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Abstract

Let  be the set of odd positive integers and let S :  — €2 be the Syracuse function.
It is proved that, for every permutation o of (1,2,3), the set of triples of the
form (m, S(m), S?(m)) with permutation pattern o has positive density, and these
densities are computed. However, there exist permutations 7 of (1,2, 3,4) such that
no quadruple (m, S(m), S?(m), S*(m)) has permutation pattern 7. This implies the
nonexistence of certain permutation patterns of n-tuples (m, S(m),...,S""1(m))
for all n > 4.

1. Permutation Patterns

Let 2 be the set of odd positive integers. The Syracuse function is the arithmetic
function S : Q — € defined by
S(m) = 3m+1
26

where e is the largest integer such that 2¢ divides 3m + 1. Equivalently, S(m) is
the odd part, that is, the largest odd divisor, of the even integer 3m + 1. Note that
S(m) =1 if and only if m = Zf:o 4% = (4*+1 —1)/3 for some nonnegative integer
k. The notorious Collatz conjecture asserts that for every positive integer m there
exists an integer r such that S™(m) = 1 (Lagarias [3], Tao [9], Wikipedia [11]). By
supercomputer calculation, Barina [2] has verified the conjecture for all m < 268,

An arithmetic function is any function whose domain is a nonempty subset €2 of
the set positive integers. Let S : 2 — € be an arithmetic function and, for j € N,
let S7 : Q — Q be the jth iterate of S. Let V = (v;)"; be a finite sequence of
positive integers. We say that an integer m in 2 has increasing-decreasing pattern
V with respect to S if

m < S(m) < S?(m) < --- < S (m)
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g1 (m) > SU1+1(m) > .. Quitve (m)
Suitv2 (m) < Sv1+v2+1(m) < oo < QUItU2tUs (m)

and, in general, if ¢ is odd, then

Suit o tvici () < GUit vl (i) <L o GUIT Uit () (1)
and if ¢ is even, then

SU1+"'+U1‘—1(m) > Sv1+~--+v,;_1+1(m) S>> Sv1+m+”"’_l+vi (m) (2)

The arithmetic function S is wildly increasing-decreasing if, for every finite sequence
V' of positive integers, there exists an integer m € €2 such that m has increasing-
decreasing pattern V with respect to S.

Nathanson [4] proved that the Syracuse function is wildly increasing-decreasing.
In this paper we consider more subtle variations in successive iterates of the Syracuse
function.

Let ¥, be the group of permutations of {1,2,3,...,n}. Let X = (21, 22,...,2,)
be an n-tuple of distinct real numbers. We rearrange the coordinates of X to obtain
an n-tuple (y1,ya, - .., Yn) such that

Y1 < yz < -+ < Yp.
There is a unique permutation o € ¥, such that
(x17$27 s ,.Tn) = (yo'(l)vya(Q)a s ayo'(n)>

We call o the permutation pattern of the n-tuple X and denote it by (o(1),0(2), ...,
o(n)). In standard form, this is the permutation (U(la) 0(22) o 0(";,,)).
For example, if
X = (:vl, T2,T3, 1'4) = (7, 137 ].87 11)

then
7T<11 <13 < 18.
‘We obtain
(yla Y2,Y3, y4) = (77 117 137 18)
and

(xlmea SU3,(£4) = (y17y37y4a yZ)

The permutation pattern of the quadruple (7,13,18,11) is o = (1, 3,4, 2).

It is an open problem to determine, for every positive integer n, the possible
permutation patterns of the initial segments (m, S(m), S%(m), ..., S"*(m)) of the
iterated Syracuse function for integers m € € such that S?(m) # S7(m) for 0 <
i < j <n—1. For every permutation o € ¥,,, let I'; (M) count the number of odd
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positive integers m < M such that the n-tuple (m, S(m), S*(m),...,S""1(m)) has
distinct coordinates and has permutation pattern o. The permutation density of
oE X, Iis

Lo (M)

(if the limit exists).

In this paper we prove that every permutation o € 33 occurs with positive
density. We also prove that there are permutations 7 € 34 such that 7 not only has
zero permutation density, but there exists no positive integer m with permutation
pattern 7. If no n-tuple (m, S(m), S?(m), ..., S”fl(m)) has permutation pattern
(a1,...,an) € Xy, then no (n+1)-tuple (m7 S(m), S?(m),..., 8" (m), S"(m)) has
permutation pattern (ay,...,an,n+1) € ¥, 1. It follows that, for all n > 4, there
exist permutations 7 in ¥, such that no n-tuple (m, S(m),S%*(m),...,S" 1 (m))
has permutation pattern 7.

