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Abstract

We establish new power sum inequalities for monotone sequences arising in discrete
mathematics and number theory. Our results provide sharp bounds for weighted
and unweighted power sums and extend several classical inequalities of Cauchy—
Schwarz and Hélder type. As principal applications, we obtain new inequalities
for Fibonacci numbers and related linear recurrence sequences, including Lucas
numbers. In particular, we derive explicit two-sided estimates for sums of powers
of Fibonacci-type sequences that improve or generalize several known results in the
literature. The approach relies on monotonicity arguments combined with discrete
inequality techniques, making the results well-suited for applications in number
theory and discrete mathematics.

1. Introduction

The classical Cauchy—Schwarz inequality plays a central role in analysis and discrete
mathematics. For real vectors a = (ay,...,a,) and b = (by,...,b,) in R™, it states

(£) <(59) (89)

Equality holds if and only if a and b are linearly dependent. In recent decades, con-
siderable attention has been devoted to converse and refined forms of this inequality,
especially in discrete settings where monotonicity and ordering of sequences play
an essential role. A notable contribution in this direction is due to Alzer [1], who
obtained a discrete analogue of a converse inequality originally proposed by Zagier
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[12]. For positive monotone sequences a; > --- > a, > 0 and by > --- > b, > 0,
Alzer showed that

n 2 n
ZZ la Z'L 1 Z < Zaibi.
max {ay ZZ 1 bi, b1 ZZ 1a;}

Equality holds if and only if a; =--- =a, and by = --- = b,.
Pecari¢ [8] subsequently extended this result to a weighted form, for w; positive
numbers, as

Doy wiag - 3 wib} <Zwa

max {ar >, wib;, by Y i wia;} ~ T
which extends the unweighted case by incorporating a system of positive weights.
This generalization enables the derivation of more flexible and sharper inequalities
in applications where natural weightings arise, especially when analyzing number-
theoretic sequences. Such converse inequalities are particularly well-suited for study-
ing power sums of monotone sequences. Given a positive sequence x = (z1,...,Zy,)
and a real parameter o > 0, the power sum

n
e
—~
2

I

[

8

xQ

k=1

is a fundamental object in inequalities, number theory, and discrete analysis. Un-
derstanding the relationships between different power sums under monotonicity
constraints leads to nontrivial bounds that are both sharp and widely applicable.

An important source of applications is provided by Fibonacci and Lucas se-
quences, which are among the most studied linear recurrence sequences in number
theory. The Fibonacci numbers (F,,),>0, defined by Fy =0, Fy = 1, and

Fo=F,1+F, 2

for n > 2, exhibit strong monotonicity and log-convexity properties that make them
particularly suitable for the application of power-sum inequalities. Many classical
identities and inequalities for Fibonacci numbers can be viewed as special cases of
more general results for monotone sequences. Fibonacci numbers can be obtained
using the following formula:

—(¢p—VH)"
\/g )
where ¢ = % denotes the golden ratio.
Recent work has demonstrated that Cauchy—Schwarz type inequalities yield pow-

erful bounds for Fibonacci sums. For example, Alzer and Luca proved the following
theorem [2].

F, = n €N,
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Theorem 1 ([2]). Letr,s € R with r + s > 4. Then, forn > 1,

SR

k=1

M:

Fg > (FyFup)” (1)

=~
Il

1
The sign of equality is valid in (1) if and only if n =1,2, orn >3 and r = s = 2.

This result highlights how inequalities for monotone sequences can produce sharp
estimates for sums of powers of Fibonacci numbers.

The aim of the present paper is to develop a systematic framework of power sum
inequalities for monotone sequences based on converse Cauchy type inequalities,
and to apply these results to Fibonacci numbers, Lucas numbers, and general lin-
ear recurrence sequences of order two. We obtain explicit upper and lower bounds
for sums of powers of such sequences, extending and improving several known in-
equalities in the literature. Unlike existing results based on converse forms of the
Cauchy—Schwarz inequality, the inequalities obtained in this paper provide explicit
two-sided bounds for general power sums of monotone sequences under minimal
structural assumptions. The weighted versions presented here cannot be deduced
from previously known inequalities and yield a unified framework applicable to
a broad class of sequences. In particular, the applications to linear recurrence
sequences of order two extend earlier results that were mainly restricted to the
Fibonacci setting.

