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Abstract

A Carmichael number is primary if the sum of its base-p digits is equal to p for all
its prime factors p. Using the work of Chernik on universal forms, i.e., polynomials
that yield Carmichael numbers whenever their linear factors are all primes, Wagstaff
showed that the prime k-tuples conjecture implies the existence of infinitely many
primary Carmichael numbers. Williams found analogs of Carmichael numbers in
the context of Lucas sequences that share the same discriminant D. These are
called absolute Lucas D-pseudoprimes. We define the notions of a primary absolute
Lucas D-pseudoprime and of their signature, develop Chernik-like universal forms
and prove that the prime k-tuples conjecture implies the existence of infinitely many
primary three-prime-factor absolute Lucas 5-pseudoprimes for all eight possible sig-
natures. Moreover, definitions and theorems about “highly” Carmichael numbers
are given, i.e., numbers that are absolute Lucas D-pseudoprimes in at least two
essentially distinct ways.

1. Introduction

Fermat discovered that, for a prime number p,
a?” ' =1 (mod p), (1)

for all integers a not divisible by p. It is often stated in the equivalent way as a? = a
(mod p) for all integers a.

A pseudoprime to the base a is a positive composite integer n that acts as a
prime with respect to the Fermat congruence (1). It satisfies a”~! = 1 (mod n).
Hardy and Wright [6, Theorem 89, p. 72] gave a simple elementary proof of the
existence of infinitely many pseudoprimes to a given base a, a > 2. For a = 2, the
least pseudoprime is well-known to be 341 = 11 - 31.
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A Carmichael number n is a positive composite number that satisfies the Fermat
congruence "~ ! =1 (mod n) for all integers a prime to n. It can then be proved
that a™ = a (mod n) for all bases a. They are sometimes referred to as absolute
pseudoprimes. Before Carmichael [4] discovered such numbers existed (561 = 3-11-
17 being the smallest one), Korselt [10] had given a simple necessary and sufficient
criterion for n to be an absolute pseudoprime, namely

n is squarefree, and p — 1 | n — 1, (2)

for all prime factors p of n. This is called the Korselt criterion.

Chernick [5] showed how to generate polynomials P(x) such that if each linear
factor of P(x) is a prime number for & = ¢, then P(¢) is a Carmichael number. The
best known example is P(x) = (6z + 1)(12z + 1)(18x + 1). For instance, P(1) is
1729 = 7-13 - 19, the third smallest Carmichael number after 561 and 1105.

Chernik’s paper certainly grounded the belief there should exist an infinitude of
Carmichael numbers, a result proved in 1994 [1]. We recommend the pleasant and
instructive survey of Pomerance [12] that tells the various historical developments
on Carmichael numbers up until the milestone proof of their infinitude.

A fundamental Lucas sequence U = U (P, Q) with parameters P and @ is a second
order linear recurring sequence that satisfies

Un+2 - PUn—i—l - QUna

for all n > 0, with Uy = 0 and U; = 1. The parameters P and () are nonzero
integers. The congruence
Up—e, =0 (mod p) (3)

holds for all primes p, p { @, where ¢, is the Legendre character (D | p) and
D = P?2—-4Q. (The Fermat congruence (1) corresponds to the case U = U(a+1,a).)

For another example of (3), the Lucas sequence U(1,—1), better known as the
Fibonacci sequence and denoted F' = (F},)n>0, satisfies 7 | Fg = 21, or 11 | Fyy = 55.

A U-Lucas pseudoprime is an odd composite integer n, prime to QD, such that
Un—c, =0 (mod n), where €, is the Jacobi symbol (D | n). Emma Lehmer wrote
a short note [11], where she proves, mimicking the above-mentioned proof of Hardy
and Wright, that there are infinitely many F-Lucas pseudoprimes. The least F-
pseudoprime in Lehmer’s infinite list is the integer n = Fj4 = 377 = 13 - 29.

Williams [17] pushed this idea further and considered all Lucas sequences U (P, Q),
ged(P,Q) = 1, which share the same discriminant D. An absolute Lucas D-
pseudoprime, or a D-Carmichael number as we conveniently call them here, is an
odd composite integer n, prime to QD, that satisfies

Up—e,(P,Q)=0 (mod n), (4)
for all choices of coprime P and @ with P? —4Q = D.!

IThe restriction that P and Q be coprime could probably harmlessly be removed
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For instance, n = 377 is not a 5-Carmichael number. We have €, = (5 | 13-29) =
(13]15)-(29]5) = (—1)-1 = —1 so we need to compute Uszg (mod 377). It is a
U-Lucas pseudoprime with respect to U(1,—1), U(3,1), and U(5,5), for instance.
But if U = U(7,11), then Usys = —13 0 (mod 377).

Williams [17, Theorem 4] showed that an absolute Lucas D-pseudoprime satisfies
a Korselt-like criterion.

Theorem 1 ([17]). An odd positive integer n is a D-Carmichael number if, and

only if,
n is squarefree, and p — €, divides n — €, (5)

for all prime factors p of n.

Thus, in the previous example, 13+ 1 divides 377+ 1, but 29 — 1 does not divide
378. Hence, with criterion (5) and the prime factorization of 377, we do not need
to find P and @ with D =5 for which n = 377 fails to satisfy (4), to see that 377
is not an absolute Lucas 5-pseudoprime.

In [9], Kellner and Sondow introduced the notion of a primary Carmichael num-
ber.

Definition 1. A Carmichael number n is primary if the sum, s,(n), of its p-ary
digits is equal to p, for all the prime factors p of n.

The least two Carmichael numbers 561 and 1105 are not primary. Indeed, 561 =
1-342-3242-3342-3% so that s3(561) = 7 # 3 and 1105 = 1-5+4-52+3-53 +1-54
so that s5(1105) = 9 # 5. However, 1729 is primary and, thus, the least primary
Carmichael number. The condition s,(n) = p may seem to be strong. But an
integer n > 2 is a Carmichael number if, and only if, n is squarefree and s,(n) =1
(mod p — 1), for all primes p that divide n. (Clearly n = s,(n) (mod p — 1) for
all integers n > 0. Thus, n =1 (mod p — 1) iff s,(n) =1 (mod p — 1).) Since a
Carmichael number n is composite, the least value s,(n) may take is p.

We state next the prime k-tuples conjecture, proposed in 1923 by Hardy and
Littlewood.

Conjecture 1. (The prime k-tuples conjecture) Suppose P(z) is a polynomial of
the form [];_, (a;z+b;), where a; > 1 and b; are integers. This conjecture says that
if P(x) modulo p is never identically zero for any prime p, then there are infinitely
many positive integers n such that a;n + b; is a prime number for all : = 1,2,...,r.

A stronger conjecture, the H-hypothesis, which we also refer to as the generalized

k-tuples conjecture, which, if true, has been shown to have many consequences, was
considered in [13].
Conjecture 2. (The H-hypothesis) If P(z) = []'_; Q;(z), where the Q;(x)’s are
integer-coefficient, irreducible polynomials over Z|[x], with positive dominant coeffi-
cients, is never identically zero for any prime p, then the Q;(n), 1 <i < r, are all
prime numbers for infinitely many positive integers n.
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There is a quantitative version, due to Bateman and Horn [3], of the generalized
k-tuples conjecture. We will use the version given in [14, p. 120].

