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Figure 15.24
Let V be the volume and S be the surface area of the container. Then
V =nr’h and S =2rrh+ 2mr’
where h is the height and r is the radius as shown in Figure 15.24. We have V = 100 cm® as our constraint. Since
VS = (2nh + 4nr)i + 2717 = n((2h +4r) +2r7)
and VV = 2xrhi +nr’] = n(2rhi +1°7),
at the optimum
VS = AVYV, we have
7((2h + 4r)7 +2r]) = =AQ2rhi +777),
that is 9h+4r =2\rh and 2r=Ar’, Thence A= %
We assume 1 # 0 or else we have a very awkward cylinder. Then, plug A = 2 /r into the first equation to obtain:

%h +4r =2 (%) rh
2h + 4r = 4h
h = 2r.
Finally, solve for r and h using the constraint:
V =#r’h = 100
nr3(2r) = 100
s _ 50
T

.[50
r=4/—.
iy .
| Solving for h, we obtain h = 2r = 2/ §7r9. {

25. Constraintis G = Piz + P,y — K =0.
Since VQ = AVG@G, we have'

r

caz® 'y = AP, and chz?y®~! = AP;.
Ccaz®~ly® AP ay P, bP;
Dividing the tw ti jelds ———— = =—, or simplifying, — = —-. Ly = ——Z.
ividing the two equations yields bzog-1 - AP or simplifying e - P Hence, y a Pzz
(a+b
a

Substitute into the constraint to obtain P1z + P; g%z =P ) z = K, giving
2

o= aK and _ K
= G@+dh V= la+b)p;
We now check that this is indeed the maximization point. Since z. y > 0, possible maximization points are (0, -PI;),
2
K aK bK
T 0 ’ d )
(50 ad (E 5 v o) P

that ( aK ) gives the maximal value.

). Since Q = 0 for the first two points and Q is positive for the last point, it follows

(a+b)P (a+b)P2




@ We know that a maximum or minimum value of f subject to the constraint equation g(z,y) = ¢ occurs where grad f

is parallel to grad g, or at the endpoints of the constraint. The vectors grad f and grad g are parallel where the g:aph of
g(z,y) = c is tangent to the contours of f, which occurs at approximately r = 6 and y = 6. At the point (6, 6), we
have f = 400. The graph of g(z.y) = c crosses the contours f = 300, f = 200, f = 100 but does not cross any
contours with f-values greater than 400. We see that the maximum of f subject to the constraint is 400 at the point (6, 6).
It :p(;:)eag tfl)at [ takes on its minimum value (less than 100) at one of the endpoints, which are approximately (10.:‘;, 0)
and (0, 13.5). ' :

- 7
/5. 3/ 21 ‘ Sm(a) The company wishes to maximize P(z, y) given the constraint C(x, y) = 50. 000. The objective function is P (z,y)
T and the constraint equation is C(z. y) = 50. 000. The Lagrange multiplier A is approximately equal to the change in
P(z,y) given a one unit increase in the budget constraint. In other words, if we increase the budget by S1, we can
produce about A more units of the good.
(b) The company wishes to minimize C(z, y) given the constraint equation P(x,y) = 2000. The objective function is
C(z,y) and the constraint equation is P(r.y) = 2000. The Lagrange multiplier A is approximately equal to the
change in C(z, y) given a one unit increase in the production constraint. In other words, it costs about \ dollars to

produce one more unit of the good. —
$.3/7 ) @ The company wants to maximize f(z,y) = 3500z°°y%? given the constraint g(z,y) = 10z + 25y = 2000. Setting
. — "grad f = Agrad g gives

500(0.6z~%%)y%3 =10\,
500z%%(0.3y %) = 25X

From the first equation we have A = 30y°3/z%*, and from the second equation we have A = 6z°°/y"". Setting these

- equal gives
y =0.2z.

Substituting this into the constraint equation 10z + 25y = 2000 gives z = 133.33. Since y = 0.2z, the maximum value

occurs at z = 133.33 and y = 26.67.

(@) The company should purchase 133.33 units of chemical X and 26.67 units of chemical Y. With these purchases, the

company will be able to produce £(133.33.26.67) = 25, 219 units of chemical Z.

(b) When z = 133.33 and y = 26.67, we see that A = 11.348. If $1 is added to the budget, the company will be able to

produce about 11.348 additional units of chemical Z. - - J

{ i | Xa) Let ¢ be the cost of producing the product. Then ¢ = 10W + 20K = 3000. At optimum production.

Vg = AVe.
Vg= (%W'*K*) 1+ (%W%K‘%) 7.and Ve = 107 + 207 . Equating we get
gp-iKt =210, and I iK¥=220
Dividing yields K = %W’, so substituting into ¢ gives

1N 40
1011 — 20 <—W) = 2941 = 3000.
0 : : 0
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