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Overview

Besov spaces
• Intended to extend Sobolev spaces to fractional powers.

• Interpolation spaces.
• They measure smoothness of distributions.
• Aim to determine smoothness properties by measurement of the

wavelet transform at discrete set of points.
Problem: Banach space of distributions ↔ Banach sequence space
Two problems:

Banach space of distributions
1.↔ RKBS

2.↔ Banach sequence space
Feichtinger/Gröchenig:
1. Irreducible and integrable representation
2. Integrability of the associated kernel and its oscillations
Our idea:
1. Use cyclic representations
2. Use smooth vectors
Plan for talk:

• Besov spaces in Rn

• Besov spaces on stratified Lie groups
• Coorbit theory, Smooth vectors and atomic decompositions
• Atomic decompositions of Besov spaces on Stratified Lie groups
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Besov spaces on Euclidean space

With the Fourier transform of Schwartz functions defined as

F(f )(w) =

∫
f (x)e−2πix·w dx

it can be extended to tempered distributions by duality.

• ϕ̂ radial Schwartz function supported on {w | 1 ≤ |w | ≤ 4}.
• equal to 1 on {w | 5/4 ≤ |w | ≤ 7/4}
• ϕ̂j(w) = ϕ̂(2−jw)

•
∑

j ϕ̂j = 1

• The ϕj cut up the frequency plane.

Homogeneous Besov space norm is ([Peetre] and [Triebel])

‖f ‖Bp,q
s

:=
(∑

j

2−sjq‖F−1ϕ̂jF(f )‖qLp

)!/q
=
(∑

j

2−sjq‖f ∗ ϕj‖qLp

)1/q
.
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Wavelets

For Schwartz function ψ define the wavelet transform of a tempered
distribution f by

Wψ(f )(a, b) := 〈f , π(a, b)ψ〉 =
1

an/2

∫
f (x)ψ

(x − b

a

)
dx .

Triebel and Feichtinger/Gröchenig:

‖f ‖Bp,q
s
∼
∫ (∫

|Wϕ(f )(a, b)|p db
)q/p

as
′
da

∼
∑
i

as
′

i

(∑
j

|Wϕ(f )(ai , bij)|p
)q/p

For Feichtinger/Gröchenig an irredicible representation is needed (replace
a by aK where K ∈ SO(n)), but radial functions are cyclic.
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For Feichtinger/Gröchenig an irredicible representation is needed (replace
a by aK where K ∈ SO(n)), but radial functions are cyclic.

4 / 10



Wavelets

For Schwartz function ψ define the wavelet transform of a tempered
distribution f by

Wψ(f )(a, b) := 〈f , π(a, b)ψ〉 =
1

an/2

∫
f (x)ψ

(x − b

a

)
dx .

Triebel and Feichtinger/Gröchenig:
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Heisenberg group

The 2n + 1-dimensional Heisenberg group can be realized as

Hn = {(z , t) | z = x + iy ∈ Cn, t ∈ R}

with composition

(z1, t1)(z2, t2) = (z1 + z2, t1 + t2 +
1

2
Im(z1 · z2)).

The Lie algebra is the set

hn = {(x1X1 · · · xnXn + i(y1Y1 · · · ynYn), tT ) | xk , yk , t ∈ R}

with Lie bracket
[Xk ,Yk ] = T .

Hn can be equipped with a dilation homomorphism

a(z , t) = (az , a2t).

There is a homogeneous norm |(z , t)| = 4
√
|z |4 + t2 satisfying

|a(z , t)| = a|(z , t)|
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Stratified Lie groups

• G connected and simply connected Lie group

• g = g1 ⊕ · · · ⊕ gm where [g1, gk ] = gk+1.

• Dilation aX = akX for X ∈ gk and ax = exp(a log x).

• Choose homogeneous norm |ax | = a|x |
• Schwartz space S(G ) := S(g)

• S0(G ) defined by
∫
G
xαf (x) dµ(x) <∞

• sub-Laplacian L = −(X 2
1 + · · ·+X 2

k ) with {X1, . . . ,Xk} o.n.b. for g1
• spectral resolution L =

∫∞
0
λ dPλ

• for ϕ̂ ∈ S(R+) there is ϕ ∈ S0(G ) s.t. ϕ̂(L)f = f ∗ ϕ [Hulanicki]

• Commuting convolution operators

• extend to f ∈ S ′0(G )

• wavelet transform

Wϕ(f )(a, x) = (f , π(a, x))ϕ) = a−Q/2
∫

f (y)ϕ(a−1[x−1y ]) dµ(y).

