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With the Fourier transform of Schwartz functions defined as
FO)w) = [ e 2 ax

it can be extended to tempered distributions by duality.
e { radial Schwartz function supported on {w | 1 < |w| < 4}.
equal to L on {w | 5/4 < |w| < 7/4}
gi(w) =o(27w)
Zj @j =1
The ¢; cut up the frequency plane.

Homogeneous Besov space norm is ([Peetre] and [Triebel])

. 1/ . /
Fleze = (2517 g F(IE) = (L2l o) "
J J
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For Schwartz function 1) define the wavelet transform of a tempered
distribution f by

Wy (f)(a, b) = (f,7(a, b)) = ﬁ / f(x)1/1<x - b) dx.

Triebel and Feichtinger/Gréchenig:

T ~/(/|W¢(f)(a, b)|de)q/”aS’ da
~ Y (W) b))

For Feichtinger/Grochenig an irredicible representation is needed (replace
a by aK where K € SO(n)), but radial functions are cyclic.
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The 2n + 1-dimensional Heisenberg group can be realized as
H,={(z,t) | z=x+iy € C",t € R}
with composition
1 _
(21, tl)(Zz, tz) = (21 + 2o, + th + EIm(zl . 22)).
The Lie algebra is the set

bn = {(X1X1 < X Xn i(yl Yi-- *Yn Yn)a tT) | Xks Yk, U € R}

with Lie bracket
Xk, Yi] = T.

H,, can be equipped with a dilation homomorphism
a(z, t) = (az, a’t).
There is a homogeneous norm |(z, t)| = /|z|* + t? satisfying

|a(z, t)] = al(z, t)]
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Stratified Lie groups

G connected and simply connected Lie group

* g=g1® - ®gm where [g1, gk] = gk+1-
e Dilation aX = akX for X € g, and ax = exp(alog x).

e Choose homogeneous norm |ax| = a|x|

e Schwartz space S(G) := S(g)

* So(G) defined by [ x*f(x)dpu(x) < oo

e sub-Laplacian £ = —(X2+- -4+ X2) with {X,..., Xk} o.n.b. for g
e spectral resolution £ = fooo A dPy

e for p € S(RY) there is ¢ € So(G) s.t. G(L)f = f * ¢ [Hulanicki]

e Commuting convolution operators

e extend to f € 5)(G)

e wavelet transform

W, (f)(a, x) = (f,m(a, x))) :a’Q/z/f(Y)@(a’1[X’1y])d/~L(Y)~

e 7 not irreducible on L2(G) or So(G), but there are cyclic vectors
[Fiihr/Mayeli].
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Construction by Fiihr and Mayeli:
o pequaltolon {\|5/4<\<7/4} supported on {\| 1<\ <4}
o wj(w) =p(2w)
d Zj pj=1

Define Besov spaces as f € Sj(g) for which

: 1/q
Ifllsgs = (D27 lfs) " < oo
J

Theorem (C., Mayeli and Olafsson)

e~ ([ ([ Wt ) oo 2

a

Similar results using heat kernels have been obtained by Fiihr and Mayeli.






e S Fréchet space, weakx dense in conjugate dual 5*.



e S Fréchet space, weakx dense in conjugate dual 5*.
e (m,S) cyclic representation of G.



e S Fréchet space, weakx dense in conjugate dual 5*.
e (m,S) cyclic representation of G.
e Define W, (v)(x) = (v,n(x)u) ue S,v e S*



S Fréchet space, weak* dense in conjugate dual S*.
(m, S) cyclic representation of G.

Define W, (v)(x) = (v, m(x)u) ue S,v € §*

B left invariant Banach function space (LP(G))



S Fréchet space, weak* dense in conjugate dual S*.

(m, S) cyclic representation of G.

Define W, (v)(x) = (v, m(x)u) ue S,v € §*

B left invariant Banach function space (LP(G))
convergence in B implies convergence locally in measure



Coorbits

S Fréchet space, weak* dense in conjugate dual S*.

(m, S) cyclic representation of G.

Define W, (v)(x) = (v, m(x)u) ue S,v € §*

B left invariant Banach function space (LP(G))
convergence in B implies convergence locally in measure

Theorem (C. and Olafsson)

If u is cyclic and

W,y (v) * Wy (u) = Wy(v) for all v € S*, (1)

BxS>(F,v)— /F(x) W, (v)(x~1) dx € Cis continuous,  (2)




Coorbits

S Fréchet space, weak* dense in conjugate dual S*.

(m, S) cyclic representation of G.

Define W, (v)(x) = (v, m(x)u) ue S,v € §*

B left invariant Banach function space (LP(G))
convergence in B implies convergence locally in measure

Theorem (C. and Olafsson)

If u is cyclic and
W, (v) x W, (u) = Wy(v) for all v € S, (1)
BxS>(F,v)— /F(x) W, (v)(x~1) dx € Cis continuous,  (2)
then
CoB = {v e 5" [ W,(v) € B} with|v|lcos = [[Wu(v)ll5

is a Banach space




Coorbits

S Fréchet space, weak* dense in conjugate dual S*.

(m, S) cyclic representation of G.

Define W, (v)(x) = (v, m(x)u) ue S,v € §*

B left invariant Banach function space (LP(G))
convergence in B implies convergence locally in measure

Theorem (C. and Olafsson)

If u is cyclic and
W, (v) x W, (u) = Wy(v) for all v € S, (1)
BxS>(F,v)— /F(x) W, (v)(x~1) dx € Cis continuous,  (2)
then
CoB = {v e 5" [ W,(v) € B} with|v|lcos = [[Wu(v)ll5

is a Banach space isometrically isomorphic to the reproducing kernel
Banach space By = {F € B | F = F % ¢} with ¢(x) = (u, m(x)u).
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e T unitary representation a Lie group G

o For X € g define m(X)v = lim,_,o "Ry,
o T(X)* =7n(=X)

e By are sequences such that ). A\il,y € B.

Assume F > F x Wy (xayu(u) and F +— F x W, (7(X*)u) are continuous
on B. If x; are close enough, there are \; € (Co,B)* such that

L {Ai(F)}Hls, ~ [Ifllco.s
2. f:Zi )\,'(f)ﬂ'(X,')U.

Steps in proof:
e Define TF = )", ciF(x;)lx, Wy(u),
e show f — TW,(f)is invertible Co,B — B if x; are close enough
o f=>", W AT W, (F) (%) m(xi)w.

Ai(f)
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Atomic decompositions of Besov spaces

Theorem (C., Mayeli and Olafsson)

Atomic decompositions above apply to Besov spaces for B = LP9(G).

Steps of proof:
o ¢ € 50(G) implies T(X¥)p € So(G)
e Fiihr/Mayeli: Wy (xay,(u) and W, (m(X*)u) are integrable

e This implies continuities needed for atomic decompositions.
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