Theorem 1. The following table gives the density of permutation patterns of triples

(m,S(m),S2(m)),

permutation pattern o € X3 | permutation density ds(o)
(1,2,3) 1/4
(1,3, 2) 1/8
(2,1,3) 1/8
(2,3,1) 1/8
(3,1,2) 1/8
(3,2,1) 1/4

The proof of this result will follow immediately from Theorems 3 and 4 below.
Note: In the study of the Collatz conjecture, instead of the Syracuse function,
investigators often use the Collatz functions

5 if m is even

1 ifmi
Clm) = {Sm—I— if m is odd

and

C =
1(m) n if m is even.

{37";1 if m is odd
2

The equivalent Collatz conjectures state that for every odd integer m there exist
positive integers n and n; such that C™(m) = 1 and C7*(m) = 1. Simons and de
Weger [8] and Simons [5, 6, 7] have studied a different kind of increasing-decreasing
behavior for the Collatz function. Albert, Gudmundsson, and Ulfarsson [1] consid-
ered permutations generated by the iterated function C(m).
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2. Permutation Patterns for Pairs

We begin with a simple but important calculation of permutation densities for pairs.

Theorem 2. Let m € Q. If m = 3(mod 4), then (m,S(m)) has permutation
pattern (1,2). If m = 1(mod 4) and m > 1, then (m,S(m)) has permutation
pattern (2,1).

congruence class of m ‘ permutation pattern o € g ‘ permutation density ds(o)

3 (mod 4) (1,2) 1/2
1 (mod 4) (2,1) 1/2

Proof. If m = 3 + 4z for some nonnegative integer x, then 3m + 1 = 10 + 12z and

10+ 122

5 =5+6x >3+4x=m.

S(m)
Thus, (m, S(m)) has permutation pattern (1,2).
If m = 1+ 4z for some positive integer x, then 3m + 1 = 4 + 12z and there is an
integer e > 2 such that
_4+12x 143w

5e = 9o2 <1l43z<1l+4+4z=m

S(m)

and (m, S(m)) has permutation pattern (2,1). This completes the proof. O

Corollary 1. Let A be the set of odd positive integers m for which the permutation
pattern of the triple (m, S(m), S%(m)) is

(1,2,3), (1,3,2), or (2,3,1).

Let B be the set of odd positive integers m for which the permutation pattern of the
triple (m, S(m), S?(m)) is

(2,1,3), (3,1,2), or (3,2,1).
The set A has density 1/2 and the set B has density 1/2.

Proof. The pair (m,S(m)) has permutation pattern (1,2) if and only if the triple
(m,S(m), S?(m)) has permutation pattern (1,2,3), (1,3,2), or (2,3,1). Simi-
larly, the pair (m,S(m)) has permutation pattern (2,1) if and only if the triple
(m, S(m), S%(m)) has permutation pattern (2,1,3), (3,1,2), or (3,2,1). This com-
pletes the proof. O
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3. Permutation Patterns for Triples for m # 5 (mod 8)

The calculation of permutation densities for triples (m, S(m), 5?(m)) is divided into
two cases. In the first case we consider odd positive integers m # 5 (mod 8) and in
the second case we consider odd positive integers m = 5 (mod 8).

Theorem 3. Every odd positive integer m such that m # 5(mod 8) belongs to
ezactly one of the five congruence classes in the table below. Each congruence class
uniquely determines the permutation pattern of the triple (m, S(m), S%(m)) for all
integers m > 1 in the congruence class.

congruence class of m | permutation pattern o € ¥3 | permutation density ds(o)
7 (mod 8) (1,2,3) 1/4
9 (mod 16) (2,1,3) 1/8
11 (mod 16) (1,3,2) 1/8
3 (mod 16) (2,3,1) 1/8
1 (mod 16) (3,2,1) 1/8

Proof. The following diagram shows the five congruence classes (in black boxes) that
partition the integers m # 5 (mod 8) and the “missing” congruence class 5 (mod 8)
(in the red box).

