Math 115 [ Brom 3 5‘,|‘,+',m_,-’ Fall ‘05

1. Let
f(a,y) = e v
(a) Find a vector that is perpendicular to the contour line of f at the point (0,2).

(b) Find a vector that is perpendicular to the surface z = f(zx,y) at the point
(0,2,e72). ~

(c) Find the equation of the plane that is tangent to the surface z = f(z,y) at the
point (0,2,e72).

(d) Find the rate of change of f (with respect to distance) in the direction 7 + 7 at
the point (0,2).

(e) Find the degree 2 Taylor polynomial that approximates f(z,y) near (0, 2);
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2. Suppose a surface is defined implicitly by the equation
Bre—ay+yP=1,

and the path of particle is confined to remain on the surface. When particle is at the
point (1,1,0), the z coordinate of the particle is increasing at the rate of 2 cm/sec,
and the y coordinate is decreasing at the rate of 1 cm/sec. Find the rate of change of
the 2z coordinate of the particle at this instant. :
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3. The path of a particle is given by
1 2
z=3-1, y=2+z, z=t+t"

(a) Find the parametric equations of the line that is tangent to the path at the point
(2,3,2).

(b) What is the magnitude of the acceleration of the particle when it is at the point
(2,3,2)7 |
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4. An assortment of unrelated short problems...

(a) Suppose f(z,y) satisfies f(0,0) = 0, fz(0,0) = and f,(0,0) = 0. Match each of
the following cases to one of the contour plots.

i, f22(0,0) <0, f4y(0,0) >0, £,,(0,0) =0 Contour Plot _<
ii. fre(0,0) <0, fz,(0,0) <0, fy,(0,0) =0 Contour Plot D
iii. fz:(0,0) =0, f,y(0,0) <0, f,,(0,0) <0 Contour Plot _{%
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(b) Let
f(z,y) = sin(2z) + 2° — zy + y.

‘ At (0,0), are there any directions in which the rate of change of f (with respect
\Yeﬂ to distance) is exactly 1?7 Clearly explain your answer. (There will be no partial
credit for simply saying “yes” or “no”, even if you give the correct answer.)
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(d) Suppose all derivatives of the function f(z,y) are continuous and

foy(z,y) =2 for all (z,y).

Indicate whether each of the following statements is true or false. Justify your.
answers.

i fym(x>y) =Y
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5. In a first calculus course, you learn that a line tangent to the graph of f(z) at £ = zo
may be written

y = f(xo) + f'(w0)(z — 20) (1)

(a) Consider a function of two variables. The notation f (X) has the same meaning
as f(z,y) where X = zi + yj. Show that the equation of the plane tangent to the

graph of f at the point (xg, yo) may be written
= f(Xo) + gradf(Xo) e (X — Xo) (2)
where X = zoi + ygf and e indicates the dot product.
The Anrged plane o5 2= feR) 4 Flfe)Oc-n) + £, (4)Ca-5.)
Now, 3m,(hxo)= £ Lx,/ + f (X/J s e X - %= "‘«)f * @"‘“)3
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(b) Consider the vector function £(¢), where f is now a vector in (x Y, z) space. That
is, ¥ = f(t) is a parameterized curve in space, where r = xi -+ yj + zk. Derive
a formula for the line that is tangent to the curve at t = ¢y that has the same
structure as (1) and (2). Your answer should be something like “The tangent line
is ¥ = ...”; fill in the dots.
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(c) The previous three formulas (that is, (1), (2) and your answer tov(b)) are all
examples of Taylor polynomials of degree 1. For the vector function f( ) of part
(b), what is the formula for the degree 2 Taylor polynomial at ¢ = £,7 Briefly
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