Our approach is elementary and is based on monotonicity arguments combined
with discrete inequality techniques, which makes the results well-suited for applica-
tions in number theory and discrete mathematics.

2. Main Result

We will need the converse Cauchy inequality for nondecreasing sequences:

ZZL 1Cl2 Z’L 1 2 < iab (2)
— 1Y
max {an 32; 1 bi, b D004 ai} i1 7
where 0 < a; <as<...<apand 0<b; <by <...<b,. lfx=(21,20,...,2,) €
R% such that 0 < 21 < w3 < ... < 2, and y = (y1,%2,-.-,¥n) € R such that
0 <y <ys <...<uyp, then we can write Inequality (2) as

S (x) - S5 (y)
TiYi. 3
e e T e ’

We will also use the following well-known monotonicity property of power sums [7],
p-4:
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Proposition 1. If a > > 0, then
(Sll(x)) = < (S (x))%

We also recall Jensen’s inequality: if ¢ : I — R is convex function, x1,...,z, € I,
and A\; > 0 with Y, _; A =1, then

¢ (Zn: AMk) < zn:/\kw(f%)-
k=1 k=1

In particular,

()i

Theorem 2. Let x = (x1,2,...,2,) € R such that 0 < z1 < @9 < ... < Ty,
r+s
>

r,s € Ry, and a =
(i) If « > B > 0, then we have

s x) sk (x)
max{xT/QS[ (x), 2/257?]()()}

IN

Si(x) < (S)7(x))7.

n

(ii) If 0 < o < 3, then we have

[r]
S[i(]) ( ) [] <S[a]( )<TZ( n )%
max{zy/ >Si2 (x), 23/ 2502 (x)} n
If, in addition, ©1 > 1, then
[r] [s] (8]
Sn(x)5n (x) < sle0 <n- (B3 < g, @)
max{a}/ 2852 (x), 23/ (x)} n

Proof. To prove (i), we use Inequality (2) for a; = zf and b; = x?, while the second
inequality follows from the Proposition 1.
Now, let us prove (ii). The first inequality follows from Inequality (2) for a;, = z;

and b; = :cf
Since §/a > 1, the function

p(t) =17, >0,

is convex. Applying Jensen’s inequality to the numbers z¢, ..., z&, we obtain:

57l (x Zwk =Yt 2 (T et (sl

n
k=1
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18]
If #1 > 1, then the function ¢ — ((S"in)(x))t is monotone increasing, so

15}

|

S0 s (S x)

(n n)l'

Hence, the last inequality is valid.

Now we apply these results for Fibonacci numbers.
Theorem 3. Letr,s € Ry. Then for n > 1 we have:

(i) If 5= > 2

IN

n F,,. n Fs n r+s rrs
Lin TR L o 57 1% < (BB
E7 Ezzl Fk2 k=1

(i) If 0 < T2 < 2,

2 k=1 Fi Zk:lle < ZFk% <n- (M)% < F,F,1.
k=1

FRAw 3
Y By

o
=
|
N\

— R i ot
Proof. We apply Theorem 2 for z; = F;, a = 5%, an

n n n
Zk:lFI:Zk:lFIS <ZF?'
r s E3 T -~ k .
max{F;7 35 B2 F Y B o
Without loss of generality, we can assume that r < s. We rewrite

n
s—r

jots Zn:F,f =F? Y (FuFy)®

k=1 k=1
and
r o s n r s—r
F? FZ = (FpoFy)z - F 7.
k=1 k=1
Since *5* > 0 and Fy, < F),, we have
Fk 7 < Fn 2
Therefore,
r n s n sS—T sS—1r n S n r
2 F? = Z(Fan)% F.? <F,? Z(Fan)% =F?Y FZ.
k=1 k=1 k=1 k=1
So we have

maX{Fn% ZTL:FE,E? iFkg} = Fy ZTL:FE
k=1 k=1 k=1

The rest of the proof follows by applying Fibonacci numbers into Theorem 2.