Conjecture 3. (Quantitative version of the H-hypothesis) Let P(z) = [],_, Q;(z),
where the Q;(z)’s are integer-coefficient, irreducible polynomials over Z[z], and p(p)
denotes the number of zeros of P(z) modulo the prime p. The number 7p(z) of pos-
itive integers n < x such that |Q;(n)| is prime for all ¢, 1 < i < r, is asymptotically
equivalent to

T 1
C JE
Pmil;[llog@i(l’ﬂ’ as xr — 09,

where Cp := [[,(1 — p(p)/p)(1 — 1/p)~". (The product defining Cp is known to
converge.)

As already mentioned, Chernik [5] constructed polynomials P(x) with r > 3,
called universal forms, with the property that whenever each factor a;n + b; is a
prime number, then P(n) is a Carmichael number.

Using Chernik’s universal forms, Wagstaff [15, Theorem 1] shows, among other
results, the following theorem.

Theorem 2 ([15]). The prime k-tuples conjecture implies the existence of infinitely
many primary Carmichael numbers with three prime factors.

Wagstaff [15] also defined the degree of a Carmichael number.

Definition 2. Suppose n is a Carmichael number. Then, for each prime factor
p of n, there is a d, > 1 such that sy,(n) = 1+ d,(p — 1). The degree d of the
Carmichael number n is the maximum of the integers d,, over all prime factors p of
n. Primary Carmichael numbers correspond to degree one. If d = 2, then n is said
to be secondary.

One of the intentions of this paper is to establish an analogue of Theorem 2 for
5-Carmichael numbers. To this end, we need to introduce new definitions.

Given an integer D, D =0 or 1 (mod 4), we define the signature o of a squarefree
integer n = p1pa -+ pr, 7 > 2, where p; < ps < --+ < p, are prime numbers, as the
r-uple (€p,,€p,,.-.,€p,.), Where €y, = (D |p;). The length of o is the integer r, and
the sign of o is the product €, = [[_, €,,. If n is D-Carmichael, then the signature
of n is an r-uple of +1’s. Its sign is €,. However, we often write signatures as a
string of + and — symbols, where + stands for 1 and — for —1.

To define the degree of an absolute Lucas D-pseudoprime n, we first need to
define an appropriate extended sum-of-digit function. Suppose > ._, ¢;p" is the
p-ary expansion of n. Then the digit-function s, is defined as

sp(n) = Zciez, (6)
i=1
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where €, = (D | p). Note that this function is an extension of the usual sum-of-
digit function when applied to Carmichael numbers. Indeed, Carmichael numbers
may be viewed as absolute Lucas 1-pseudoprimes, and for a 1-Carmichael number,
all €, and €, are equal to 1.

We define an extended degree notion for an absolute Lucas D-pseudoprime n.
Note that n = s,(n) (mod p — €,) and that, by (5), n =€, (mod p —¢p,).

Definition 3. Suppose n is a D-Carmichael number. Then, for each prime factor
p of n, there is an integer d, such that s,(n) = €, + dp(p — €,). The degree d of the
D-Carmichael number n is the maximum of the |d,|’s, over all prime factors p of n.
If d < 1, then n is said to be a primary D-Carmichael number. If d = 2, then n is
said to be secondary.

For practical purposes, it is worth noting that a D-Carmichael number n is
primary if and only if |s,(n)| < p + 2, for all prime factors p of n.

For example, consider m = 6601 = 7-23-41, the least of all 5-Carmichael numbers
with three or more prime factors. Its signature is (—1,—1,1). We have

6601 =5-7+7°+5-724+2-7"=11-23+12-232 =38-41 + 3 - 412

Thus, s7(m) = =7, se3(m) = 1 and s41(m) = 41 so that m is a primary 5-
Carmichael number. The number n = m - 17 - 353 is a 5-Carmichael number of
signature (—1,—1,—1,1,—1). It is not primary since n = 37-41+30-41%2 + 14 - 414
and, for p = 41, we find that s,(n) =374+30+14=81=2p—1=¢€, +2(p —¢,).
One can check that |s,(n)| < p + 2 for all primes p, p | n, p # 41. Thus, n is a
secondary 5-Carmichael number.

If r = 2, then there are four possible signatures. However, Williams [17, p.
139-40] had proved that

Proposition 1 ([17]). The two-prime-factor number pip2, p1 < p2, is D-Carmichael
if, and only if, p2 = p1 + 2, €5, = —1, and €, = 1.

This implies the only length-two signature that can occur for D-Carmichael num-
bers is (—1,1).

Define a universal D-form with respect to a signature o as a product P(x) of
irreducible polynomials in Z[z], where P(z) is not identically zero modulo any
prime, such that if all irreducible factors of P(z) take on a prime value for some
n > 0, then P(n) is a D-Carmichael number with signature o.

Several authors have computed data and made observations on primary Carmichael
numbers which we state here. This paper includes, for comparison, corresponding
data for primary D-Carmichael numbers.

Wagstaff [15, Table 1] computed the proportion of primary Carmichael numbers
among all Carmichael numbers below 10¢, 3 < ¢ < 18. Perhaps unsurprisingly this
proportion is initially sizeable. For ¢ = 4, their proportion is 28.57 percent, and



INTEGERS: 26 (2026) 6

decreases with ¢ down to 2.29 percent when ¢ = 18. Carmichael numbers must
have at least three prime factors, and among the 35,586 Carmichael numbers less
than 10'® that have three prime factors, 87.4 percent are primary ([15, Table 2]).
In fact, Kellner [8] suggested the proportion of primary among 3-factor Carmichael
numbers may tend to 1 as £ — oo. There are 1,401,644 Carmichael numbers less
than 10'®. Wagstaff observes that no primary Carmichael number less than 108
has more than five prime factors.

The paper is made up of three sections besides the introduction. Section 2 is
concerned with 2- and 3-factor D-Carmichael numbers. Given a D-Carmichael
number n of signature o, n = pq, or n = pqr, where p < g < r are primes, which
we see as a seed number, we seek to construct universal D-forms, which, by the
prime k-tuples conjecture “generate” infinitely many D-Carmichael numbers all of
signature o, with n being the smallest of them. We give further theorems for D = 5,
where we find universal D-forms that generate only primary 5-Carmichael numbers,
and infinitely many if we assume the prime k-tuples conjecture. Theorem 4 concerns
2-factor D-Carmichael numbers (all of them are necessarily primary), Theorem 5
exhibits universal D-forms for the 3-factor case assuming p > 3, and Theorem 6,
together with Table 1, is an analogue of Wagstaff’s Theorem 2, expliciting eight
universal 5-forms, one for all eight possible signatures. Also, there are exactly six
D-Carmichael numbers of the shape 3gr as shown in Theorem 7.

Note that 5-Carmichael numbers of signature + + + are ordinary Carmichael
numbers. Thus, the prime k-tuples conjecture implies there are infinitely many
positive integers n, with w(n) = 3, which are simultaneously Carmichael and 5-
Carmichael.

Section 2 also contains a number of tables, data, and associated remarks. The
distribution of k-factor 5-Carmichael numbers according to signature, for £ = 3 and
4, is given in Tables 2 and 3. Additional data for their distribution when k& =5 is
given in Remark 3. Data on the proportion of primary 5-Carmichael numbers is
included. Also, we computed and recorded the distribution of 3-factor D-Carmichael
numbers according to signature for D = 13, —7, and —11 in Table 4. In all the
above, the tabulation of D-Carmichael numbers (< 254) made by Helmreich and
Webster [16] for D =5, 13, —7, and —11 was used.

Section 3 is a short section with three theorems. Theorem 8 shows that the
polynomial

P(z) = (302 4 17)(30z + 19)(180z + 107)(180z + 109),

is a universal 5-form such that when the four factors p, ¢, r, s are primes, then pq
is a 5-Carmichael number, pgr and pgs are both primary 5-Carmichael numbers,
and pgrs is a secondary 5-Carmichael number. Theorem 9 is a result analogous
to Theorem 8, but for D = 13, while Theorem 10 exhibits a four-factor universal
form with respect to both D =5 and D = 13 (with identical signatures for the two
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discriminants).

