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Idea: Some irregular sampling theorems for band limited functions use
smoothness to obtain sampling results (for example Gréchenig and
Pesenson). Extend these results to reproducing kernel Banach spaces on
Lie groups.
Plan for talk:

@ Classical irregular sampling results

@ Reproducing kernel Banach spaces

@ Smoothness of functions and sampling

@ Smoothness of kernel and sampling

@ Application to coorbit theory
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Band limited functions

Let F be the extension to L2(R") of
1

f IX'Wd
Frf(w) )72 / I

(2m)n2
Let L2 = {f € L2N C | supp(Ff) C Q} denote the space of
Q—band limited functions.

Theorem (Grochenig)

For an increasing sequence x, without density points and with
limp— 400 Xn = £00 and & := sup(Xp41 — Xp) < = we have

> T () 2~ R

n

Thus ¥n(x) = \/ =252 (x — x,) form a frame for L.
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Proof of irregular sampling theorem by Grochenig

Yn—1 Yn Ynt1 Yn+2

Tp—2 Tp—1 T, xn+1 -Tn+2

The line is split such that [y,, Yn+1] C [x, — d, X, + 0] and
> nysyea] = 1, i.e. we have a BUPU. The frame inequality follows if

Hf B Z F(xa) Lyl || = H Z £ = F () L iynuyia

Grochenig uses that for x € [y,, Yni1]

< [If]]

[F(x) = FOn)l = [F(x) = F(x + )]

_‘/ f'(x +t)dt

< / |f'(x + t)| dt
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yyyyyyyy

Jens Gerlach Christensen Sampling in reproducing kernel Banach spaces on Lie groups



Reproducing kernel Banach spaces

Let G be a Lie group with left Haar measure dx. B is a solid Banach left
and right invariant function space on G for which convergence in B
implies convergence locally in measure. Denote the dual of B by B*.
Assume that 0 # ¢ € B N B* satisfies

b+ B(x) = / (0)ély1x) dy = 6(x)

then
By={feB|f=Ffx¢}

is a reproducing kernel Banach subspace of B.
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Smoothness of functions and sampling

As before (idea by Feichtinger and Grochenig) we will investigate
approximation of f € By by sums of the type

Z f(xi)vi

where 0 < ¢; < 1, is a partition of unity.
Fix a basis Xi, ..., X, for g and define
U.={e .. et | e <ty <€}

Let x; be such that x; U, have the finite covering property of G and find a
partition of unity 0 < ¢; < 1,y .
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Smoothness of functions and sampling

Define right and left differentiation in the direction X as

R(X)f(x):% f(xe™)  L(X)f(x) d

_ tX
t=0 S odt f(e”x)

t=0

For || = m define

Rf = R, Ry =" R¥uim T LYF = L,y Lxom - LxXogm T

a(m) cu(m)

If f € B is smooth with right derivatives in B then

||f—Zf(X;)w,-IIB§Ce Y. IR flls

|a] <dim(G)

where C. — 0 as € — 0.
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Proof in two dimensions

X

ze® zesxety

zU,

[s],[t]<e —e
T IROOF(xe™)] + [R(Y)F(xe™)

—€

sup |f(x) — f(xesxety)| < /6 |R(X)f(xe’X)| + |R(Y)f(xe5xery)| dr
9

FIR(Y)f(xe™ 24Xy _ R(Y)f(xe™ )| dr

Norbert Wiener Center
for Harmonic Analysis ans Applications

Jens Gerlach Christensen Sampling in reproducing kernel Banach spaces on Lie groups



Smoothness of the kernel

If B> f — fx*|Rp| € B is continuous for all |a| < dim(G) then

Tof = > f(xi)ix ¢

!

is invertible on By if x; are close enough.

We can also discretize the reproducing formula f = f * ¢:

Theorem (C.)

IfB>f—fx|L%]| € Band B>f— fx|R*| € B are continuous for
|| < dim(G) then with ¢; = [ 1

Tof =) cif(x)lyo

Center
plications

is invertible on By, when x; are close enough.
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Coorbits

Let 7 be a representation of G on a Fréchet space S which is weakly
dense in its conjugate dual S*. For a non-zero u € S define the wavelet
transform W, (v)(x) = (v, 7(x)u)

Theorem (C. and Olafsson)

If
W, (v) x Wy, (u) = W,(v) for all v € S*, and (1)
BxS>(F,v)— / F(x)W,(v)(x~') dx € Cis continuous  (2)
then
CosB ={v eS| W,(v)e B}
is a Banach space isometrically isomorphic to the reproducing kernel
Banach space By with ¢(x) = (u, m(x)u).
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Band limited functions on both R” and on homogeneous spaces

X = G/K where (G, K) Gelfand pair.

@ Homogeneous Besov spaces on R”, stratified Lie groups
(Fiihr,Geller,Mayeli) and symmetric cones(?) (Bekolle, Bonami,
Garrigos, Ricci)

@ Bergman spaces on upper half plane and other tube type domains?

(Bekolle, Bonami, Garrigos, Ricci)

Modulation spaces by Feichtinger (model spaces for coorbits)

Original coorbits by Feicthinger and Grochenig for integrable
representations
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Example: Besov spaces on light cones

A is the forward light cone in R” and
Sp = {f € S(R") | suppf C A}.
A Whitney cover is a collection of translates of a ball such that

xiBy/2(e) disjoint and A C x;B,(e)
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Example: Besov spaces on light cones

Let 7); be a Littlewood-Paley decomposition, satisfying suppsz C x;B.(e)
and Zj ¢j = 1.

For 1 < p, g < oo define the norm

B 1/q
IFllepe = (D det(mg) *I1F +u;113)
J

and the space BP9 = {f € S) | [|f||grs < o0}

BP-9 are coorbits for the quasiregular representation of
G=R,;S0y(n—1,1) x R".
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Coorbits, Garding vectors and atomic decompositions

Let (w, H) be a square integrable representation and (S, H, S*) a Gelfand
triple such that (1) and (2) are satisfied for some u. Let
U= [ g(x)m(x)udx be a non-zero Grding vector.

Theorem (C.)

If B> F — Fx[W,(u)| € B is continuous then CogB = Co%B. Further
there is a sequence space By and \; € (CogB)* such that for any
f € CosB and x; close enough

L I{Ai()} s, ~ lIfllcon
2. f:ZI-)\,'(f)ﬂ‘(X,')E

Proof:Since ¢(x) = W4() = g * W, (u) = g* all the derivatives of ¢
satisfy the sampling theorems.
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