O
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Remark 1. The inequalities obtained in Theorems 2 and 3 provide two-sided esti-
mates for power sums of monotone sequences and their applications to Fibonacci-
type sequences, offering several improvements over recent related works. The spe-
cific inequalities for power sums of Fibonacci numbers in [2] and [3] are extended
here to arbitrary positive exponents « > 0, with both lower and upper bounds. In
particular, the lower bounds obtained in Theorems 2 and 3 are genuinely new and
cannot be deduced from classical Cauchy—Schwarz or Holder inequalities. Com-
pared to the power mean inequalities for Fibonacci sequences in [5] which primarily
yield one-sided bounds derived from classical inequalities, our approach supplies
explicit lower bounds via the converse Cauchy inequality, while the upper bounds
coincide or improve upon theirs in the case f = 2 (utilizing the exact identity
Sn_ F? = F,F,41). Furthermore, the forthcoming work [4] on Fibonacci num-
bers and Holder’s inequality is complemented by our converse-type estimates, which
unify and generalize a broader class of power sum inequalities under minimal mono-
tonicity assumptions. These two-sided bounds, combined with the catalogue of ap-
plications in Section 3, thus offer sharper and more flexible tools for estimating
sums of powers in linear recurrence sequences of order two.

3. Application to Special Sequences

In this section, we shall use some identities involving Fibonacci numbers to derive
new inequalities.

Lemma 1. The following identities hold [6]:
a) Fori=1,....n, a; = F, S{(x) = Fryo — 1.
b) Fori=1,...,n, x; = Fy;_1, S[](x) Fs,.
¢) Fori=1,...,n, ;= Fa;, S3(x) = Fapiq — 1.
d) Fori=1,...,n, z; =iF;, sit (x) =nkFnio— Fui3+ 2.
e) Fori=1,...,n, x; = F,Fy;, SY(x) = FFys1Fons1.
f) Fori=1,...,n, z; = Fy_o, S[l](x) F3..

g) For i = 1, ceeyn, Ty = (?)Fz; SE](X) = an.

h) Fori=1,....2n+1, z; = Fiy/(?"1Y), SEL 1 (x) = 57 Fyp 1.
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Example 1. Let z; = F; and « = r = s = 1. Considering Lemma 1 (a) we get

sty (x) = Fy42 — 1. For 8 = § and after applying Theorem 2 (i), we get

(Fn 2_1)2 . ’
m<Fn+2_l<<;\/Fk> .

For 8 = 2, after applying Theorem 2 (ii), we get
(Fot2 — 1)

VE, ZZ:1 vV Ek
(1]

Example 2. For z; = F5;_1 and a« =r = s = 1, we have S5, (x) = F5,. Applying
Theorem 2 for § = 1/2 and 8 = 2, we have

2
(F2n)2 -
< Fp, < v/ Fop—
VEun1Y o/ Fok1 ’ ; e

SFn+2_1§ \/nFnFn+1§FnFn+l'

and

(F2n)2
n < F2n
VFom-1Y 1 vV For-1

respectively.

Example 3. For z; = F5; and a =r = s = 1, we have 5’7[11] (x) = Fopt1 — 1. After
applying Theorem 2 for f =1/2 and § = 2, we get

2
(Fong1 —1)° -
<Fh,i1—1< \/ F:
VF27LZZ:]_ \/F2k = e ’; o

and
(Fony1 — 1)
= < Fypy1—1<
VFQHZkzl VFop i
respectively.

Example 4. For z; = iF; and @« = r = s = 1 we have SE] (x) =nF,yo— Fhys+2.
Here, we apply Theorem 2 and Lemma 1 (d) for 8 = 1/2 and 8 = 2 to obtain

2
Frio — Foys +2)? .
(nFyy2 +3+2) <nFn+2—Fn+3+2<<Z\/ka>
k=1

VnE, > i VEF

and
(nFpt2 — Foys +2)°
\/nFn 22:1 vV ka

respectively.