In Section 4, we discuss “highly” Carmichael numbers, i.e., D-Carmichael num-
bers with respect to distinct signatures; we limit ourselves to length-3 signatures.
Theorem 11 shows the H-hypothesis implies there are infinitely many 5-Carmichael
numbers of signature + — — that are simultaneously (—11)-Carmichael numbers of
signature — + —. Theorems 12 and 13 are unconditional and show there are no D-
Carmichael numbers with respect to two signatures of opposite signs. Many open
questions are also pointed out.

We should say, in general, that this paper opens many more questions than it
proves theorems.

We end this introduction with a final remark in the form of a relevant definition
and a theorem. Theorem 1 suggests the right analogue of an absolute pseudoprime in
the context of Lucas sequences is a D-Carmichael number. It appears that signature
is the right invariant rather than the discriminant. Indeed, if n is a D-Carmichael
number with respect to the signature o, then n is a A-Carmichael number with
respect to all A’s of signature o. We define a o-Carmichael number.

Definition 4. Let 0 = (e1,...,€,), where ¢; = +1 for all i, 1 <4 <r. A positive
integer n = p1p2 - pr, P1 < P2 < -++ < Py, is a 0-Carmichael number if and only
if n is a D-Carmichael number, for all discriminants D such that (D|p;) = €,
1< <r.

The following Korselt criterion is then easily established using Theorem 1.

Theorem 3. Let 0 = (e1,...,¢.), where ¢, = £1, 1 < i < r. An odd positive
integer n is a o-Carmichael number if, and only if,

n is squarefree, and p — €, divides n — €,, (7

for all prime factors p of n, where e, = [[;_, €.

2. Determining D-Carmichael Numbers

We begin with a lemma on Legendre symbols.

Lemma 1. Suppose p is an odd prime and D = 0 or 1 (mod 4) is an integer
prime to p. If p’ = p + Dz is an odd prime number for some integer xz, then

(D[p") = (D]p).

Proof. f D = 1 (mod 4), then (D|p') = (D]|p) because Jacobi symbols satisfy
the usual quadratic reciprocity law. If D = 2 - 4F . d, where d is odd, k > 1, then

p’ = p (mod 8) so that (2| p') = (2 | p). Denoting (—1)%71'% by 7, we see that
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n:(—l)%‘%. Thus,
(D[p)=@d|p)=2Ip)d][p)=2Ip)-n- (¢ |d)
=@2[p)-n-(pld)=2[p)d]p)=(D]p)

Finally, if D = 4% - d, k > 1, d odd, then p’ = p (mod 4) and p’ = p (mod d).
Hence, (D |p') = (d|p') = (d|p) = (D |p). O

Theorem 4. Suppose p and q are prime numbers such that pq is D-Carmichael for
some integer D. Then P(x) = (p+ Dx)(q+ Dx) is a universal D-form of signature
(=1,1), g = p+ 2, and, whenever p + Dx and q + Dz are prime numbers, P(x) is
a primary D-Carmichael number. Thus, the prime k-tuples conjecture implies the
existence of infinitely many primary D-Carmichael numbers of signature (—1,1),
all of them a product of twin primes. The set of two-prime-factor 5-Carmichael
numbers is the set of integers of the form (10x + 7)(10x + 9), where z > 1 and
10z 4+ 7 and 10x + 9 are prime numbers.

Proof. By Proposition 1, pq is D-Carmichael implies its signature is (—1,1) and
g = p+2. Since P(0) = 1 (mod 2) and ged(D,pq) = 1, we see that P(z) =
(p + Dx)(q + Dz) is not identically zero modulo any prime. Suppose u = p + Dx
and v = ¢+ Dx = u + 2 are both primes. By Lemma 1, the signature of wv is
(—1,1). Moreover,

w+l=—-v+l=—-(v—-1)=—(u+1)=0 (modu+1).

Hence, P(x) is a universal D-form of signature (—1,1). It remains to check that
P(x) = wv is primary. Since P(z) = (v — 2)v = u(u + 2) = 2u + u?, we obtain
su(P(x))=—-241=—1and s,(P(z)) =v — 2.

In the case D = 5, pq is 5-Carmichael if, and only if, (5 | p) = -1, (5| ¢) =1,
and ¢ = p+2, since these conditions imply that p+1(= ¢ — 1) divides pg+ 1. Thus,
pq is 5-Carmichael if, and only if, p = 2,3 (mod 5), ¢ = 1,4 (mod 5), and ¢ = p+2,
which occurs if, and only if, p = 2 (mod 5) and ¢ = p + 2. This last condition is
equivalent to p =7 (mod 10) and ¢ = p + 2, which yields our claim. O

If C(z) = #{1 <n < x; 10n+ 7 and 10n + 9 are primes}, then we emphasize
that the quantitative version of the H-hypothesis (Conj. 3) gives the asymptotic
estimate

1_ @) 1
~ P :
C(x) CEI;[ 1= %)2 log(10z + 7)(10x +9)’

as & — oo, where p(p) is the number of zeros of (10z + 7)(10x +9) modulo p. Since
p(2) = p(5) = 0 and p(p) = 2 for all the other primes, we see that
20 x

C(x) ~ 302W7 (8)
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as x — oo, where Cy =~ 0.66022832... is the famous twin prime constant, i.e.,
_2
(1177{)2 Calculations using Pari gp gave C'(10) = 9138015. The right-hand

side of (8) with x = 10%, yields %:&%), which rounds up to 8301 786.

Remark 1. In the case D = 5, the universal D-form of Theorem 4 yields all 5-
Carmichael numbers with two factors. Indeed, the least pair of primes that satisfies
the conditions p =7 (mod 10) and ¢ = p+ 2 is p = 17 and ¢ = 19. Thus, P(x) =
(17 + 52)(19 + 5z), but for P(x) to be a product of two primes, z must be even.
Thus, we may consider instead (p+10x)(g+10z), z > 0, or (7+10x)(9+10x), x > 1.
However, this is generally not the case. For D = 13, there are three possible pairs
(n,r = n+ 2), where n is a nonresidue of 13 and r a residue, namely (2,4), (7,9),
and (8,10). These pairs lead to universal 13-forms that yield distinct sets of primes.
They are (41 + 26x)(43 4 262), (59 + 26x)(61 4+ 26x), and (281 + 26x)(283 + 26x).

We next prove a Chernik-like theorem for generating D-Carmichael numbers with
three prime factors—similar theorems can be proved for D-Carmichael numbers
with more prime factors. Given a D-Carmichael number p;psps of signature o,
the theorem produces a D-universal form for the signature ¢ that stems from the
number pipaps, and includes it as its least member. The theorem is preceded by
two lemmas.

