Besov Spaces on R”

Jens Gerlach Christensen, Gestur Olafsson

Vancouver, October 5 2008

. B P
Jens G. Christensen, Gestur Olafsson: Besov Spaces on R”, 1



Besov Spaces on R”

Let ¢ € Sp = {f € S|f(M(0) = 0Vn} be such that

supp(¢) C{1/2<|x| <2}, 0<$<1, > =1
JEZL

where ¢;(x) = $(27x).
Then the homogeneous Besov spaces are defined by Peetre and
Triebel as

BP9 = {f € Sp|lflls,p.q < o0}
where

I

. e 1/
soa= (2 2NF@EDIL)
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Feichtinger/Grochenig coorbit theory

Let (m, H) be a unitary irreducible integrable representation of G,
and w a submultiplicative weight on G. Assume that Y is solid
BF-space such that

Y*L,(G)CY and  |Fxflly < ClF|ly[f

1w
Let
u€ H, ={veHV(v)elLL(G)}
Then H}, is a Banach space with norm ||v|| = || V,(v)|1,w, and we
can define the coorbit space
CorgY = {v € (H))*|Vu(v) € Y}
with norm ||v||gg = ||Vu(v)|ly. These are Banach spaces.
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Besov spaces as coorbits

Grochenig has characterized the Besov spaces as coorbits of the
similitude group G = (R SO(n)) x R". With the representation

m(A, b)f (x) = |det(A)|Y/*f (A~ (x — b))

we have

Bp,q = COFGLs+n/2 n/q

where

12 = {f| /</|f(aR, b)|pdbdR>q/pa_°“’;_‘z1 < oo}

If we choose a radial ¢ we only need the ax + b-group, but then
the representation is not irreducible. The point is that ¢ is cyclic.
Besov spaces are defined using the space Sy, why is it the same to
use Hl where w(a, b) = a=°? Can we use HX instead?
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Notation

» Let S be a Frechét space which is weakly dense in its
conjugate dual S* and let (v, u) denote the conjugate dual
pairing of u € S and v/ € §*

» Let 7w be a representation of a (Lie) group on S and define the
voice transform V,(v')(x) = (v, w(x)u)

» Denote by 7 also the contragradient representation on S¥, i.e.
(), u) = (v, m(x"1)u)

» Let Y be some left- and right-invariant (quasi) Banach
Function space.

RS .-
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A generalization (Coorbit spaces)

Assume there is a cyclic v € S such that

R1. Vy(v) x Vy(u) = Vy(v) forall ve S

R2. Y« V,(u) CY and f — f % V,(u) is continuous
R3. If f =f =« V,(u) € Y then n(f)u € S*

R4. m(Vy(u))ueS

and then define
CodY ={V € S*|V, (V') e Y}

with norm ||V'|| = ||V, (V')|ly

Remark

R1 and R4 hold automatically if we have a square integrable
representation and S = H or S = H°.

R2 also holds for some non-square integrable representations.
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A generalization (Coorbit spaces)

Theorem
» Co¢Y is a m-invariant Banach space
» V,:ColY — Y x Vy(u) C Y is an isometric isomorphism
Theorem (Dependence on u and S)
» If (5,H,S5*) and (T, H, T*) are Gelfand triples satisfying the
assumptions then CogY = CoTY ifue SNT.
> If u1, up satisfy assumptions and V, (v) * Vi, (u;) = Cj Vi, (v)
and Y > f = fx V,(u;) € Y is continuous then
Cog'Y = CogY.
Remark The generalization for coorbit spaces also works if Y is

a quasi-Banach space. It would be interesting to see if this can be
used to describe the whole scale of Besov spaces.
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O
Besov spaces revisited

It is possible to characterize the Besov spaces using the smooth
vectors H>° in the following way:

Let G be the ax + b-group and 7 the quasi-regular representation
on L?(R"). With ¢ as before

BPg _ (N P4
Bé) 7= COHgO Ls+n/2fn/q

for p,g > 1.
By the previous theorems this follows from

So > H>® — H),

for w(a, b) = a~°.
This has been verified for n = 1.
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Besov spaces for 1 < p,q < 2

If1<p,g<2ands=n/q— n/2then n(f)p € H=L2(R"). We
therefore only need the Hilbert space H in the description, i.e.

HP,q _ ¢ 1p,
Bn/qﬂ/2 = Coy, LP9

This yields the (probably well known) fact that

. )
Brja-n2 LR
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A note on Smooth vectors

Triebel has defined Sobolev spaces on Lie groups G.
If X1,...,X, is a basis for g then

Wp = {f‘ S (X XYl < oo}
i1+"'+inSP

The smooth vectors can be characterized

Hz® = lim Cof, W
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O
Besov Spaces on Cones
Let A = {(x,y) € R?|y? — x*> > 0}.

(a sinht, a cosht)

acosht asinht
The group G = {A(a, t) = (asinht 2 cosh t> |a>0,tER}
acts transitively on A.
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Besov Spaces on Cones

There is a Whitney decomposition of balls B; of same size around
points &; and functions ; € S; with

supp(¢;) C Bi, 0<4pj, Y ¢hi=1

The Besov spaces on the cone are defined by Békollé, Bonami,
Garrigds, Ricci to be

1#llp.qs = (Zf N waillg) ' < o0} /S

The quasi-regular representation of G x R? on L/2—\

Bea = {f e s

x(A, B)F(E) = SF(A (€ - b)

is square integrable (measure %).
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Non-unitary representations

Zimmermann has shown, that the non-unitary representation 7 of
SU(1,1) on LY(T) given by

a p _ o az —f
7r<5 a) f(z) =| - Bz +d 2f(m)

gives the orthogonality relation
[t (@ B)en) (s ). ) o, ) = (6, ) . )
for f1, f2, ¢1, o in appropriate spaces.

Perhaps this can replace the coorbit theory for homogeneous
spaces [Dahlke, Steidl, Teschke]. .
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