A first-order linear differential equation (DE) can be put in the form

d
i +p(x)y = f(x) (Standard Form)
where both p and f are continuous functions. If a linear DE looks like
d
(@) 5L +ao(ely = g(a), @) £0

then you must divide every term by a1 (z) to rewrite the equation in standard form:

@ T = T whnere xTr) = aO(x) al xXr) = g(x)
L@y =) whee pla) = 05 and fa) = T

Note: We must have the standard form before we can proceed to the next step.

For sake of argument, assume that exists a “magical” function p(z), called an integrating factor, with
the property that

pw(z)p(x) = p'(x).  “magical property”

If we have
@)y = (),

multiply every term by u(x) to get

dy

pla) = + pa)p(z)y = u(z) f(@).
Using the “magical property” of u(z), the lefthand side becomes
dy
wla) =+ W (2)y = ple) f().
Undoing the Product Rule on the lefthand side gives us
d

7 [1(@)y] = u(z) f ().

Integrating both sides with respect to = yields

[t i = f
pyra = [ )@ ds

Solving for y gives us the general solution

y = C2 + fu(x)f(x) du where c; = —c; (1)

p(z)

How do we get that magical function p(x)? We want it to satisfy the magical property

This is a separable DE that can be written

Solving this, we have

fﬁ dup [ p(z)dz (LHS wrt u. RHS wrt 2.)
Injp(z)|+k = [px)de where k; is a constant
In|u(z)] = ki+ [p(x)dz where ky = —k
)| = ke
pla) = ebelp@is
p(z) = Kelp@)de where K (= +¢F1) is a constant




If we substitute this back into the general solution given in (1), we get
2+ [ p(a)f(x) de
()
co + f (Kefp(ac) dm) f(z)dx
x

(K@f p(x) dz)

@+ [ (/P04 fa)d
(ef p(z) dz)

Letting C' = ¢o/K, the solution to the first-order DE can be written as

y=t J u(@) f(z) dz
() '

where
la) = el P80

Note that we do not need a constant of integration for the integrating factor because the differential equation
is unaffected by a constant multiple.

It is often easier to just run through the process than to just use the formula.

Here are the steps.
1. Before you start writing anything.

e Make sure that you have a first-order linear differential equation.

o Make sure it is in standard form

Note the + in front of p(x)y.

2. Now compute the integrating factor
() = el P,

3. Multiply every term of your standard form equation by the integrating factor

4. Recalling that the “magical property” of u(z), we have u(z)p(z) = p/(z), and the Product Rule can
be applied to the lefthand side; that is, our equation can be rewritten

d

7 [(@)y] = u(z) f(2).

5. Integrate both sides of Step 4. If possible, solve for the solution of y(z). Remember the constant of
integration here.

6. If an initial condition is given, find the value for the constant of integration.




For a shorthand version, we have

Standard form.

-

dx '
Multiply by p(x) = el p(@) dz
J
dy
o) o+ u(@)p(@)y = p(z) f(z)
J

2 u(a)y] = () f(2)

Integrate and find general solution.

I
Use IC if given




