (o

Il
3

[(1—¢™)(1—=¢"™)?] (mod p).

m=1
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In light of Euler’s pentagonal number theorem, we obtain

[Ta-gma-gm?=1+ > (1)t | gn

m=1 2 2 2
n=3r 2ir+p( 3s 2i5 4.3t 2it)

By using this in the congruence mentioned above, we obtain the intended congru-
ence. O

Theorem 18. Let p be an odd prime number. We have

Te(n+1) = > (=)™ (mod p). (32)

r2 244
n+1:37 2ir +p2 332i5

Proof. The following congruences are all evident: (ng' 1) =1 (mod p), (pzf' 1) 1

(mod p), (pi;—l) =1 (mod p) and (gzﬂ) =1 (mod p).

Consider the term
<p2+1> PP xPPxx (PP 1= (k1))

k 1x2x---xXk
Assume 1 < a < p—1. It can then be observed that, for (a—1)p+1 < k—1 < ap,
Dp(P+ D) x (PP +1-1)x-—-x P +1-(k-1)=a+1

and
Up(lx2x---xk)=a—1ora.

Assume k — 1€ {(p—1)p+1,---,p*> — 2}. It is easy to see that
Op((P* +1) x p? > x (p° = (k=1))) =p+1

and
Pp(Ix2x---xk)=p—1L1L

PP+l — 2 .
Consequently, ( X ) =0 (mod p) when 2 < k < p* — 1. Based on this observa-
tion, we may write

0o o
ZTP2+1(n + l)qn = H (1 _ qm + (_1)p2qp2m + (_1)p2+1q(p2+1)m) (mod p)
n=0 m=1

(1—¢™)(1—¢"™) (mod p).

)

m=1

Since

(1—q™(1—g¢"™) =1+ Yoo =yt

1 _3r2:t7' 235215
=7 +p =

2

m
n

the result follows. O
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3.4. Congruence Properties of Rg(n) Modulo 3 and R,(n) Modulo p,

Where p is a Prime Number

In this section, we apply Ewell’s congruence for 7(n) to obtain a recursive congru-
ence relation for Rg(n) modulo 3. Additionally, for any prime number p, we derive

an expression for R,(n) modulo p.

Theorem 19. Let n be a positive integer. We have
Ryg(4n+ 1) = Rg(n) (mod 3).
Proof. Theorem 6 allows us to write
Ry(n) =7(3n+1) (mod 3).

Ewell [5] proved that
7(4n) =7(n) (mod 3).

Given these insights, we may write

R9(4TL + 1)

7(4(3n+1)) (mod 3)
7(3n+1) (mod 3)
Ry(n) (mod 3).

Now the result follows.

Corollary 5. Let r and s be positive integers. We have

4° -1

Ry ((r — 145 4

In particular,

Ry <4 3_1> =1 (mod 3),

4° -1
m (e 2 2 o

and

45 —1
R9(2><4s_1+ 3 )zo (mod 3).

Proof. The recurrence relation

as =4das 1 +1,

) = Ro(r) (mod 3).

(34)

with initial condition a; = r must be solved in order to apply the recursive congru-

ence relation (33) of Theorem 19.
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Let F(z) = a1z+azx?4- - - be the generating function for the sequence a1, as, . . ..
Then the above recurrence relation yields
(r—Dz z(l—u=x)
1—4zx 1—dz

F(z) =

. —_ s _ . .
We obtain as = (r — 1)4°71 + 4—31 when we expand the aforementioned expression
using the geometric series expansion.

We now obtain
Ry(as) = Rg(as—1) (mod 3)

according to Theorem 19. The preceding recursive congruence is then applied s — 1
times, yielding the following congruence:

Rg(as) = Rg(r) (mod 3).

Now (34) follows. After fixing r = 1,7 = 2, and r = 3, respectively, and noticing
that Rg(1) =1, Rg(2) = 2, and Ry(3) = 3, we obtain the particular cases. O

Theorem 20. For every prime number p, we have
Ry(n) =7p—1(n+1) (mod p). (35)
Proof. Since p is a prime number, for 1 <k < | £, we obtain

<p h 1) _tp+ 1:!(—1>’“

(~1)*  (mod p).

Given this observation, we may write

(o] o0
Z Tp—1(n+1)¢" = H (1 +q" 4+ q(pfl)m) (mod p)
n=0 m=1
=11 —%; (modp)
1 — q7n
m=1
= Ry(n)g" (mod p).
n=1
Now the result follows. O

4. Divisibility of Partition Function Weighted Composition Sums

The Ramanujan’s congruences for the partition function are as follows:
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(a) p(bn+4) =0 (mod 5),
(b) p("Tn+5) =0 (mod 7),
(¢) p(11n+6) =0 (mod 11).

It is rare to find such a simple congruence for other larger primes. The following
congruence (modulo [, an odd prime), involving partition function values, is found
in this section:

> pla)plaz)---plar) = Y mex(®)p(s) (mod ).
n:(jilgl\(flj?dj’.ak n=t+ls

The following lemma is crucial in obtaining the above congruence.

Lemma 1. Let !l be an odd prime number. Let k be an integer such that 1 < k <.
Let n > 0 be an integer. Let r be the remainder obtained by division of n into I.
We have

n+k\
( k >_ 0 (mod ) whenr e {l—k,---,1—1}. (36)

Proof. Consider the following expression:

n+k\ (n+k)(n+k—-1)---(n+1)
("5 - ; -

_ {(1)’”(“’5,‘1) (mod 1) whenr € {0,1,-- 1 —k—1};

Using this representation, we find an expression for (":k) modulo .

