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Brief History

" 4+ d(z® — D2’ +z = asin(v7)

1926 van der Pol (a = 0): relaxation oscillations

1927 van der Pol and van der Mark: hysteresis and bistability
1940... Cartwright and Littlewood (chaos before “chaos”)

1949 Levinson: simplified piecewise linear model. Inspired...
1963 Smale: Horseshoe Map

1978 Levi: further simplified model, symbolic dynamics
1980’'s Grasman (et al): Asymptotic analysis

N I [ Ny

Many more analytical and numerical studies
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Rewrite in Standard Fast/Slow Form

" +d(z* — 1)z’ + 2z = asin(v7)

FIRST [3] PREV NEXT [5] LAST QUIT
Warren Weckesser, Equadiff 2003 — p. 4



Rewrite in Standard Fast/Slow Form

" +d(z* — 1)z’ + 2z = asin(v7)

New parameters: ¢ =1/d, W= %
New variables: t=+er, O=uwt, y=ci+z’/3—2x
Then
EL =T — éx?’ +y
Y = —x + asin(276)
0=uw
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" +d(z* — 1)z’ + 2z = asin(v7)

New parameters: ¢ =1/d, W= %
New variables: t=+er, O=uwt, y=ci+z’/3—2x
Then
ET =T — éx?’ + Y
Y = —x + asin(276)

0 =w

Symmetry: ©— —x, y— -y, 0—>0+1/2
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Slow and Fast Subsystems

EL = T — %x3 +y
Yy = —x + asin(270)

0=uw
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Slow and Fast Subsystems

EL = T — %.13 +y
Yy = —x + asin(270)

0=uw

l e=10
Slow Subsystem (DAE)
= 1:133 — X
Y73
Yy = —x + asin(270)
f=w
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0=uw

l e=10
Slow Subsystem (DAE)
= 1:133 — X
Y73
Yy = —x + asin(270)
f=w

l Eliminate y and desingularize

0 =w(x?—1)
= —x + asin(0)
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Slow and Fast Subsystems
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Phase Space
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Canards at the Folded Saddle

[ If a > 1, there is a pair of folded equilibria (pseudo-singular points) on each
fold. One is a saddle, the other is either a node or a spiral.
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Canards at the Folded Saddle

[ If a > 1, there is a pair of folded equilibria (pseudo-singular points) on each
fold. One is a saddle, the other is either a node or a spiral.

[J Canards form at folded saddles.
(Benoit 1983; Mischenko, Kolesov, Kolesov, & Rhozov 1994; Szmolyan & Wechselberger

2003)
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Canards at the Folded Saddle

[ If a > 1, there is a pair of folded equilibria (pseudo-singular points) on each
fold. One is a saddle, the other is either a node or a spiral.

[J Canards form at folded saddles.
(Benoit 1983; Mischenko, Kolesov, Kolesov, & Rhozov 1994; Szmolyan & Wechselberger
2003)

[1 Representative System:

ET =Y+ T
Y= —az+ bx
z=1

Critical manifold is y = —z2.

The origin is a folded equilibrium.
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Canards at a Folded Saddle
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Forced van der Pol Poincaré Map
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Forced van der Pol Poincaré Map
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Forced van der Pol Poincaré Map
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Horseshoe in the Forced van der Pol System
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Horseshoe in the Forced van der Pol System
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Bifurcations of Periodic Orbits
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Example: Maximal Canard Bifurcation

Periodic orbit at the limit point has a maximal canard.

B

X
_l - —]
maximal canard:
crosses fold,
follows unstable
manifold all the way
back to fold,
then jumps
0.239 4,218
0
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Example: Maximal Canard Bifurcation

Periodic orbit on a branch leading to the left-most limit point (symbols bb).

X
jumps back
_1 — . - \ . o o —]
\ jumps at fold
canard: crosses fold
0.239 0 4.218
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Example: Periodic Orbits and Symbolic Dynamics

Periodic orbit with symbol sequence anbbanan .

0.55 0 14.87
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Summary
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Summary

[1 A detailed numerical study combined with an understanding of the fast/slow
dynamics provides a clear picture of the horseshoe map in the forced van
der Pol system.
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Summary

[1 A detailed numerical study combined with an understanding of the fast/slow

dynamics provides a clear picture of the horseshoe map in the forced van
der Pol system.

[J Canards that form at nonhyperbolic points of the slow manifold play a key
role in this picture.
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