Lemma 2. Let €1, 6,635 € {£1} and ¢y, ca,c3 be positive pairwise coprime integers.
Let g be a nonzero integer and consider

n = (c19 + €1)(c2g + €2)(c3g + €3).
Then c;g | n — €, where €, = €1€62¢e3, for all i = 1,2,3 if, and only if,
g(€escica + €acics + €1cac3) + €n(€101 + €2co + €3¢3) =0 (mod cieac3).  (9)
Proof. That c;g divides n — €,, ¢ = 1,2, 3, translates into the single congruence
(c19 + €1)(c2g + €2)(c3g + €3) = €n  (mod gercacy).
But the above congruence is equivalent to
92(010263 + cre3€2 + caczer) + g(creges + cae1€3 + cze1e2) =0 (mod gepeacs),

which gives the claim by dividing through by g, or multiplying through by ¢ for the
converse. O

Lemma 3. Let ¢1,c,c3,9, and n be as in Lemma 2. Suppose h is a nonzero
integer such that h = g (mod cicacs). Let m := (c1h + €1)(cah + €2)(csh + €3).
Then c;ih | m — €, fori=1,23.
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Proof. Replace g by h in (9) and use Lemma 2 to obtain ¢;h | m — €, for i =
1,2,3. 0

Theorem 5. Let 0 = (e1,¢€2,€3) be a signature. Suppose 3 < p; < ps < ps are
prime numbers such that p1paps is a D-Carmichael number with signature o. Put
g = ged(pr — €1,p2 — €2,p3 — €3), gc1 = p1 — €1, gca = P2 — €2, gc3 = p3 — €3, and
assume the ¢;’s are pairwise coprime. Then

P(z) = (D3 cocsx + p1)(Deiciesr + po)(Dercacaa + ps)
s a universal D-form with respect to the signature o.

Proof. Put n = pipaps and €, = €1eze3. If 6 | x, then P(xz) = 1 (mod 2) and
P(z) = £1 (mod 3). Thus, if P(z) is identically zero modulo some prime, it must
be some p;, and p; must divide cicacs. If p1 | crcacs, then py | cacs. Ifp1 | ¢y, j =2
or 3, then py | p; —€;. Since p; — ¢; divides n — €,, we obtain the contradictory
facts p1 | n — €, and py | n. Similar arguments apply for ¢« = 2 and 3. Hence, there
is no prime modulo which P(z) is identically zero.
Suppose that, for some z, ¢; := ¢;Dcicocsr + p; is a prime number, i = 1,2, 3.
Then, by Lemma 1,
(D | @) = (D [p) = €. (10)
Put h = Dcicacsz+g. Then g; = c;h+(D | qi),i=1,2,3,and h = g (mod c¢jcac3).
By Lemma 3, ¢; — (D | ¢;) divides P(x) — €, ¢ = 1,2,3, so that P(z) is a D-
Carmichael number of signature (€1, €9, €3). O

Remark 2. If ged(D,cicec3) = ¢ > 1 in Theorem 5, then we can reduce the
coefficients of P(x) by replacing D with D//.

Theorem 6. Given a signature o of length 3, the prime k-tuples conjecture implies
the existence of infinitely many primary 5-Carmichael numbers of signature o.

We tag along Theorem 6 a table, Table 1, of polynomials that yield primary
5-Carmichael numbers for all eight signatures.

Proof of Theorem 6. We show that the eight universal 5-forms of Table 1, one for
each signature, generate only primary 5-Carmichael numbers whenever the three
linear factors of P(x) are prime numbers, for all z > 0, or all z > 1 in Case 2. The
prime k-tuples conjecture implies there are infinitely many such z’s, and therefore
infinitely many primary 5-Carmichael numbers with three prime factors of all eight
signatures. We proceed case by case.

Case 1: Pi(x) = (302+41)(60x+1)(90x+1); 0 = +++. We know from Chernik’s
work that the polynomial

C(z) = (6x+1)(12z + 1)(18z + 1)
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o a universal form with resp. to o examples x
+++ (302 + 1)(60x + 1)(90x + 1) 211 -421 - 541 7
++ - (438902 + 199) x (921690z + 4159) x 199 - 4159 - 82763 0

(18346020x + 82763) 44089 - 925849 - 18428783 1
219649 - 4612609 - 91812863 | 5
+ —+ | (8402 + 19)(2520z + 53) (470402 + 1009) 19-53-1009 0
4219 - 12653 - 236209 5
10099 - 30293 - 565489 12
+—— | (5600x + 11)(7840x + 13)(35840x + 47) 11-13-47 0
365411 - 511573 - 1753967 87
504011 - 705613 - 2419247 | 120
—++ (302 + 17)(30z + 19)(180z + 109) 17-19-109 0
137-139 - 829 4
347 - 349 - 2089 11
-+ - (152 + 2)(15x + 4) (452 + 8) 17-19-53 1
197199 - 593 13
- —+ (152 + 7)(45x + 23) (75 + 41) 7-23-41 0
37-113-191 2
97293 - 491 6
- — = (2102 + 13)(1260z + 83)(1470x + 97) 13-83-97 0
643 - 3863 - 4507 3

Table 1: Universal forms yielding primary 5-Carmichael numbers

produces Carmichael numbers whenever the three linear factors are primes. We
have P;(z) = C(5x). The prime k-tuples conjecture predicts P;(x) to be a product
of three primes infinitely often. In this event, Pj(x) is a 5-Carmichael number of
signature + + + because (5 | 30z +1) = (5 | 60z +1) = (5 | 90z + 1) = 1.
These 5-Carmichael numbers are Carmichael numbers and they were shown to all
be primary in [15, Cororallary 1].

The seven remaining cases yield 5-Carmichael numbers of a given signature be-
cause they are constructed using Theorem 5. Theorem 5 requires one instance of
a 5-Carmichael number of the given signature to apply. In each case, we chose
a 5-Carmichael with three prime factors of the given signature from the tabula-
tion made by Webster [16] and constructed a universal form using Theorem 5 after
checking that the corresponding ¢;’s are pairwise coprime. For instance, in Case 5,
35207 = 17-19-109, g = 18, ¢; = ¢o = 1, and ¢3 = 6. To show P(x) only yields
primary 5-Carmichael numbers, we now write P(x) = N = pqr, where p < ¢ < r
are primes. Then, we find the p-adic expansion of ¢r, from which we get s,(V),
and do the same for the g-adic and the r-adic expansions of, respectively, pr and
pq. Finding some of these expansions took a little guessing, but once we have these
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expansions, they are easily verified, especially using some software.

Case 2: P(x) = (43890x + 199)(921690x + 4159)(18346020x + 82763); 0 = + + —.
Then if z > 1, we find that

qr = 8380 + (p — 17159)p + 8777p?,

pr = (48070z + 197) + (873620x + 3960)q,

pg = (22052 4 11) + (2205x + 10)r,
so that s,(N) =p—2, 54(N) = ¢ — 2, s,(N) = —1. For x = 0, the seed number
199 - 4159 - 82763 is a secondary 5-Carmichael number. The above expressions for

pr and pg remain valid, but gr = 22 + 196p + 134p? + 43p® and s,(N) = 395 =
2p—3=-142(p—¢p).

Case 3: P3(z) = (840z + 19)(2520x + 53)(47040z + 1009); & = + — +. Then

qr = 220 + (8402 — 370)p + 167p?,
pr = (560x + 38) + (560x + 43)q + 64,
pq = (46995z + 1007) + (45z)r,

s0 that s,(IV) = 220+ (840z — 370) + 167 = p—2, 5,(N) = 0— (560 +38) + (560 +
43) — 6 = —1, and s,.(IN) = 0 + (469952 + 1007) + 45z = r — 2.

Case 4: Py(z) = (4200x + 11)(5880x + 13)(20160x +47); 0 = + — —. Then, for all
x > 1, we have

qr = (11762 + 17) + (3024x — 12)p + 6p?,

pr = (26407 + 10) + (2640z + 13)q + 2¢°,

pq = (12252 4 2) + (1225x + 3)r,
so that s,(IN) = p, s4(N) =1, and s,(IN) = 1. For = 0, we find that the first two
identities above take a different form: gr = 13-47 = 6+5-112 and 11-47 = 10+3-132

so that s,(N) = 6+5 = pand s4(N) = —10—3 = —¢ = 14+(—1)(g+1). Nevertheless,
11-13-47 is a primary 5-Carmichael number.