Assume that n = sl + r for some r € {I — 1,0l —2,---,l — k}. Then (n +
EYm+k—1)---(n+1) = 0 (mod ). Since ! is a prime number and k < [,
we obtain ("+k)("+72?1)'”("+1) = 0 (mod !). That is, ("/*) = 0 (mod ) when
re€{l—k,---,l—1}. The second case follows.

Assume that n = sl + r for some r € {0,1,---,1 — k — 1}. Since [ is a prime
number and k < [, we obtain

<n+k> _ (sl+r+k)(sl+r+k—=1)---(sl+7r+1)

k k!
st (r+k)ir+k-1)---(r+1)
W A

(") o
- <T+k> (mod 7).

r
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On the other hand, we have

(_DT(l—k—l) :(_1)r(l—l~c—1)(l—k:—2)-~-(l—k:—1—(r—l))

" r!
:(—]_)T(l_(k+1))(l_(k+2))"'(l—(k+r))
7!
=(-1)" (2'[ n (_1),>(k+ 1)(k +T2!)...(k+r)>
S (1) mean

From the above two congruences, we have the relation

(n:k) (1)T(lil) (mod 1)

when k < [. The proof is now completed. O
Now we are equipped to prove the following main result of this section.

Theorem 21. Let k > 2 be a positive integer. Let | > k be an odd prime number.
Let p(n) be the number of partitions of n. We have

Tt )= S mk(Op(s) (mod 1), (37)

n=t+ls

In another notation,

> pla)plas)--plax) = D> mok(t)p(s) (mod1). (38)

n=ai+az+---ay n=t+ls
a; ENU{O}

Proof. We have

18

1=g™ = "7 hn+1)q"
n=0

m=1

= 1+Z Z P(al)p(a2)~~p(ak) q".
n=1 |\ n=a1+az2+:--ak

a; eENU{0}

This equality permits us to present the congruence of this result in two different
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forms. Now in accordance with Lemma 1, we may write

o= T (S ("))

m=1 m= n=0
0o l—k
-k _
= H l(Z(—lY( . )qrm> (1 —qlm) 1] (mod 1)
m=1 r=0
= H [(1 i (1 — qlm)il} (mod 1).
m=1
Now the result follows. O

Corollary 6. Let p(n) be the number of partitions of n. We have

Y pl@pd)= Y wtp(s) (mod3), (39)
0 beNG{o0) ner

where w(t) is given in (1).

Proof. Fix I =3 and k = 2 in Theorem 21, then the result follows as a consequence
of the observation 71 (n) = w(n). O

Let I > 5 be a prime number. In view of Identity (20), we find a sufficient
condition for the following congruence:

Z p(ai)p(az)---pla—3) =0 (mod I).
n=ai+az+--+a;_3
a; ENU{0}

Corollary 7. Let | > 5 be a prime number. For non-zero integer n, let R(n,l)
denote the remainder obtained by division of n into [. If m is a non-negative integer
such that m # s (mod 1) for every

se {O}U{R ((—1)7“([;3),1) 0<r< l;?’}

then for n =m (mod [) we have

Z play)p(az) - -pla—3) =0 (mod I). (40)
n=aitaz+---a;—3
aiGNU{O}

Proof. Assume the following:

1. m# s (mod ) for every s € {0} U {R ((—1)7'(l;3),l) 0<r< 153},
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2. n=m (mod ) ,
3. k=1-3.

Based on assumption 3 and Theorem

>

n=ai+az+---a;—3
aquNU{O}

In view of Identity (20), we can write

m3(t) = {0

So, based on assumption 2, (41) can be expressed as follows:

>

n=aitaz+---a;_3
aiENU{O}

p(a1)p(az) - - plai—3)

28
21, we may write
plar)p(az) - - plai-3) = Z T3(t)p(s) (mod I). (41)
n=t+ls
(—1)7 (25 +1) if ¢ = 1,
otherwise.
= Z (=1)7(25 + 1)p(s) (mod 1)
n:(j;rl)—i-ls
= > (=172 +p(s) (mod 1)

lo+m="")+1s

for some non-negative integer b. The index of the right extreme summation is non-

empty only when (jgl) =m (mod )

for j = 1,2---, constitute a subset of the set {0} U {R ((—I)T(Z;S),l> 2 0

=3
2

{R(Cv a0

r <

for some j. In view of Lemma 1, R ((Jél),l)
<

. Based on assumption 1, we have m # s (mod ) for every s € {0} U

b

Given this observation, it follows that the

index of the right extreme sum is empty. This leads to the conclusion that

>

n=aitaz+---a;_3
aiENU{O}

Now the proof is completed.

plai)p(az) -+ plai—3) =0

(mod 1).

O

An interplay of Lemma 1 with Theorem 8 yields the following result of Ramanu-

jan.

Corollary 8 (Ramanujan [16]). Let n be a positive integer. We have

7(Tn) =

0 (mod 7).
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Proof. In accordance with Theorem 8, we can write

() =7(Tm —141)
> (=)™ ©2m +1)(2r+1) (mod 7).  (42)

_m(m+1) r(r+1)
7n71_%+7%

The index of the summation above suggests that

(m;—l) = (m_21+2> =6 (mod 7).

Since 6 = (3), in view of Lemma 1, we obtain that m —1 =2 (mod 7). This implies
that 2m + 1 = 0 (mod 7). Substituting this congruence in the sum in (42), we

obtain that 7(7n) =0 (mod 7). O
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