• π not irreducible on L2(G ) or S0(G ), but there are cyclic vectors
[Führ/Mayeli].
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Besov spaces on Stratified Lie groups

Construction by Führ and Mayeli:

• ϕ̂ equal to 1 on {λ | 5/4 ≤ λ ≤ 7/4} supported on {λ | 1 ≤ λ ≤ 4}
• ϕj(w) = ϕ(2−jw)

•
∑

j ϕj = 1

Define Besov spaces as f ∈ S ′0(g) for which

‖f ‖Bp,q
s

=
(∑

j

2−jsq‖f ∗ ϕj‖qLp

)1/q
<∞.

Theorem (C., Mayeli and Ólafsson)

‖f ‖Bp,q
s
∼
(∫ ∞

0

(∫
G

|Wϕ(f )(a, x)|p dx
)q/p

a−qs/2
da

a

)1/q
.

Similar results using heat kernels have been obtained by Führ and Mayeli.
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• ϕ̂ equal to 1 on {λ | 5/4 ≤ λ ≤ 7/4} supported on {λ | 1 ≤ λ ≤ 4}
• ϕj(w) = ϕ(2−jw)

•
∑

j ϕj = 1

Define Besov spaces as f ∈ S ′0(g) for which

‖f ‖Bp,q
s

=
(∑

j

2−jsq‖f ∗ ϕj‖qLp

)1/q
<∞.

Theorem (C., Mayeli and Ólafsson)
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Coorbits

• S Fréchet space, weak∗ dense in conjugate dual S∗.
• (π,S) cyclic representation of G .
• Define Wu(v)(x) = 〈v , π(x)u〉 u ∈ S , v ∈ S∗

• B left invariant Banach function space (Lp(G ))
• convergence in B implies convergence locally in measure

Theorem (C. and Ólafsson)

If u is cyclic and

Wu(v) ∗Wu(u) = Wu(v) for all v ∈ S∗, (1)

B × S 3 (F , v) 7→
∫

F (x)Wu(v)(x−1) dx ∈ C is continuous, (2)

then

CoB = {v ∈ S∗ |Wu(v) ∈ B}with ‖v‖CoB = ‖Wu(v)‖B

is a Banach space isometrically isomorphic to the reproducing kernel
Banach space Bφ = {F ∈ B | F = F ∗ φ} with φ(x) = 〈u, π(x)u〉.
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If u is cyclic and

Wu(v) ∗Wu(u) = Wu(v) for all v ∈ S∗, (1)

B × S 3 (F , v) 7→
∫

F (x)Wu(v)(x−1) dx ∈ C is continuous, (2)

then

CoB = {v ∈ S∗ |Wu(v) ∈ B}with ‖v‖CoB = ‖Wu(v)‖B

is a Banach space isometrically isomorphic to the reproducing kernel
Banach space Bφ = {F ∈ B | F = F ∗ φ} with φ(x) = 〈u, π(x)u〉.

8 / 10



Coorbits
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Smooth representations and and atomic decompositions

• π unitary representation a Lie group G

• For X ∈ g define π(X )v = limt→0
π(exp(tX ))v−v

t .

• π(X )∗ = π(−X )

• Bd are sequences such that
∑

i λi1xiU ∈ B.

Theorem (C.)

Assume F 7→ F ∗Wπ(Xα)u(u) and F 7→ F ∗Wu(π(Xα)u) are continuous
on B. If xi are close enough, there are λi ∈ (CouB)∗ such that

1. ‖{λi (f )}‖Bd
∼ ‖f ‖CouB

2. f =
∑

i λi (f )π(xi )u.

Steps in proof:

• Define TF =
∑

i ciF (xi )`xiWu(u),

• show f 7→ TWu(f )is invertible CouB → Bφ if xi are close enough

• f =
∑

i ciW
−1
u T−1Wu(f )(xi )︸ ︷︷ ︸

λi (f )

π(xi )u.
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Atomic decompositions of Besov spaces

Theorem (C., Mayeli and Ólafsson)

Atomic decompositions above apply to Besov spaces for B = Lp,qs (G ).

Steps of proof:

• ϕ ∈ S0(G ) implies π(Xα)ϕ ∈ S0(G )

• Führ/Mayeli: Wπ(Xα)u(u) and Wu(π(Xα)u) are integrable

• This implies continuities needed for atomic decompositions.
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