Case 5: Ps(z) = (30x+17)(302+19)(180x+109); 0 = —++. Then, for all x > 1,
we find that

qr =14+ 19p + 6p2,

pr =10+ (¢ —17)q + 5¢°,

pq = (175z + 105) + (5 + 2)r,
so that s,(N) = =144+ 19 — 6 = —1, 54(N) = ¢ — 2, and s,(N) = 180z + 107 =

r —2. For x = 0, we find that gr = 19-109 = 14 4+ 217 4+ 7 - 172, so that
sp(N)=—-144+2—-7T=—p—2.
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Case 6: Ps(x) = (152 + 2)(15x + 4)(452 + 8); 0 = — + —. Then
qr =4+ 8p + 3p?,
pr=8+(¢—10)g+2¢%
pq =5z + (bz + 1)r,

so that s,(N) = —-44+8—-3 =1, s4(N) =g, and s,.(N) = 1.

Case 7: Pr(z) = (15z + 7)(4bx + 23)(75x + 41); 0 = — — +. Then

qr = 12 4 28p + 15p?,
pr = (25z + 11) + (25z + 12)g,
pq = (66 + 38) + (92 + 3)r,

so that s,(N) = =124+ 28 — 15 =1, s¢(N) = 1, and s,(V) = 7z + 41 = r. If
2 =0, then p = 7 and 12 + 28p + 15p? is not the 7-adic expansion of 23 - 41. But
23-41=5+7+5-7*+2-7 so that s,(N) = —5+1—5+ 2 and is still 1.

Case 8: Py(z) = (210z + 13)(1260z + 83)(1470z + 97); 0 = — — —. Then

qr = 30 + Tlp + 42p?,
pr = (2452 + 16) + (245z + 15)q,
pq = (180z + 12) + (180x + 11)r,

so that s,(N) = s4(N) = s,(N) = —1. The first identity gr = 30 + 71p + 42p? is
not the p-adic expansion of ¢gr when z = 0 because the coefficients 30, 71, and 42
are larger than p = 13. Nevertheless, 83 - 97 = 8051 =4 +8-13 +3-132 +3.133
so that s13(N)=0—-4+8—-8+3=—1. O

Helmreich and Webster [7, Table 1, p. 15] found 86,227 5-Carmichael numbers
with three prime factors less than 254, We calculated their distribution among the
eight possible signatures; see Table 2. The rarest signature appears to be ++—. The
least 5-Carmichael number of signature ++ — is 199-4159-82763 = 68,498,052,083.
It is the 580th number in the list of 3-factor 5-Carmichael numbers tabulated by
Helmreich and Webster [16].

We found that 81,597 of the 86,227 three-factor 5-Carmichael numbers less than
264 are primary, a proportion of 94.63%. If CP(z) denotes the number of D-
Carmichael numbers with k prime factors that do not exceed x, and PP (z) the
number of primary D-Carmichael numbers no larger than = with k factors, we then
observed that the proportion of primary with three factors PJ(x)/C3(z) seems to
increase as  increases within the range [1,2%4]. Recall that for Carmichael numbers
Kellner [8, Conjecture 5.3] conjectured that Pj(z)/Ci(z) tends to 1 as z — oc.

There are 70,917 four-factor 5-Carmichael numbers less than 264, We found that
18,858 of them are primary, i.e., 26.59%. Table 3 gives the distribution of these
70,917 numbers according to signature.
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signature | 0 < z < 25% | percentage
+++ 32,227 37.37%
++ - 1,146 1.33%
+ -+ 1,823 2.11%
+—— 7,840 9.09%
-+ + 4,335 5.03%
-+ - 16,722 19.39%
- —+ 15,197 17.62%
- — = 6,937 8.05%

14

Table 2: Signature distribution of three-prime-factor 5-Carmichael numbers < 264

signature | 0 < z < 2%% | percentage || signature | 0 < z < 25% | percentage
++++ 26,896 37.93% —+++ 340 0.48%
+++— 189 0.27% —++— 6,421 9.05%
++ —+ 243 0.34% -+ —+ 7,919 11.17%
+—++ 301 0.42% -+ — 1,433 2.02%
++— 3,044 4.29% - —++ 9,271 13.07%
+ —+— 3,880 5.47% - —+- 1,420 2%

+ - —+ 4,599 6.49% - ——t 1,258 1.77%
+—-— 1,189 1.68% - —— 2,514 3.54%

Table 3: o-distribution of 5-Carmichael numbers < 26 with four prime factors

Remark 3. Looking at Tables 2 and 3, there are two obvious observations. The
proportion of 5-Carmichael numbers that are Carmichael numbers, i.e., that have
respective signatures + + + or + + ++, is the largest, and lies between 37 and
38% in either case. The rarest signatures are, respectively, ++ — and + + +—. In
addition, we mention there are 338,435 five-factor 5-Carmichael numbers < 264; the
proportion of primary is down to 6.84%. The most common signature is + +
+ + + (24.11%), the least common is + + + + — with 162 numbers, and the
second-least is + + + — + with 182 cases. There are still some primary six-factor
5-Carmichael numbers, but they only represent about 1.776% of all six-factor 5-
Carmichael numbers < 264,

We complete this section with a table for the discriminants 13, —7, and —11
using the tabulation of D-Carmichael numbers found in [16].

We see that D = 13 behaves somewhat like D = 5, but the distributions for
D = —7 and —11 show a different behavior with more uniformity among signatures.
However, the proportions of primary PP (x)/CP (x), z = 264, are very comparable
to D = 5 with respective values 94.63%, 94.62%, and 94.50% for D = 13, —7, and
—11.
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signature | D=13 | D=-7 | D =—-11
+++ 16,708 | 26,575 18,254

++— | 6,420 | 28,687 | 19,557
T —+ | 8301 | 28453 | 20,306
+—— | 10,740 | 30,120 | 21,994
—++ | 11,615 | 39,007 | 28,198
—+— | 14,387 | 37,071 | 27,213

——+ | 11,941 | 29,003 | 20,189
——— [ 9575 | 28,567 | 19,524
CD(25%) | 89,687 | 248,473 | 175,235

Table 4: Signature distribution for three-factor D-Carmichael numbers < 264

In Theorem 5, we had to exclude the case when p; = 3 because the resulting
polynomial P(x) can, in some instances, be identically zero modulo 3. We next con-
sider D-Carmichael numbers of the form 3¢r to complete the case of D-Carmichael
numbers with three prime factors.

Lemma 4. If 3gr, 3 < ¢ < r, is a D-Carmichael number of signature (a, 3, v),
then

q — B divides 3r —ay and r— divides 3¢ — af.

Moreowver,
r=3q+2y, ify=—apb;
2r=3q+~, ify=ap.

Proof. By hypothesis, ¢ — | 3¢r — afBv and r — v | 3¢qr — af8y. Since ¢ =
(mod ¢— ) and r =~ (mod r — ), we see that ¢g— | 3r —ay and r — | 3¢ — af.
Since r > ¢ + 2, we have 3(r — ) > 3¢ — af. Hence, either r — vy = 3¢ — af,
or 2r — 2y = 3¢ — aff. If v = —af and 2r — 2y = 3¢ — af3, then 2r = 3(q + 7).
But 3 | r contradicts the primality of . Therefore, r = 3¢ + 2. If v = a3, then
r—y =3¢ — af leads to r = 3q. Hence, 2r = 3q + 7. O

Theorem 7. The numbers 105, 195, 255, 399, 561, and 2703 are the only numbers
of the form 3qr, 3 < q < r primes, that are D-Carmichael numbers for some D.
They can only be so with one signature, which is indicated in Table 5 below.