1 (mod 2)

1 (mod 4) 3 (mod 4)

5 (mod 8)| 1 (mod 8) 3 (mod 8)
1 (mod 16) | 9 (mod 16) | |3 (mod 16) | | 11 (mod 16)
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If m = 7 (mod 8), then for some nonnegative integer 2 we have

m =7+ 8x
22 4+ 24
S(m) = 2222 4 12
34 + 36
S%(m) = % =17+ 18z

and
7T+ 8x <11+ 12z < 17 + 18z.

Therefore, (m, S(m), S?(m)) has permutation pattern (1,2, 3).
If m = 9 (mod 16), then for some nonnegative integer 2 we have

m =9+ 16x
28 + 48

S(m) = % — 74120
22 + 36

S2(m) = 2250 1 1se

and
7+122 <9+ 162 < 11 + 18z.

Therefore, (m, S(m), S?(m)) has permutation pattern (2,1, 3).
If m = 11 (mod 16), then for some nonnegative integer x we have

m = 11 + 16z
4+ 48

S(m) = “Tx =17+ 24z
52+ 72

S%(m) = # =13+ 18z

and
114+ 162 < 13 + 18z < 17 + 24x.

Therefore, (m, S(m), S%(m)) has permutation pattern (1, 3,2).
If m = 3 (mod 16), then for some positive integer x and nonnegative integer e
we have

m =3+ 16z
1 4
S(m):w:5+24x
1 2 2
$2(m) = 6+87 T ;€9x'

and

249
T <2490 <34 160 <5+ 2a.
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Therefore, (m, S(m), S?(m)) has permutation pattern (2,3, 1).
If m > 1 and m = 1 (mod 16), then for some positive integer  and nonnegative
integer e we have

m =1+ 16z
4448
S(m) = +4 T 14122
4+36x 149
S%(m) = = .
(m) 1 5e
and l4+9
S S1497 < 14120 <1+ 16,
Therefore, (m, S(m),S?(m)) has permutation pattern (3,2,1). This completes the
proof. O

4. Permutation Patterns for Triples for m = 5 (mod 8)

We shall prove that half of the odd positive integers congruent to 5 (mod 8) have the
3-term permutation pattern (3,2,1) and half have the 3-term permutation pattern
(3,1,2).

In the following proofs, e denotes a nonnegative integer.

Lemma 1. Let k > 1. If m is a positive integer and

k
m=> 4'+2-4"(mod 2- 45+
=0

then m =5 (mod 8) and the permutation pattern of (m,S(m), S?(m)) is (3,2,1).

Proof. For some nonnegative integer  we have
4k+1 _
m = T+2-4k+2-4k+1m2 13 + 32z
and
3m4+1=4143.2.4F 3.2 4k 1y

It follows that

3 1
S(m) = % =5+ 12z < 13+ 32z < m.
We have
3S(m)+1 =16+ 36z = 4(4 + 9z)
and so

449

S2(m) = =

<4+9z <5412z = S(m).
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Therefore,
S%(m) < S(m) <m

and the permutation pattern of (m,S(m), S?(m)) is (3,2,1). This completes the
proof. O

Lemma 2. Let k > 1. If m is a positive integer and

k
m = Z 4% (mod 4%+2)
i=0
then m = 5(mod 8) and either m = Zf:o 4% and S(m) = S%(m) = 1 or the
permutation pattern of (m,S(m), S?(m)) is (3,2,1).
Proof. For some nonnegative integer z we have
4k+1 _ 1
m = T+4k+2x25+64x

and
3m+1=4F1 4 3. 42,

If z = 0, then 3m + 1 = 4**! and S(m) = S?(m) = 1.

If © > 1, then
3m+1
S(m):%:1+12x<5+64x§m
and 149
S%(m) = 2ex§1+9x<1—|—12x=5(m).
Therefore,

S%(m) < S(m) <m

and the permutation pattern of (m,S(m), S?(m)) is (3,2,1). This completes the
proof. O

Lemma 3. Let k > 1. If m is a positive integer and

k+1
m=> 4'+2-4"(mod 2- 4t
=0

then m =5 (mod 8) and the permutation pattern of (m,S(m), S?(m)) is (3,1,2).
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Proof. For some nonnegative integer  we have

4k+2 -1
m = T+2-4k+2~4k+1x

> 29+ 32x

and
3m+1=4243.2.48 1 3.2.45 1y
Therefore,
3m+1

S(m) = T =11+ 12z

and
S%(m) = 17 + 18z.

