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Abstract
Following Edouard Lucas, the numbers M,, = 2" — 1, with n > 1, are known as
the Fermat sequence. Related to the ordinary zeta function ((s) = > .-, n~*, the
Mébius function p(n) and the von Mangoldt function A(n) are defined such that,
among other properties, they satisfy

1 & s - -
= (n)n=%, =—> An)n™%, s€C, Res>1
¢(s) ;’“‘ C(s) 2

In this article, we study two arithmetic functions g (n) and Aaq(n) that play a sim-
ilar role, this time associated with the Fermat zeta function (a(s) = > oo | M, 5.
In particular, we see how to define these functions using Dirichlet products (convo-
lution of arithmetic functions), similar to how it is done with p(n) and A(n), and
we analyze their role as coefficients of Dirichlet series. Using combinatorial tools,
we find the values of paq(n) and Axq(n) for any positive integer n, and identify
these values in terms of the hypergeometric function 3Fb.

— Dedicated to the memory of Florian Luca, an
exceptional mathematician and a great person.

1. Introduction

The so-called Lucas sequences [6] have the form

Dn:(anfﬂn)/(afﬂ)a n=123..., (1)

where a and 3 are distinct roots of the polynomial f(z) = 22 — Lz + M, and L and
M are nonzero integers (clearly, L = o+ 8 and M = «f). These numbers satisfy
Dy =1, D; = a+ 3, and the recurrence relation

Dpis=LDyi1 —MD,, n=1203,....
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If two sequences D,, and D!, are generated, respectively, by the polynomials 22 —
Lz + M and 22 + Lz + M, then D, = (—=1)""'D/, so only the case L > 0 is
considered. Moreover, a Lucas sequence is called real if L? > 4M because, in this
case, o and § are real numbers.

Given a Lucas sequence, a prime p is called a primitive divisor of D, if p divides
D,, but does not divide D,, for 0 < m < n. In 1913, Carmichael [2] established the
following important result.

Theorem 1 (Carmichael, 1913). If a and  are real and n # 1,2,6, then D,
contains at least one primitive divisor except when n = 12 in the case L = 1 and
M = —1 (which corresponds to the Fibonacci numbers Fy = Fy = 1, F, 40 =
F,.1+F,).

In 2001, Yabuta [12] gave a simple proof of Carmichael’s theorem. In his proof,
Yabuta reduces the study of the Lucas sequences to discussing two special sequences,
namely, the Fibonacci sequence {F;,}22; and the numbers

n n
2"—1:%, n=1,2,3,...,

generated by the polynomial 22 — 3z + 2. Lucas [6] referred to these numbers as
the Fermat sequence, a name also used by Yabuta. In reality, it is more common to
refer to numbers of the form 22" + 1 as Fermat numbers, and numbers of the form
2P — 1 (although with p prime) are usually called Mersenne numbers; this is not the
only confusion in nomenclature in this field, given that what is usually known as
the Lucas sequence, which is {L, }22; defined by the recurrence Ly = 1, Ly = 3,
and Ly4+2 = Lpt1 + Ly, is not a Lucas sequence in the sense of (1) (what holds is
L, = a"™ + ", where o and f3 are the roots of the polynomial 2% — z — 1).

Without taking a position in this nomenclature discussion, and given that we
are already using F,, for Fibonacci numbers, we will adopt a Solomonic stance and
keep the name Fermat sequence, but we will denote it by

M, =2" —1, n=12,3,...;

the recurrence relation they satisfy is M,, 1o = 3My 11 —2M,,, with M7 = 1, My = 3.
If we define

Dp := {finite products of powers of numbers D, }

to be the multiplicative semigroup generated by a Lucas sequence, Carmichael’s
theorem ensures that the factorization of I € Dp as a product of numbers D,
is “almost unique”; the uniqueness fails only in the case of the numbers Dy, Do,
and Dg (and D1y in the case of the Fibonacci numbers).

Associated with the ordinary zeta function

C(s) == Zl_57 s€C, Res>1,
=1
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(i.e., the Riemann zeta function), the von Mangoldt function

Al = logp, ifl :p-’“, p prime, k > 1,
0, otherwise,

satisfies

Cg((j)) _ _li_o;[\(l)l—s7 s€C, Res>1;

see [1] or [5] for the general theory concerning the arithmetic functions related to
¢(s). In [9], we study the von Mangoldt-type function Az (l) associated with the
Fibonacci zeta function

oo

Cr(s):= ZFn—S7 s€C, Res>0,
n=1

that satisfies

G

when the series converges (actually, in [9], following [10, 8], we use ¢(s) in the place
of (#(s)). In particular, and although an explicit expression for Ax(l) valid for
every [ is not available, [9] provides formulas for Ax(l) valid for certain values of [,
and we study the convergence of (2).

Crls) _ 2, o
Z RNl (2)

The purpose of this paper is to study the von Mangoldt-type function associated
with the Fermat sequence (which is the other sequence involved in Yabuta’s proof
of Carmichael’s theorem) and its corresponding Fermat zeta function

Cm(s) == ZM,ZS, s€C, Res>0.
n=1

Coming back to Carmichael’s theorem, the Fibonacci number Fi5 plays a special
role; but, in the case of Fermat numbers, M5 is not an exception. Then, the study
of the von Mangoldt-type function associated with the Fermat sequence becomes
easier, and we can go further than in [9]. Moreover, we also study the corresponding
Mobius-type function associated with the Fermat sequence; let us recall that, in the
classical case, the Mobius function is

1, il =1,
p(l) == (=1)*,  ifl = pips---pr, where p1,po,...,pr are distinct primes,
0, if [ has a squared factor,

and satisfies

1 o0
@:Zu(l)l_s7 s€C, Res>1.
=1
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Our goal, therefore, is to study both the Mobius-type function and the von Mangoldt-
type function associated with the Fermat sequence {M,,}2 ; and the Fermat zeta
function ¢aq(s), and we will start with the Mobius-type function.