SnF7L+2_Fn+3+2§
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Example 5. For z; =i and y; = F;, i = 1,...,n, by Inequality (3) and Lemma 1
(d), we have

n(n+1)

FnFrH-l < max{n(FnH - 1); 2

Fn} ' (nFrH—Q - FrL+3 + 2)

nn+1)2n+1)
6

Example 6. For z; = F;F3; and a =1 = s = 1 we have 57[11] (x) = FoFyy1Fopga.
We apply Theorem 2 and Lemma 1 (e) for 8 =1/2 and 8 = 2 to get

, 2
(F,LF7L+1F27L+1)2 < F F 1F2 1 < ZL: \/m
VEI Y VEF © T

and
EFoFi1Fopi1)?
\/;Tirjlrb 2 \j;lF)m < FnFn+1F2n+1 < (FkFSk?)2a
nd'3n 2 k=1
respectively.

Example 7. For z; = Fy;_5 and o = r = s = 1, we have SE] (x) = FZ,. Applying
Theorem 2 for 8 = 1/2 and 8 = 2, we have

2
F24 ) n
n < F; < v/ Fyp_
VEum—2> 1V Fuk—2 ~ o= (; e

and
B, _
VEim—2> iV Fuk—2 ~

respectively.

Example 8. For z; = (’Z)FZ and @ =r = s = 1 we have 5’7[11] (x) = Fyy. For g = %,
we have after applying Theorem 2 (i) and Lemma 1 (g):

2
2 n n
n S F2n é F
VE S JOR <Z (:) )

On the other hand, for § = 2, we have after applying Theorem 2 (ii) and Lemma 1

(8):
AR (WO}
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Example 9. We consider the sequence defined by
SCZ‘:FZ‘~FZ‘+2, i:1,2,...,n

where F; denotes the i-th Fibonacci number. Note that the Fibonacci sequence
{F;} is strictly increasing for ¢ > 2. Therefore, the sequence {z;} = {F;Fii2} is
also strictly increasing and satisfies the conditions of Theorem 2. We apply Theorem
2 in the case:

a=1 p<1.

Since o > 3, we have:

[r] [s] o
Si(x) - Sp (%) < slol(x) < (S,[f] (x)) /B.
max{ 262 (x), /8l (x)}

From [4] we have

1+ (=)™
5 .
Without loss of generality, we can assume that r < s. We rewrite

Sn(x) - Fn+1Fn+2 -

n

(FuFoi2)? Y (FiFria)? = (FuFpi2) >
k=1 k

(B FpyoFrFryi2)?

M:

1

and

M=

(FnFot2)? Y (FiFrio)? = Z(FnFnJrZFkaJrQ)% (FuFri2)
k=1

B
Il

1
Since *5* > 0 and 1 < FjFyyo < F), Fyy2, we have

(FuFrg2) ™ < (FuFpi) ™ .
Therefore,

s r

(FiFri2)?, (FoFoi2)® Y (FuFri2)?}
k=1

M=

max{(F, Fri2) 3
k

1

T

(FuFn2)? Y (FrFri2)?.
k=1
Now we have

n r n s n 1/3
Zi:l(FlF'HrSQ) ;Zi:l(F’LF“FTZ) S Fn+1Fn+2 L + Z F Fl+2 .
(FnFni2)? 3 ey (FiFry2)® i=1

If, in addition, r =s=1,8 = %, the upper inequality becomes:

N 2
(Fn+1Fn+2 - #) 1+ (=1)

n S Fn+1Fn+2 -
\V4 FnFn+2 Zk’:l V FkaJrQ

(5m)



INTEGERS: 26 (2026) 10

Example 10. We consider the sequence defined by
xi:Fi'Fi+27 1=1,2,...,n,

and
a=1 pg>1.

From (4) we have

i1 (FiFig2)" - 300 (FiFit0)® L+ (="
s n T < Fn+1Fn+2 -
(FnFn+2)2 kzl(Fka+2)2 2
1 n /8 n
<n- <n Z}(E‘sz)ﬂ) < Zl(FiFH?)B.
Specifically, for r = s =1 and 8 = 2 we have
141" )?
(Fn+1Fn+2 - #) 1+ (—1)"

o S Foibpype — ———
V FrFpyo Zk:l V FiFlyo 2

n

1 n
<n- - Z(FiFi+2)2 < Z(Fin‘+2)2~

i=1 =1

Example 11. For z; = (") and y; = F;, 7 =0,1,...,n we have by Lemma 1 (g)