We have

S(m) =11+ 12z < S*(m) = 174 18z < 29 + 32z < m

and the permutation pattern of (m,S(m), S%(m)) is (3,1,2). This completes the
proof. O

Lemma 4. Let k > 1. If m is a positive integer and

k+1
m= Z 4% 4 451 (mod 4%F2)
=0

then m =5 (mod 8) and the permutation pattern of (m,S(m), S?(m)) is (3,1,2).

Proof. For some nonnegative integer  we have

4k+2 -1
m=———— 44k L 4k+2,
3
> 37+ 64x

and
3m+1=4F24 3.4k L 3. 4Fk+2,

It follows that

3m+1
and
S%(m) = 11 + 18z.
Therefore,

S(m)=7+12< S*(m) =11+ 18z < 37+ 64z <m

and the permutation pattern of (m,S(m), S?(m)) is (3,1,2). This completes the
proof. O



INTEGERS: 24A (2024) 10

Notation. Let F(M) be a positive function of M. We denote by o(F(M)) a
function G(M) such that limps_, % = 0. Thus, o(1) denotes a function G(M)
such that limp; oo G(M) = 0. Note that —o(1) = o(1) and o(1) + o(1) = o(1).
Also, o(X(M)) = X(M)o(1).
The counting function of a set A of positive integers is
AM) =) 1.

acA
a<M

A subset A of a set X of positive integers has density « with respect to X if the
limit

. AM)

lim ———=
exists and equals «. Equivalently, A has density a with respect to X, denoted
dX (A) = Q, if

A(M) = aX (M) + o(X(M)).
If dx(A) =0, then A(M) = o(X(M)).
Lemma 5. Let X be a set of positive integers, let W be a subset of X with density
dx(W)=w >0, and let
W=RyUR U---UR;

be a partition of W. Let aq, ..., as be positive real numbers such that 2221 Q= w.
If dx(Rp) = 0 and if, for all € with

0<e<min(ag,...,q)

there is a subset R; . of R; such that dx(R;:) = a; — ¢, then dx(R;) = o for all
jed{l,...,t}.

Proof. Let M > 1. Because the sets Ry, Ry, ..., R; partition the set W, we have
the counting function equation

W(M) = Ro(M) + Ra(M) + -+ + Ri(M).
The density condition dx (Rp) = 0 implies
Ro(M) = o(X (M)).

Let 0 < ¢ < min(a,...,aq). For all i € {1,...,t}, the subset condition R; . C R;
implies
0<R;.(M)<R;i(M).

The density condition
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implies
Ri (M) = (o — e+ o(1)) X (M).
Also, dx (W) = w > 0 implies
W(M) = (w+o(1)X(M).
For all j € {1,...,t}, we have
(aj —e+0(1)) X(M) = R; (M)
< R;(M)

t

= W(M) ~ 3 Ri(M)

i#]
=X(M) (aj + (t — e+ 0(1))
Therefore,
R;(M)
_ < < _
aj—e+o(l) < X0 S a; + (t—1)e+o(1)
for all € > 0 and so R,(M)
< < a;
a; +o(1) < X0 a; +o(1)
Thus,
_ o Bi(X(M))
dx(By) = lm =~an %
for all j € {1,...,t}. This completes the proof. O

Theorem 4. Let m be a positive integer such that m =5 (mod 8). If m = Zf:o 4
for some k > 1, then (m, S(m), S*(m)) = (m,1,1). If m # Zf:o 4% for some k > 1,
then the triple (m, S(m), S?(m)) has permutation pattern (3,2,1) or (3,1,2). In the

congruence class m = 5 (mod 8), the permutation densities are as follows:
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permutation pattern o € Y3 ‘ permutation density ds(o)
(3,2,1) 1/8
(3,1,2) 1/8

Proof. For every positive integer k, let

4k+1 _q

k
r. = Y ——

and let
Ro={rr:k=1,2,3...} ={5,21,85,341,1365,...}.