Proof. Case 1: v = —af. By Lemma 4, r = 3¢ + 27 and g — 8 divides 3r — ary.
Thus, ¢ — 5| 3(3¢ + 2v) + 5 = 9¢ + 6v + 5. Subtracting 9(¢ — ) from 9¢ + 6 + 3
yields ¢ — 8 | 6y +108. If « = —1, then vy = S and ¢ —y | 167. If y =1, then ¢ =5
andr=3¢+2=17,org=17and r =53. If y = —1, then ¢+ 1 | 16. Thus, ¢ =7
and r =3¢+ 2y =19. If « = 1, then v = —3. Thus, ¢ — 8 | 6v + 108 becomes
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3qr signature | least D > 0 | largest D <0
561 =3-11-17 +++ 1 -8
195=3-5-13 ++ - 109 —11
105=3-5-7 -+ - 41 —4
256 =3-5-17 -+ + 89 —4
2703 =3-17-53 -+ + 7 —4
399 =3-7-19 - — = 41 —4

Table 5: All D-Carmichael numbers of the form 3gr

qg—pB148. If B =1, then ¢ — 1 | 4 so that ¢ = 5 and r = 13. If § = —1, then
g+ 1] 4 and there are no solutions.

Case 2: v = af. By Lemma 4, we have ¢ — 8 | 3r — ey and 2r = 3¢ + 7. Thus,
2(q — B) | 3(2r) — 2ay = 9g + v(3 — 2). Subtracting 8(¢ — 3) and 10(q — ) from
9¢ + v(3 — 2a), gives respectively that 2(q — 5) divides both ¢ + (3 — 2a) + 83
and —q + (3 — 2a) + 108. Therefore, 2(q — 3) divides 2v(3 — 2a) + 1843, or
qg—B|vB8—-2a)+98. If « = —1, then 8 = —y. Thus, ¢ — 8 | 4. The only
solution is § =1,¢g=5,and r = (3¢ +~v)/2 =7. If « = 1, then 8 = . We get
g — 8] 10, and the only solution is ¢ = 11 for § =1 and r = 17. O

Remark 4. The last four numbers in Table 5 are (—4)-Carmichael numbers. If
U = U(12,37), then, since no prime factor is 37, we can check that 3-5 | Uy, 7 | Us,
17 | Usg, ete. In fact, Uy = 8 - 105 so the first two divisibility relations are checked.

3. Remarkable Consequences

Theorem 8. The prime k-tuples conjecture implies the existence of infinitely many
pairs (m,n) of primary 5-Carmichael numbers of the form

m = pqr = (30z 4+ 17)(30z + 19)(180z + 107),
n = pgs = (30x + 17)(30z + 19)(180x + 109),

where all factors are prime numbers and x > 0. In all such instances, N = pqrs
1s a secondary 5-Carmichael number. Thus, the prime k-tuples conjecture implies
there are infinitely many four-prime-factor secondary 5-Carmichael numbers.

Proof. Consider the polynomial
P(x) = (30z + 17)(30x + 19)(180z + 107)(180x + 109).

We have P(z) = 1 (mod 6) for all integers x. Hence, P(x) is never identically
zero modulo any prime. The k-tuples conjecture implies there are infinitely many
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integers * > 0 such that p = 30z + 17, ¢ = 30x + 19, » = 180z + 107, and
s = 180x + 109 are four prime numbers. For such an x, we note that ¢ = p + 2,
s=r+2 and r = 6p+5 (with p = 30z + 17).

We now prove that m = pgr and n = pgs are primary 5-Carmichael numbers.
Since the signature of m is — 4+ —, m is 5-Carmichael if, and only if, p+ 1(=¢—1)
divides m — 1 and r + 1 divides m — 1. But r+1 = 6(p+ 1). Thus, we only need to
check that m —1 =0 (mod 6(p+ 1)). Observing that 6 | p+ 1 so that (p+1)? =
(mod 6(p + 1)), we find that

m—1=(pg)r—1=(p+1)>—1)(6p+5)—1
=0-1)(6p+6—1)—1=0 (mod 6(p+1)).

Moreover, we have

qr = (p+2)(6p +5) = 10 + 17p + 6p°,
pr=(q—2)(6g—7) =14+ (¢ — 19)q + 5¢°,
pq = (5z + 3)r + (5 + 2).

Hence, s,(m) =1, if p > 17, and s,(m) = —p, if p = 17; s,(m) = ¢ and s,.(m) = 1.
We conclude that m is a primary 5-Carmichael.
Now the number n has signature — + + and belongs to the fifth universal 5-form
of Theorem 6, which was shown to only produce primary 5-Carmichael numbers.
It remains to show that N = pqrs is also a 5-Carmichael number. Its signature
being — + —+, we need to verify that p+1 (=¢—1) and r + 1 (= s — 1) divide
N —1. Since r+ 1 =6(p+ 1), it suffices to check that N —1 =0 (mod r +1). But

N—-1=(pg)(rs)—1= ((p+1)>=1)((r+1)>~1)—1=(-1)>*~1=0 (mod r+1).
We verify the numbers N are all secondary:

qrs = 70 + 179p + 144p? + 36p°,
prs = (q — 70) + 178¢q + (q — 144)¢* + 35¢°,
p+1

1
r+ 2)7’ + %rz,

pqr =2(c+2) + (s — (3¢ +4))s + cs?,

pqs:4+(

where in the last identity ¢ = (p — 5)/6. Thus, s,(N) = 1, unless p = 17 when
sp(N) = p+2; s4(IN) = 2¢ — 1 in all cases, even for ¢ = 19, or 139; s,.(N) =
(p—11)/6 < r and Ss(N) = s, which proves all N are secondary 5-Carmichael
numbers. O

Many variations on Theorem 8 can be proven for D = 5 and other values of D as
well. We chose Theorem 8 because it is linked to Theorem 4. Theorem 8 says that
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for infinitely many 5-Carmichael numbers p(p + 2), as described in Theorem 4, we
can append two twin primes r and s = r + 2 such that p(p + 2)r and p(p + 2)s are
both primary 5-Carmichael numbers. The five smallest examples of this arithmetic
curiosity, initially detected by peering at the tabulations made by Helmreich and
Webster [7], occur for pgr equal to 17 - 19 - 107, 137 - 139 - 827, 347 - 349 - 2087,
827 - 829 - 4967, and 1667 - 1669 - 10007.

We only provide another example similar to Theorem 8 but for D = 13. Again
peering at the tabulation [7], we could not help but notice the numbers 137-139-827
and 137 - 139 - 829 in the list of three-factor 13-Carmichael numbers.

Theorem 9. The prime k-tuples conjecture implies the existence of infinitely many
pairs (m,n) of primary 13-Carmichael numbers, where m and n are of respective
signatures — + — and — + + and of the form

m = pgr = (78x + 137)(78x + 139)(468x + 827),
n = pgs = (78x + 137)(78xz + 139)(468x + 829),

for some x > 0. This occurs when all factors are prime numbers. The prime k-
tuples conjecture implies N = pqrs is a secondary 13-Carmichael number infinitely
often, namely when the four numbers p,q,r, and s are all prime numbers.