2

that S0 x;y; = Fy,. By the Vandermonde identity
=0
Zn < )2 <2 )
‘ i n
=0

() FrFota <p
max{2", F(Fpio —2)} = "

and Inequality (2) we have

Example 12. Let us recall the Lucas numbers defined by Ly = 2 and L, =
F,+1+ F,_1, for n > 1. From [6] we have following identities:

" /n 1
Z < ‘)FiFn—i =T (2nLn - 2)
= \i 5

and

2n+1
o+ 1
S < nt )Ff = 5" Fn 1.
1
=0



INTEGERS: 26 (2026) 11

If we put z; = F; (27”1) and y; = Fopi1—4 (2275{1—1)7 fori=0,...,2n+ 1, then
we have

Sims1(@) = S () = 5" Fana
and

2n+1
Z XY, = 5 22n+1L2n+1 — 2) .
By applying Inequality (2 ) we get
e

1
Fonp1 Zznﬂ (%-Jrl)Fi o

7

4. Weighted Version

The aim of this section is to establish a weighted analogue of the main results
in this paper, specifically Theorem 2 and Theorem 3. We generalize the setting
by introducing a sequence of positive weights w = (wq,ws,...,w,) and derive
inequalities involving weighted power sums of sequences satisfying monotonicity
conditions. These results naturally extend the non-weighted framework and are then
applied to the Fibonacci sequence to obtain refined inequalities involving weighted
sums of Fibonacci powers.

Let a1 <as < --- <ap and by < by < --- < b, be positive real numbers, and
let wy,ws,...,w, be positive weights. Then the weighted version of the converse
Cauchy inequality holds:

(Z:L 1 wia,Q) (Zz L wib; 2
max {an Y i, wib;, by > 0 1w1al} = Zwiaz ' (5)

Equality holds if and only if a; = --- =a, and by = --- = b,.
We define the weighted power sum for a vector = (z1,22,...,2,) € R} and
positive weights w = (w1, w2, ..., w,) € R} as:

n
Az w) == Zwkxz‘
k=1
Throughout this section we use the notation
n
W = Zwk.
k=1

Theorem 4. Let = (x1,%2,...,2,) € R% such that 0 < zy < a9 < -+ < 7y, and
let wg, > 0 for all k. Define a = TT“ forr;s > 0.
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(i) If > B >0, then

Sk (z;w) - sk (z;w)

< Sl (25 0) (6)
max{ T/2S[s/2] (z;w), xf/25'7[f/2] (z; w)}
(1) If 0 < oo < B, then
[r] (] ,..
Sn(z;w) - Sp(x; w) < §1) ()

max {a::z/er[fm (z;w), a2 sl (x; w)} "

If additionally x1 > 1, then
1 a/B
Siltaw) < (- swa)) <SP ®

Proof. For the part (i) we apply Inequality (5) for nondecreasing sequences

r/2 s/2

a; =x;'" and b; = z;"". Then we get

zn:wiaibi = zn:wingTJrs)/z = St (s w),
i=1 i=1
sza = szx = (z;w), z":wa? = zn:wlacf = Skl (25 w),
i=1 i=1

and . .
an Z wib; = 27281/ (2 0), b, Z wia; = x2/2SU/ 2 (2 w).
i=1 i=1
Substituting these into (5) gives (6).
Now, let us prove (ii). The left inequality in (7) follows exactly as in (i). It
remains to prove the upper bound in (7). Let 0 < a < 3 and set

t::%e(o,l), yp = > 0.

Then z¢ = (z7)*/? =y} and hence

S[O‘] (z; w) Zwkyk, S’B] (z; w) Zwkyk
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Since t € (0, 1), the function p(u) = u® is concave on (0, 00), and thus we apply the
weighted Jensen inequality

1 n 1 n n
¢<W zwkyk) S ST VSRR
k=1 k=1 k=1
We get,
1 g
¢
(W Z wkyk> Z W Z WEY-
k=1 k=1
Multiplying by W and returning to zj gives
1 a/B
Silasn) < w (5P

which is the right inequality in (7).
Finally, assume x; > 1. Since xy, > 1 for all Kk =1,...,n, we have

—S[ﬂ (z;w) Zwkxk > 1.
For w > 1 and t € (0,1) we have u! < u, hence
1 o/B 1
W (msiem) < w (5P ) = i),

which proves (8). O
In the sequel, we denote by
F=(F,F,... F,)
the vector of the first n Fibonacci numbers.