The set Ry has density zero. We have S(m) = 1 if and only if m = 1 or m € Ry.
If m € Ry, then m = 5 (mod 8).
Let

Ry = {m =5 (mod 8) : (m, S(m), S*(m)) has permutation pattern (3,1,2)}
and
Ry = {m = 5(mod 8) : (m, S(m), S*(m)) has permutation pattern (3,2,1)}.

The sets Rg, R1, and Ry are pairwise disjoint.
Let
5(mod 8) \ (Ro U k41 (mod 2 - 45F1))

(5 (mod 8) \ Ro) \ (7)1 (mod 2-451))
denote the set of positive integers m ¢ Rgo such that m = 5(mod 8) but m #
7e11 (mod 2 - 45+1). We shall prove by induction on & that this set is partitioned

into two sets, one with permutation pattern (3,2, 1) and the other with permutation
pattern (3,1,2), and that each of these sets has permutation density

1 1
8(1‘4k>’

We begin with the cases k =1 and k£ = 2.
Here is a picture of a partition of the congruence class 5 (mod 8) into disjoint
unions of congruence classes:
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5 (mod 8) (3,2,1) (3,1,2)

/

5 (mod 16) 13 (mod 16)

/

21 (mod 32) 5 (mod 32) 13 (mod 32) 29 (mod 32)

/
/

21 (mod 64) 53 (mod 64) 5 (mod 64) 37 (mod 64)

7
/

85 (mod 128) 21 (mod 128) 53 (mod 128) ‘ 117 (mod 128)

21 (mod 256) 149 (mod 256)

The congruence class 5 (mod 8) = r1 (mod 8) is the disjoint union of the following



INTEGERS: 24A (2024) 14

five congruence classes (in the blue boxes):

13 (mod 32)
5 (mod 64)
29 (mod 32)
37 (mod 64)
21 (mod 32) = ro (mod 32).

Applying Lemmas 1 and 2 with k¥ = 1, we see that every positive integer (ex-
cept integers m € Ryp) in the congruence classes 13 (mod 32) and 5 (mod 64) has
permutation pattern (3,2,1). Applying Lemmas 3 and 4 with k = 1, we see that
every positive integer in the congruence classes 29 (mod 32) and 37 (mod 64) has
permutation pattern (3,1,2). Thus, the set of positive integers m ¢ R in

5 (mod 8) \ 21 (mod 32) = 5 (mod 8) \ 75 (mod 2 - 4%)

is partitioned into two sets, one with permutation pattern (3,2,1) and the other
with permutation pattern (3,1,2). Each of these sets has density

~1_ 1,1

« 20 4

The congruence class 21 mod 32 = r5 (mod 32) is the disjoint union of the fol-
lowing five congruence classes (in the green boxes):

1=

53 (mod 128)

21 (mod 256)
117 (mod 128)
9 (mod 256)
85 ( )

5 (mod 128) = 73 (mod 128).

Applying Lemmas 1 and 2 with k = 2, we see that every positive integer m ¢ Rg
in the congruence classes 53 (mod 128) and 21 (mod 256) has permutation pattern
(3,2,1). Applying Lemmas 3 and 4 with k = 2, we see that every positive integer in
the congruence classes 117 (mod 128) and 149 (mod 256) has permutation pattern
(3,1,2). Thus, the set of positive integers m ¢ Rq in

21 (mod 32) \ 85 (mod 128) = 75 (mod 2 - 42) \ 73 (mod 2 - 4%)

is partitioned into two sets, one with permutation pattern (3,2,1) and the other
with permutation pattern (3,1,2). Each of these sets has density

Sieiia)

7=
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Tt follows that the set of positive integers m ¢ R in
5 (mod 8) \ 85 (mod 128) = 5 (mod 8) \ 73 (mod 2 - 4%)

is partitioned into two sets, one with permutation pattern (3,2,1) and the other
with permutation pattern (3,1,2). Each of these sets has density

1 1
“(1-=).
i(1-7)

Let k > 3 and assume that the set of positive integers m ¢ R in
5 (mod 8) \ rj (mod 2 - 4¥)

is partitioned into two sets, one with permutation pattern (3,2,1) and the other
with permutation pattern (3,1,2), and that each of these sets has density