Proof. The polynomials (78 + 137)(78x + 139)(468x + 827) and (78x + 137)(78x +
139)(4682+829) were constructed using Theorem 5. As 137-139-827 and 137-139-829
are 13-Carmichael numbers of respective signatures — + — and — + +, we know by
Theorem 5 that both polynomials are universal 13-forms with respective signatures
— + — and — + 4. When the four factors 78z + 137, 78z + 139, 468x + 827, and
468z + 829 are prime numbers, which must occur infinitely often by the prime k-
tuples conjecture, then we know without any further calculations that m and n are
primary, and pqrs is secondary, by observing that, exactly as for the primes p, ¢, r,
and s of Theorem 8, we have g =p+2,r =6p+ 5, and s = 6p + 7. O

The first few instances correspond to x = 0, 13, and 19, yielding pgr = 137-139-
827, 1151 - 1153 - 6911, and 1619 - 1621 - 9719.

Numbers can be playful and combining Theorems 8 and 9 gives the remarkable
following result.

Theorem 10. The polynomials (390z 4 137)(390z 4 139)(2340z + 827) and (390z+
137)(390z + 139)(2340z + 829) are both universal 7- and 13-forms with respective
signatures —+— and —++. They only yield primary 5- and 13-Carmichael numbers
when their three factors are prime numbers. Moreover, the polynomial (390z +
137)(390z + 139)(23402 + 827)(23402 + 829) is simultaneously a universal 5- and
13-form with common signature — + —+ which generates secondary 5- and 13-
Carmichael numbers when the four factors are prime numbers. By the prime k-
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tuples conjecture there are infinitely many occurrences when all four factors are
primes.

Proof. Theorem 8 used the universal 5-form

P(x) = (30x + 17)(30x + 19)(180x + 107)(180x + 109),
while Theorem 9 used the universal 13-form

Q(y) = (78y + 137)(78y + 139)(468y + 827)(468y + 829).

If 2 = az+ b and y = cz + d, where a,b,c,d are integers, a and b positive, and
for all nonnegative z, 30x + 17 = 78y + 137, then R(z) := P(az +b) = Q(cz + d)
will be both a 5- and a 13-universal form, since, as noticed previously, if p is the
least common factor of both P(x) and Q(y) then the other factors are p+ 2, 6p+ 5,
and 6p + 7. Solving 30x + 17 = 78y + 137 gives x = 4 + 13z and y = 5z for some
z € Z. Putting x = 4+ 13z in P(z) (or y = 5z in Q(y)) yields the polynomial
R(z) = (3902 + 137)(390z + 139)(2340z + 827)(2340z + 829) in 2. O

The least values of z > 0 for which the four factors of
R(z) := (390z + 137)(390z + 139)(2340z + 827)(2340z + 829)

are all primes are z = 0,55, 75, and 81. For z = 55, p = 21587, ¢ = p+2, r = 129527,
and s = r + 2. Thus, p and r are quadratic nonresidues of 5 and 13, while ¢ and s
are quadratic residues. Moreover, p+1(=¢—1) and r+1(= s—1) divide R(z) — 1.

4. An Open Matter: Highly Carmichael Numbers

Recall that the sign, €,, of a signature o = (€1, €2,...,€) is the product []_; €.
Denote by C(o) the set of numbers which are D-Carmichael of signature o for some
D, and by w(n) the number of distinct prime factors of an integer n.

If a number n = pyps -+ - ps is a D-Carmichael number, then it has a signature
o = (€1,...,€5). The number n will be a D-Carmichael number of signature o
for an associated set S(n, o) of discriminants D defined by the conditions D = 0,1
(mod 4) and (D | p;) = €;, i =1,...,s. The set S(n, o) has a natural density within
the set of integers which, by the Chinese remainder theorem, is 27~ ]°_, (1 — pi)
If s = 3, then the upper bound of all such densities is 1/16 (at least presumably, if we
assume there are infinitely many 3-factor D-Carmichael numbers with respect to a
given D, and only finitely many with p; and ps fixed, as results of Section 2 permit
thinking). But it is conceivable that the same n be a D-Carmichael number for
some D outside of S(n, o), i.e., with respect to a different signature. Such numbers
would be “highly” Carmichael, and it would be of interest to find which numbers n
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have the largest associated density, dc(n), of discriminants D with respect to which
they are D-Carmichael (or the upper bound of all such densities). If s = 2, then
any D-Carmichael has to have signature (—1,1) by Theorem 4, so it cannot be D-
Carmichael with other signatures. If s = 3 and p; = 3, then we see from Theorem
7 that this cannot happen either. Thus, the number 105, say, can only be a D-
Carmichael number for D € S(105,(— 4 —)), a set of natural density 1/35 within
the set of integers. But it can actually occur. Call such numbers bi-Carmichael.
The number n = 1,034,881 = 41 - 43 - 587 = pgr is 5-Carmichael with signature
+ — —, and 13-Carmichael with signature —+ —. The two signatures have the same
sign, +1, and p and ¢ are twin primes so that the requirements p+1 | n — 1 and
q— 1| n—1 are identical. Moreover, the number n — 1 =27-3.5-72 .11 is very
smooth. Thus, dc(n) is at least 273(1 — &) (1 — &) (1 — &) = 2x42x586 ¢
about 11.89%. We did not probe very far, but, among 3-factor numbers, we found
a few dozens using two of the four discriminants {5,13, —7, —11}. All bi-Carmichael
numbers we found occur for two signatures o and o’ of sign +1. In all, but one
case, the two signatures are + — — and — + —. But the number ¢ = 71 - 271 - 521
has signature 4+ + + with respect to D = 5 (i.e., £ is a Carmichael number) and is a
13-Carmichael number of signature — —+. Unsurprisingly, /—1 = 2*.3%.5.7-13-17
is very smooth. Are there infinitely many such cases? Again, with the generalized
k-tuples conjecture coming to the rescue, we believe there are. Here is an example
of a theorem, among similar ones, we can prove.

Theorem 11. The H-hypothesis implies infinitely many numbers are simultane-
ously primary 5-Carmichael of signature + — — and primary (—11)-Carmichael of
stgnature — + —.

Proof. Consider the polynomial
Q(x) = (32 — 1)(3z + 1)(32% — 1).

Note that 3z% — 1 is irreducible over the rationals. Since Q(0) = 1, Q(x) is not
identically zero modulo any prime. Thus, the generalized prime k-tuples conjecture
implies there are infinitely many integer values of x for which all three factors of
Q(x) are prime numbers. This is true if z = 34 for instance. In such cases, we write
p=3r—1,¢g=p+2,andr =322-1= W—l. Next we check that p> —1, ¢+1,
and r+1 all divide pgr—1. We have p?—1 = 3z(3z—2) and pq = p*—1+2p+1, so that
pgr—1=(2p+1)r—1=(62—1)(3z2—1)—1 =3z(2z+1)(3z—2) =0 (mod p?—1).
Then, modulo ¢+ 1, wehave 1 —pgr=1+pr=1-3r=1-(¢+1-2)2+3=0.
Also, 1 —pgr=1+pg=1+p*+2p=3(r+1)=0 (mod r +1).

In order for pgr to be 5-Carmichael of signature + — —, we may replace z by
10z 4+ 4 in Q(x). We obtain

R(z) = (30z + 11)(30z + 13) (12(5z + 2)* — 1).
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The generalized k-tuples conjecture applies to the polynomial R(z). Assuming the
three factors of R(x) are prime numbers, we see that (5| r) = (48 —1|5) = —1 so
the required signature is realized. Now, if we take x = 3,4 or 5 (mod 11) in R(z),
then, respectively, p = 2,7 or 10 (mod 11), and ¢ = 4,9 or 1 (mod 11). Hence,
(=11]p) = -1 and (—11 | ¢) = +1. Also, modulo 11 we find that

1)2 — -2 2 ifr=3.4 d11);
L_ 1’3 pg 54((,_2):{7 ifx=34 (mod 11);

3 3 110, ifz=5 (mod 11),

so that, in all cases, (—11 | ) = —1. Thus, the generalized prime k-tuples conjecture
says that the three polynomials R(3 + 11z), R(4 4 11z), and R(5 + 11x) generate
infinitely often a product of three primes which have all the announced properties.