Theorem 5. Let F}, be the k' Fibonacci number and wy, >0 fork =1,...,n. Let
r,s € Ry and define a = “£2. Then, for n > 1:

(i) If a > 2, then
SW(F;w) - S w)

§S,[{"] F;w).
F2 S R w) )

(i) If 0 < o < 2, then

S (P w) - SE (Fyw)
F2 Sl ()

a/2
< Sl (P w) < W ( - SLQ](F;M) < SP(F;w).

1
w
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. . _ _ +
Proof. Apply Theorem 4 with the nondecreasing sequence zy = Fy, a = ==, and

B = 2. Arguing as in the proof of Theorem 3, we may assume without loss of
generality that r < s, which implies that the maximum term in the denominator
reduces to Fy, o/ 2sh [r/2) (F;w). The upper bounds follow directly from the Theorem
4, taking into account that xry = F; =1 > 1. O

Remark 2. The weighted extensions established in this section represent an im-
provement over the unweighted framework considered in [2], [3], and [5]. The in-
troduction of arbitrary positive weights leads to families of inequalities that do not
follow from any known unweighted result and allow finer control of power sums in
applications involving polynomial, exponential, or combinatorial weight systems.

5. Examples for Weighted Case

The following examples illustrate how different choices of weight sequences lead to
refined and flexible inequalities for weighted Fibonacci power sums, demonstrating
the applicability of the weighted theory developed in this section.

Example 13. Let wy =k, k=1,...,n. Then
Slel(Fyw) Zka

For r = s =1 and g = 2, Theorem 4 gives

This provides sharp weighted bounds for arithmetically weighted Fibonacci sums.

Example 14. Let w;, = ¢* with 0 < ¢ < 1. Then
k=1
For r = s =1 and 8 = 2, we obtain
n 1/2
(Zk 1quk k k 2
FL/2 kFl/z—Zq Py < qu Fy '
D k1 d k=1

This inequality gives exponential-weighted bounds for Fibonacci power sums.
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Example 15. Let wy = (Z), k=1,...,n. Then
n n
Slel(Fyw) = Z (k>F,€°‘
k=1
For r = s =1 and 8 = 2 we have
2

Ao <5 e (£ 0)

This yields combinatorial weighted inequalities for Fibonacci numbers.

Example 16. Let wy = kP with p > 0. Then

Slel(Fyw) = Zk”Fko‘.
k=1

Forr=s=1and g =2,

1/2
n D 2 n
Dkt FPFR)” ka (WkaF2> .

T2 DHINY )
This produces a family of polynomially weighted Fibonacci inequalities.

Example 17. Let w, = F). Then

n
Slel(Fyw) = Z FprL
k=1

Forr=s=1and g =2,

n 2\ 2 n n 1/2
k=1

1/2 3/2 =
F 3 Fy k=1
This inequality connects different Fibonacci power sums in a weighted form.

These examples show that the weighted framework developed in this section
yields a broad family of new inequalities for Fibonacci numbers, ranging from poly-
nomial and exponential weights to combinatorial and Fibonacci-type weights. In
particular, many classical unweighted inequalities appear as special cases, while
appropriate choices of weights produce refined estimates that are well-suited for
applications in discrete analysis and number theory.
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6. Conclusion

We established a family of power sum inequalities for monotone sequences based on
converse Cauchy inequality and its weighted extension. These results yield explicit
and sharp bounds for weighted and unweighted power sums.

Applying the general theory to Fibonacci numbers and related linear recurrence
sequences, we obtained new inequalities for sums of powers that unify and extend
several known results in the literature. The weighted framework further produces
refined estimates for a wide class of natural weight systems, including polynomial,
exponential, and combinatorial weights. These results suggest possible extensions
to ¢—Fibonacci sequences and higher-order linear recurrences, which we plan to
investigate in a subsequent work.

Because the method is elementary and relies only on monotonicity and discrete
inequality techniques, it provides a flexible tool for studying power sums of recur-
rence sequences and related objects in number theory and combinatorics.
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