1 1
A=k

The following diagram displays the partition of the “red” congruence class rj (mod 2 - 4¥)
into three “blue” congruence classes modulo 2 - 4**1 and two “blue” congruence
classes modulo 4512,

k
S 4l (mod 2 4%) | ————— 5k 4t 4 2. 4F (moa 4kt
i=0
‘ ko k1l
Tk 4% (mod 4kt1) S 4t 4247 (mod 2. 4k ST 4% 424 (mod 2. 4k
i=0 i=0
k41 )
Z 4" (mod 2 - 4k+1) Z?:() 4% (mod 2 - 4k+1)
i=0
ko . k+1
S 4% (moa 4%F2) S04t 4 ak T (moa 4k t2)
i=0 i=0
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The congruence class 7 (mod 2 - 4¥) is the disjoint union of the following five
congruence classes:

k
> 47 +2-4% (mod 2-4F1)
1=0
k
> 4" (mod 45+2)
1=0
k+1
> 4" +2.4% (mod 2- 451
1=0
k+1
242' + 4541 (mod 4K+2)
=0
k+1
> 4% (mod 2 - 4F1).
1=0

Applying Lemmas 1 and 2, we see that every positive integer in the congruence
classes YF_ 41 4+2-4F (mod 2 - 45t1) and Y7 47 (mod 4572) has permutation pat-
tern (3,2,1). Applying Lemmas 3 and 4, we see that every positive integer in the
congruence classes Zfiol 4% + 2 - 4% (mod 2 - 4%*1) and Zfiol 4% 4 4F+1 (mod 45+2)

has permutation pattern (3,1,2). Thus, the positive integers in the set
e (mod 2 - 4%) \ 7411 (mod 2 - 45T1)

are partitioned into two sets, one with permutation pattern (3,2,1) and the other
with permutation pattern (3,1,2). Each of these sets has density

1 2 1 1 1
ot gz g\ TR )

Thus, the positive integers in

5(mod 8) \ 741 (mod 2 - 4%F1)
= (5 (mod 8) \ 7 (mod 2 - 4k)) U (7 (mod 2 - 4%)\ 7441 (mod 2 - 4k+1))

are partitioned into two sets, one with permutation pattern (3,2,1) and the other
with permutation pattern (3,1,2). Each of these sets has density

11 1 +1 1 1 _11 1
8 4k—1 8 \4k—1 4k ] 8 4k )

This completes the induction.
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For every £ > 0 there is an integer k such that 1/(8-4%) < ¢ and so both sets
R1 and R» contain subsets of density greater than 1/8 —e. The set R has density
0 and the congruence class 5 (mod 8) has density 1/4 with respect to 2. Applying
Lemma 5 with X =Q, W ={m >1:m=5(mod 8)}, t =2, and oy = ay = 1/8
to the partition 5 (mod 8) = Ry UR1 URa, we see that Ry has density 1/8 and Ro
has density 1/8. This completes the proof. O

5. Some Impossible Permutation Patterns for Quadruples

By Theorem 1, every triple permutation pattern is the permutation pattern of
triples (m, S(m), S?*(m)) of the iterated Syracuse function for a set of integers m
of positive density. The story for quadruple permutation patterns is different. In
this section we prove that there are quadruple permutation patterns that never oc-
cur as permutation patterns of quadruples (m, S(m), S?(m), 5’3(m)) of the iterated
Syracuse function.

Theorem 5. Consider quadruples
(m,S(m),S2(m),S3(m))

such that S*(m) # S%(m) fori # j and the triple (m, S(m), S*(m)) has permutation
pattern (1,2,3), that is,
m < S(m) < S*(m).

For these quadruples there are four possible quadruple permutation patterns:
(1,2,3,4), (1,2,4,3), (2,3,4,1), (1,3,4,2).
The density of each of these permutation patterns is as follows:

permutation pattern o € Xy ‘ permutation density dy(o)

(1,2,3,4) 1/8
(1,2,4,3) 1/16
(2,3,4,1) 1/16
(1,3,4,2) 0

Moreover, the permutation pattern (1,3,4,2) never occurs.

Note that 1/4 =1/8+1/16+1/16 is the Syracuse function permutation pattern
density of the triple (1,2, 3).

Proof. By Theorems 3 and 4, we have m < S(m) < S?(m) if and only if

m = 7 (mod 8).
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Then m = 7 + 8z for some nonnegative integer x and
m="T7+8x < S(m) =11+ 12z < S*(m) = 17 + 18z.