Suppose the three factors of n := Q(x) are prime numbers p, ¢, and r. Write

c=+——and 7 =—+ —. Asqr:2%+%-p2, we see that s,(n) = p for
o, and s,(n) = —p for 7. Also, pr = 2""2,:—2 + % - ¢* so that sy(n) = ¢ for o, and
sq(n) = —q for 7. Finally, pg = 3r + 2 so that s,(n) = 1 for both ¢ and 7. This
proves the numbers are primary with respect to both signatures. O

Theorem 11, if one believes the H-hypothesis, means the upper bound of all
dc(n) is at least 1/8, or 12.5%. We do not know whether there are infinitely many
numbers that are D-Carmichael with respect to three or more signatures. There
are (5) = 28 possible pairings of signatures for 3-factor bi-Carmichael numbers. We
found at least two pairings that we know occur. How many actually do? If they
do, do they occur infinitely often? Theorems 12 and 13, next, show that if n is
bi-Carmichael with respect to ¢ and 7, then ¢ and 7 have to have the same sign.
Hence, the number of possible pairings reduces from 28 to 12. Can any of the six
pairings with two signatures of negative signs ever occur? This remains an open
question.

These problems have their origin in a question of Hugh Williams [17] who asked
about the existence of Carmichael numbers n that would also be D-Carmichael
numbers for some D with (D | n) = —1. If n has s prime factors, then Williams
showed the signature of n must be (=1, —1,...,—1) (s times —1’s), s must be odd,
at least 5, and 3 1 n. This open question was reiterated as Problem 5 in the recent
book [2, p. 271]. The next two theorems broaden the scope of the above-mentioned
results of Williams following closely and pushing further the techniques he used.

Theorem 12. Suppose 0 = (e1,...,€5) and o' = (€},...,€;) are two signatures
of opposite signs. If n € C(o) N C(d’), then ¢’ = —o, i.e., the two s-tuples have
opposite entries, w(n) is odd, and 31 n.

Proof. Suppose p; < ps < --- < ps are the prime factors of n. Let p be one of
these prime factors. Then p —¢, | n — ¢, and p — €, | n + ¢,. If ¢, = €}, because
ged(n — €5,m + €,) = 2, p > 5 is not possible. Thus, p = p; = 3, and if ¢ = p;,
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i > 2, then ¢, = —e,. One of ¢ £ 1 is divisible by 3. Therefore, one of the two

numbers n £ 1 is also divisible by 3. Hence, 3 t n, p1 > 3, and €, = —¢; for all 1,
1 <i < s. Hence, 0/ = —0. But ¢,y = —¢, and €,» = (—1)%¢, implies s = w(n)
must be odd. O

Theorem 13. There are no three-factor bi-Carmichael numbers with respect to two
signatures of opposite signs.

Proof. We proceed by contradiction. Suppose that n = p1paps, or alternately pqr,
p < g < r, is bi-Carmichael. By Theorem 12, the two signatures are 4(e1, €2, €3).
Put o for the signature with sign +1 and assume without loss of generality o =
(€1, €2, €3). By hypothesis,

pi—€|n—e=n—1 and p;+e¢|nte=n+1.

Hence, with {i, 7, k} = {1,2, 3}, since p; = +¢; (mod p; F ¢;), we find that p; — ¢; |
pipr — € and p; + €; | pjpr — €;. Hence, (p? —1)/2 | pjpr — €i. Thus we obtain the
strict inequalities between three integers

xz:iqr—el >y':7p7n_62 >z::7pq_63 (11)

P -1/2" 7" (¢*-1)/2 (r2-1)/2
Since r2 — 1 > pq — €3, we find that z = 1, and

7% = 2pg + (1 — 2¢3) < 2pq + 3. (12)

Case 1: y > 3. (Note that this case holds if e = 1, for y = 2 would imply
pr —1=¢*>—1.) Then

2 2 2
p*—1 -1 r-1
— >4 3. ’

qr +pr+pq Z € = 5 + 5 + 5
which, using p? + ¢* +r? > qr + pr + pq and multiplying through by 2, yields
2(p% + ¢® + r?) > 4p® + 3¢% + r? — 12. Simplifying gives 2 > 2p? + ¢ — 12 >
p? +¢® + 13 > 2pg + 3, using p > 5 which we know from Theorem 12. But the last

inequality contradicts (12).

Case 2: y=2and x =3 or 4. Then e5 = —1 so that, as ¢, = 1, we have €;e3 = —1
and ¢ = pr +2. Put X = ¢r.

Assume first e3 = —1. Then 7% = 2pg + 3 and 2qr — 2 = z(p®> — 1). We will
show that = > 5. Multiplying ¢? by r? yields X2 = 2p?X + 4pq + 3pr + 6. But
p? = (2X + (x — 2))/x so that

4 —x 20— 4

xT

X2+ X +4pq + 3pr +6 = 0.
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Since x = 3 or x = 4, the first term is nonnegative and the others are positive,
yielding a contradiction.

If 3 = 1, then instead we have 72 = 2pg — 1 and 2¢r + 2 = x(p*> — 1). Thus,
p? = (2X + (2 + x))/x. Instead we obtain by the same process

4—x
T

20+ 4

X2+ X +4pq —pr—2=0.
But « = 3 or z = 4 implies the left-hand side of the above equality is at least equal
to 3X + 4pq — pr — 2, which is positive since X > pr, leading to a contradiction.

Case 3: y = 2 and x > 5. Recall that we may assume e€s = —1, or else y > 3
and we fall under the Case 1 contradiction. Thus, ¢ = pr + 2. This implies 2 is a
quadratic residue of p and of r. Thus, p > 7, ¢ > 11, and r > 17. Put ¢; = 1 + ﬁ
and co = 1+ p%. Then, by (12) and ¢?> = pr + 2, we see that 72 < 2pgc;, which
implies 7* < 4p?q®c? < 4p?(pres)ci. Dividing through by 7 gives r3 < 4p3cicy.
Taking cube roots yields r < \%Ip cf/?’ 05/3. Now

q= Ve < p- (V2ype/'e) - & = V2pa e,

so that
qr < 2p20102.

From (11), we obtain, following what we did in Case 1,
2qr+2pr+2P(JZ5p2+2q2+7"2—5—2—1+22q. (13)

We see that 4cjcop? + (2¢% — 4) + (r? + 1) is an upper bound for the left-hand
side of (13). Simplifying by the common terms in ¢? and in r? gives 4cjcop? —
441 > —10 + 5p?. (Since ¢, = 1 and e = —1, we know > ¢; = —1.) Thus,
7> (5—4ciez)p?. Using ¢; <1+ ﬁ and co < 1+ ﬁ gives 4cico < 4.06. Thus,
(5- 40102)]?2 > 0.94 x 49 > 7 and we have reached a contradiction. O

Remark 5. (The rationale governing the calculations for Case 3 in the above proof
came from the observation that we roughly have ¢> = pr and r? = 2pq. Thus,
qr = 2p%. Using (11), as we did in Case 1, but with # > 5 and, neglecting the small
constants, leads to 2p? + g +q¢% > qgr+pr+pg> gpz +q*+ é Hence, 2p® > %pz,
a contradiction.)
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