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e The level curves of a function f of two variables are the curves with
equations f(z,y) = k, where k is constant.
e The limit of f(z,y) as (z,y) approaches (a,b) is L and we write
0 e flay) =L
if for every number € > 0 there is a corresponding number § > 0 such that
if (z,y) € D and 0 < \/(x —a)2 + (y — b)2 < 6 then |f(z,y) — L| <e. We
also write f(z,y) — L.
o If f(x,y) — Ly as (x,y) — (a,b) along a path Ciand f(z,y) — L» as
(z,y) — (a,b) along a path Cy, where Li # Lo, then limg, ,y_,(a.p) f(2,¥)
does not exist.
e A function f of two variables is called continuous at (a,b) if lim, ), f(2,y) =
f(a,b).

e The partial derivatives are defined via

fla+ h,b) — f(a,b)

= 1'
fu(a;b) hs0 h
_ . f(a7b+h)_f(a7b)
e To find f, regard y as a constant and differentiate f(x,y) with respect to
T.
e To find f, regard z as a constant and differentiate f(x,y) with respect to
Y-

e An equation of the tangent plane to the surface z = f(z,y) at the point
P(x0, Y0, 20) is
z— 20 = fz(%0,Y0)(x — 20) + fy(T0,Y0) (¥ — Yo)

e The linear function whose graph is this tangent plane

L(z,y) = f(a,b) + fe(a,b)(z — a) + fy(a,b)(y — D)

is called the linearization of f at (a,b)
e The approximation

f(m7y) ~ f(a’v b) + f&c(a7 b)(l‘ - (1) + fy(a7 b)(y - b)
is called the linear approximation or the tangent plane approxima-
tion of f at (a,b).
o If 2 = f(z,y) and x changes from (a,b) to (a + Az,b + Ay), then the
increment of z is
Az = fla+ Az,b+ Ay) — f(a,b)
o If z = f(z,y), then f is differentiable at (a,b) if Az can be expressed in
the form

Az = fi(a,b)Ax + fy(aa b)Ay + e1 Az + e2Ay,
1
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where €; and €3 — 0 as (Ax, Ay) — (0,0).
For a differentiable function z = f(x,y) we define the differential dz, also
called the total differential, is defined by

0z 0z

where the differentials dz and dy are independent variables.
If de = Ax =z — a and dy = Ay = y — b the the differential of z is

dz = fz(a,b)(z —a) + fy(a,b)(y — b)
Chain Rule, case 1: Suppose that z = f(x,y) is a differentiable function
of z and y, where x = ¢(t) and y = h(t) are both differentiable functions of
t. Then z is a differentiable function of ¢ and
dz  Ofdx Ofdy
dt — dzdt ' Oy dt’
Chain Rule, case 2: Suppose t hat z = f(z,y) is a differentiable function

of z and y, where x = g(s,t) and y = h(s,t) are differentiable functions of
s and t. Then

0z  0z0x 0z0y
ds  0x0s  0y0s
0: _ 0200 0z0y
ot Or ot Oy ot

The directional derivative of f at (xg,yo) in the direction of a unit
vector u = (a, b) is
f(zo + ha,yo + hb) — f(xo,yo0)

h

Dy f(zo,y0) = }lll—>mo

if this limit exists.
If f is a differentiable function of x and y, then f has a directional derivative
in the direction of any unit vector u = {(a, b) and

Duf(z,y) = fulz,y)a+ fy(z,y)b.
If the unit vector u makes an angle 6 with the positive z-axis, then we can

write u = {cos 6, sin#) and

Daf(,y) = fula,y) cosb + f,(z,y) sin.

If f is a function of two variables x and y, then the gradient of f is the
vector function V f defined by

Vi) = ale) fyla) = it 5

The tangent plane to the level surface F(x,y,z) = k at P(xo,yo, 20)
is the plane passes through P and has normal vector VF(z, yo, 20)-

The normal line to S at P is the line passing through P and perpendicular
to the tangent plane.

A function f has a local maximum at (a,b) if

f(z,y) < f(a,b)
when (z,y) is near (a,b). The number f(a,b) is called a local maximum
value.
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e A function f has a local minimum at (a,b) if

f(z,y) > f(a,b)
when (x,y) is near (a,b) and f(a,b) is called a local minimum value.
o If
f(z,y) < fla,b)
(or f(z,y) > f(a,b)) for all points (z,y) in the domain of f, then f has an
absolute maximum (or absolute minimum) at (a,b).

e A point (a,b) is called a critical point (or stationary point) of f if
fz(a,b) =0 and f,(a,b) =0.

e Second Derivative Test: Suppose the second partial derivatives of f are
continuous on a disk with center (a,b), and suppose that f,(a,b) = 0 and
fy(a,b) = 0. Let

(1) If D > 0 and f;(a,b) > 0, then f(a,b) is a local minimum.

(2) ¥ D> 0and fy(a,b) <0, then f(a,b) is a local maximum.

(3) If D < 0, then f(a,b) is not a local maximum or minimum. In this
case the point (a,b) is called a saddle point of f.