It follows that
26+ 27x

§3(m) = =

for some nonnegative integer e.
The congruence class 7 (mod 8) is the disjoint union of the congruence classes
15 (mod 16), 7 (mod 32), and 23 (mod 32).

7 (mod 8)

15 (mod 16) 7 (mod 16)

7 (mod 32) 23 (mod 32)

If m = 15 (mod 16), then the integers = and 26 + 27z are odd and so e = 0. We
have
m < S(m) < S*(m) =17+ 18z < 26 + 27z = S3(z)
and so the quadruple (m, S(m), S%(m), S®(m)) has permutation pattern (1,2,3,4).
If m = 7 (mod 32), then = = 4y and e = 1. We obtain

26+ 2Tz

S%(m) 5

27
=13+54y =13+ <2> T.

The inequality
27
T+8x <11+ 122 <13 + 5 r <17+ 18z

implies
m < S(m) < S3(m) < S?%(m).

The quadruple (m, S(m), S%(m), S3(m)) has permutation pattern (1,2,4,3).
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If m = 23 (mod 32), then z =2 + 4y and e > 2.

_26+27x 80427 -4y 20+ 2Ty

¢ ¢ - 2872
—9
<20+27y:20+27<x4 )

1 2
3+(7>x<7+8xm.

S (m)

2 4

The quadruple (m, S(m), S%(m), S?(m)) has permutation pattern (2,3,4,1).

We see that the permutation pattern (1,3,4,2) never occurs, and that the per-
mutation patterns (1,2,3,4), (1,2,4,3), and (2, 3,4, 1) have permutation densities
1/8, 1/16, and 1/16, respectively. This completes the proof. O

Theorem 6. Consider quadruples
(m, S(m), $*(m), °(m))

such that S*(m) # S7(m) fori # j and the triple (m, S(m), S*(m)) has permutation
pattern (1,3,2), that is,
m < S§%(m) < S(m).

For these quadruples there are four possible quadruple permutation patterns:
(1737274)7 (274737 1)7 (1747273)7 (1747372)'
The density of each of these permutation patterns is as follows:

permutation pattern o € 3y ‘ permutation density dy(o)

(1,3,2,4) 1/16
(2,4,3,1) 1/16
(1,4,2,3) 0
(1,4,3,2) 0

Moreover, the permutation patterns (1,4,3,2) and (1,4,2,3) never occur.

Note that 1/8 = 1/16+41/16 is the Syracuse function permutation pattern density
of the triple (1,3,2).

Proof. By Theorems 3 and 4, we have m < S%(m) < S(m) if and only if
m = 11 (mod 16).
Then m = 11 + 162 for some nonnegative integer = and

m =11+ 16z < S?(m) = 13+ 18z < S(m) = 17 + 24z.
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It follows that
20+ 27x

S8 (m) = =0

for some nonnegative integer e.
The congruence class 11 (mod 16) is the disjoint union of the congruence classes
11 (mod 32) and 27 (mod 32).

‘ 11 (mod 16)

11 (mod 32) 27 (mod 32)

If m = 27 (mod 32), then = and 20 + 27z are odd and so e = 0. We have
S(m) =17 + 24z < 20 4 27z = 5°(m)

and the quadruple (m, S(m), S*(m), S*(m)) has permutation pattern (1,3,2,4).
If m = 11 (mod 32), then z is even and e > 1. We obtain

:w§10+(§)m<11+16x:m.

§%(m) = =

The quadruple (m, S(m), S%(m), S*(m)) has permutation pattern (2,4, 3,1).

We see that the permutation patterns (1,4,3,2) and (1,4,2,3) never occur and that
each of the permutation patterns (1, 3,2,4) and (2,4, 3, 1) has density 1/16. This completes
the proof. O

Theorem 7. Consider quadruples
(m, S(m), $*(m), $°(m))

such that S*(m) # S7(m) fori # j and the triple (m, S(m), S*(m)) has permutation
pattern (2,1,3), that is,
S(m) <m < S*(m).

For these quadruples there are four possible quadruple permutation patterns:
(2717374)’ (2717473)’ (3717472)’ (372747 1)'
The density of each of these permutation patterns is as follows:

permutation pattern o € 3y ‘ permutation density dy(o)

(2,1,3,4) 1/16
(3,1,4,2) 1/32
(3,2,4,1) 1/32

(2,1,4,3)) 0
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Moreover, the permutation pattern (2,1,4,3) never occurs.

