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B.3. Shortcutsfor 2 x 2 Matrices

In this sectionwe give someshortcutdor finding the inverseof andthe eigervectors
of 2 x 2 matrices.

Let
a b
a2 0
Inver se. You caneasilycheckthattheinverseis
“1_ 1 [d -
detA |-c a |’

Soto find theinverseof a 2x2 matrix, interchange the diagonal elements, change the sign
of the off-diagonal elements, anddivide by the determinant.

17 1[4 —

A_{—s 4] A _%{3 1}
Eigenvalues and eigenvectors. To find theeigervaluesof A, we mustsolvedetf A— Al) =
0for A. We have

EXAMPLE B.3.1

detA—Al)=(a—A)(d—A)—bc
=A2—(a+d)A + (ad—bc)
=A2_Tr(A)A +detA)

whereTr(A) = a+d is thetrace of A. (Thetraceof a squarematrix is the sumof the
diagonalelements.) Thenthe eigervaluesare found by usingthe quadraticformula, as
usual.
Now considerthe problemof finding the eigervectorsfor the eigervaluesA; andAs.
An eigervectorassociateavith A1 is anontrivial solutionv; to
(A— A1)V =0. (B.4)
Now
_|a—= )\1 b
A=Al = [ c d—)\J
Thematrix A— A1l must besingular Thatis preciselywhatmakesA; aneigervalue. If a
2 x 2 matrixis singular the secondow must bea multiple of thefirst row (unlessthefirst
row is zero). Thereforewe know that putting A — A1l into row echelonform mustresult
in arow of zeros.Sincewe know this mustbe the case thereis no needto actuallydoit!
All we needto find aneigervectoris thefirst row. In particularif V = [vq,v]T, then(B.4)
implies
(a—A1)vi+bv,=0. (B.5)
We couldsolwvethisfor, say v, in termsof v1, andgive all thepossiblesigervectorsn terms
of the arbitraryparameter;. (Thisis the eigenspace associateavith the eigervalueA;.)
However, oftenall we needis one eigervectorfrom this space.(More precisely we want
abasisfor the eigenspace An easysolutionto (B.5) is vi = —b andv, = (a— A1). Thus
(unless(a— A1) andb bothhapperto be zero),oncewe write dowvn thematrix A— A4l, we
canimmediatelyobtainthe eigervector

o[ -b
1= a—)\l
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If both(a— A1) andb arezero,we canusethe secondrow to find aneigervector:
o d—A
V1= [ _c l] .

So, oncewe have an eigemvalue of a 2 x 2 matrix, it is very easyto find a correspond-
ing eigervector This works evenwhenthe eigervalueis comple. It will give a correct
comple eigervector

EXAMPLE B.3.2

Thecharacteristipolynomialis
A2— (14 (—4))A +((1)(=4) — (2)(3)) = A2+31 — 10,

—3+./9-4(—10)
A= 5 =52

LetA; = —5andA; = 2. Now we'll find aneigervectorfor eacheigervalue.
Ar=-5

sowe find

ot

31
As expected,we seethat the secondrow is a multiple of the first. Using the shortcut
discusse@bove, we canimmediatelyfind oneeigervectorto be

Vi — -2
1= I 6 ]
Of course sinceary nonzeromultiple of aneigervectoris alsoan eigervector we could
alsochoose -
Vi — -1
1= I 3 ]
Ao=2
-1 2
A— Al = 3 —6]
In this casea possibleeigervectoris
- '—2]
Vo = _

or, if we wantto minimizethenumberof minussigns,

=]

EXAMPLE B.3.3

Thecharacteristipolynomialis
A2—2)+09,
andtheeigervaluesare

) 2Eva-36 V:—%: 142/ 2=1+2V2i
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LetA; = 1+2v/2i, andA, = Af. We'll find aneigervectorassociateavith the eigervalue
AL
We have

A Ayl — —1-(1+2v2i) -3 }:[—2—2\@ -3

4 3—(1+2v2i) 4 2—2V/2i
By usingthe shortcutdiscusse@bore, we canimmediatelywrite down the eigervector

V1= [—2—32@]

(If we weresolvinga systemof differentialequationsyve would thenwantto expressv,

as
vi— [_32] ti [_20\/?]

sod= {_32} andb = [_20\/2] )



