Math 311 Applied Mathematics - Physical Sciences Spring 2007

Homework 3 Selected Solutions

3.5.4

coshx ~ ) b, sin(nmx/L) (1)
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(a) To differentiate this sine series, we must use equation (3.4.13), with f(x) = coshx:

sinhx ~ %(cosh(L) —1) +,§'1 {%bn + %((_1)" cosh(L) — 1)] cos(nmx/L) (2)

This is a cosine series, so to differentiate again, we can simply differentiate term-by-term:
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coshx ~ — ) | =—bn+ —=((—1)"cosh(L) — 1)] sin(nmx/L) 3)
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Now equate the coefficients in (1) and (3):
2
by = (%) [%b,ﬁ—z((—l)”cosh(L) - 1)} @)
Then solve for b,,:
b — 2nm (1 —(—1)"cosh(L)) 5)

L? + (nm)?
(You can verify this answer by using the formula for the Fourier sine series coefficients;
you’ll have to integrate by parts twice.)

(b) We use definite integrals from O to x. In particular, [ coshtdt = sinhx —sinhQ = sinhx, and
Jo sinhzdt = coshx — cosh0 = coshx — 1.

Integrating (1) results in

[e]

L
sinhx = ) __nbn (cos(nmx/L) — 1)
n

T = (©)
= ,Z’l Ebn + ,12::1 (_Ebn) cos(nmx/L)

The first infinite series on the right is the constant term of the Fourier cosine series for sinhx,
so we can replace it with (1/L) [iF'sinh(x)dx = (cosh(L) — 1) /L:

sinhx = %(cosh(L) -1) +n§:1 {—%bn} cos(nmx/L) (7)



Integrate again from O to x:

w [ 2]
cosh(x) — 1 = %(cosh(L) — 1)x+n2l — (%) b, | sin(nmx/L) ®)

or _ -
cosh(x) =1+ l(cosh(L) —x+ i (L 2b sin(nmx/L) )

L =1 \n% n_

We want the right side to be a Fourier sine series, so there can not be a constant term, nor
a term with a constant multiplied by x. To fix this, we use the Fourier sine series for the
constant 1 and for x:

> 2L

I~y %(1 —(-U)sin(amy/L), o~ Y (1) sin(na/L) (10)
n=1 n=1

After substituting these series into (9) and collecting the coefficients of sin(nmx/L), we find
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h(x) =
cosh(x) o o

[ 2
2 (1 —|—cosh(L)(—1)n+1> _ (i) bn] sin(n7x/L)
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2 (1 = cosh(L)(—1)") — (i) bn] sin(n7x/L)
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By equation the coefficients in (1) and (11), and then solving for b,, we obtain (5).