Note that 1/8 = 1/16+1/32+1/32 is the Syracuse function permutation pattern
density of the triple (2,1, 3).

Proof. By Theorems 3 and 4, we have S(m) < m < S%(m) if and only if
m = 9 (mod 16).
Then m = 9 4+ 16z for some nonnegative integer x and
S(m) =7+ 122 <m =9+ 16z < S*(m) = 11 + 182.
It follows that

17+ 27x

S8 m) = =

for some nonnegative integer e.
The congruence class 9 (mod 16) is the disjoint union of the congruence classes
9 (mod 32), 25 (mod 64), and 57 (mod 64).

9 (mod 16)

9 (mod 32) 25 (mod 32)

‘ 25 (mod 64) ‘ ‘ 57 (mod 64)

If m = 9 (mod 32), then z is even, 17 4 27x is odd, and so e = 0. We have
S%(m) =11 + 18z < S3(m) = 17+ 27z

and the quadruple (m, S(m), S?(m), S3(m)) has permutation pattern (2,1,3,4).
If m = 57 (mod 64), then z = 3 + 4y and e = 1. We obtain

1 2 4
53(m) — w =49 + 54y

r—3 17 27
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The inequality
17 27
7+121<?+ (2)x<9+16x
implies
S(m) < S3(m) <m < S*(m).
The quadruple (m, S(m), S?(m), S3(m)) has permutation pattern (3,1,4,2).
If m = 25 (mod 64), then z = 1 + 4y and e > 2. We obtain
174 27(1 +4y) 11427y
2e - 9e—2

~1\ 1 P
11+27y11+27(9c )7+(7)x

S3(m) =

IN

4 4 4
< 74122 = S(m).

The quadruple (m, S(m), S%(m), S3(m)) has permutation pattern (3,2,4,1).

We see that the permutation pattern (2, 1,4, 3) never occurs, and that the per-
mutation patterns (2,1,3,4), (3,1,4,2), and (3,2,4,1) have densities 1/16, 1/32,
and 1/32, respectively. This completes the proof. O

6. Dropping Time

An odd integer m > 1 has dropping time D(m) = k if k is the smallest positive
integer such that S*(m) < m, and dropping time D(m) = oo if S*¥(m) > m
for all positive integers k. The Collatz conjecture is equivalent to the statement
that D(m) < oo for all odd integers m > 1. We have D(m) > k if and only if
Si(m) # 1 for all i € {1,2,...,k} and the permutation pattern of the (k + 1)-
tuple (m, S(m),S%*(m),...,S*(m)) is not of the form (1,az,as,...,ar4+1), where
(ag,as,...,ap+1) is any permutation of (2,3,...,k+1).

Theorem 8. Let Ni(x) count the number of odd integers m < x such that D(m) <
k. Then

N = 1 = —
17 i5eo x/2 2
Ny = lim Na(z) = é
z—oo x/2 8

o0 x/2 4

Proof. Permutation pattern densities give explicit values for Ny () for k = 1,2, and
3. An odd integer m > 1 has dropping time D(m) = 1 if and ouly if S(m) < m
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if and only if the pair (m,S(m)) has permutation pattern (2,1), and so N is the
density of the permutation pattern (2,1). We have Ny = 1/2 by Theorem 2.

The odd integer m > 1 has dropping time D(m) < 2 if and only if the per-
mutation pattern of the triple (m,S(m),S?(m)) is not (1,2,3) or (1,3,2). By
Theorem 1, the permutation pattern (1,2,3) has density 1/4 and the permutation
pattern (1,3,2) has density 1/8. Therefore, No =1—1/4—1/8 =5/8.

The odd integer m > 1 has dropping time D(m) < 3 if and only if the quadruple
(m, S(m), S?(m), S®(m)) has permutation pattern not equal to (1, az, as, as), where
(a2, a3, a4) is any of the six permutations of 2,3, and 4. By Theorems 5 and 6, the
sum of the densities of these six permutation patterns is 1/4 and so N3 = 1—1/4 =
3/4. O

The dropping time function is the Syracuse function analogue of the stopping
time function of Riho Terras [10]. It would be of interest to prove (similar to results
of Terras) that the limit

T—00 x/2

exists for all positive integers k and that

k—oco
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