The paper is organized as follows. In Section 2, we study the multiplicative semi-
group Mp associated with the Fermat sequence {M,,}22 ;, and define the M6bius-
type function paq(l) and the Mangoldt-type function Aa¢(l). The results of the
paper are stated in Sections 3 and 4; the main results are Theorems 9 and 10,
where explicit closed expressions are given for the functions (1) and Apxq(l). Fi-
nally, Sections 5 to 7 contain the proofs of the results; in the proofs, we use several
different techniques, which show the interrelationship of the various arithmetic and
combinatorial structures involved.

2. The Fermat Semigroup and the Mobius-Fermat and the Von Man-
goldt-Fermat Functions

In the multiplicative structure generated by Fermat numbers M,, = 2" — 1, we only
need those greater than 1, that is,

M={M, :n>2} ={3,7,15,31,63,127,255,511,1023, ... }.
Moreover, let us denote the multiplicative semigroup generated by M by
Mp := {finite products of powers of numbers in M}; (3)

and we assume 1 € Mp, by thinking of it as the empty product. In particular,
M C Mp.

To generate all the numbers in (3), it is not necessary to use Mg = 63, because it
can be written as a product of other Fermat numbers, namely Mg = 63 = 32 -7 =
M3 Ms.

As explained above, Carmichael’s theorem states that, if n # 1, 2,6, the Fermat
number M, contains at least one primitive divisor, that is, a prime divisor p such
that p does not divide any M, for 0 < m < n. Hence, Mg = 63 is the only Fermat
number that can be expressed as a product of powers of smaller Fermat numbers,
so that

Mp = {zzM,ﬁlng-.-Mﬁ’;l my >0, 2< n <ng < - < gy, Ny #6}, (4)
where k; is the number of different Fermat numbers in M \ {63} that appear in the
decomposition of I; again, we assume 1 € Mp is the product of zero factors. At
least in some cases, the notation will be easier if we take

Mp = {Z = 3" M - Mg;’;l :mi,me > 0, m; > 0 otherwise,

()

4<nzg <. < ny, njséG},
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so we will sometimes use this description.

By imitating the standard proof of unique factorization of natural numbers, it
is easy to verify that Carmichael’s theorem implies unique factorization in Mp.
When we talk about “the” factorization of a number in Mp, this is exactly what
we mearn.

Let us recall that, if a(n) and b(n) are two arithmetic functions, their Dirichlet
convolution (or Dirichlet product) is

c(n) = (a*b)(n) = Y _ a(r)b(s).
Then, the formal product of two Dirichlet series f(s) = . 7, a(n)n™* and g(s) =
>0 L b(n)n~* is the new series h(s) = f(s)g(s) = Do, c(n)n™* whose coefficients
are the Dirichlet convolution ¢(n) = (a * b)(n) of the coefficients of f and g (and
moreover, if f(s) is absolutely convergent for Re(s) > oy and g(s) for Re(s) > oy,
then h(s) is absolutely convergent for Re(s) > max{c¢,0,}); see, for instance, [1,
Chapter 11].

The neutral element of the Dirichlet convolution is the function §(n) defined as
0(1) =1 and d(n) = 0 for n > 1. We say that two arithmetic functions a(n) and
b(n) are inverse if axb=74.

For natural numbers, we have the unit function u defined as u(l) = 1 for alll € N,
and its inverse, with respect to the Dirichlet convolution, is the Md&bius function
w(l). Since ¢(s) = > =, u(l)l™*, we want to express

o0

[ee]
CM(S):ZM;S:ZUM(Z)Z_S, s€C, Res>0, (6)
n=1 =1
so the “Fermat unit function” must be
1, ifl=1,
um(l) =41, if i = M; for some M; € M, (7)

0, otherwise

(we take uaq(1) = 1 because there is one Fermat number whose value is 1, namely
M1 = 1)

Then, the Mobius—Fermat function is the function pa that is the inverse of u g
with respect to the Dirichlet convolution, i.e., that satisfies

T 0, ifi>1.

For I =1, this is 1 = pam(1)uam (1) = pa(1), so pa(l) = 1. For I > 1, and taking
into account that uaq defined in (7) vanishes outside M U {1}, we have

0= pn@us) + Y wua(r (), 11 )
M, |l,M;eM J
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In this series, the last summand is pa(1/1)upq(1)

= pm(Dupm(l) = 1if 1 € M.
Then, isolating the summand g (uag (1) = paq(l), (9)

gives rise to these possi-

bilities:
(U Ma) + -+ pa(l/Ma,)) + 1), GleM, p =1,
— /M /M if 1 >1
(D) = (i (/ May) + -+ o (l/ M), HLgM, p>1, (10)
-1, ifle M, p =0,
0, iflg M, p =0,
where My, , ..., Mdm are the Fermat numbers that are proper divisors of [ (as usual,

we call proper divisors of a number the divisors that are not the number itself).

For | € Mp, 1 <1 <400, their decompositions as in (4), which are unique, as
well as the values of (1), can be seen in Table 1 (as we will see in Proposition 2,
urm(l) =0 when [ ¢ Mp); of course, they can be computed using (10). Note that,
unlike p, the function paq is not multiplicative: pa(63) = —4 # pam(7)prm(9) =
—1-1; also, pa(15) = =1 # paa(3)pm(5) = =1 - 0.

The above arithmetic expressions are translated into the form of Dirichlet series.
Indeed, from (6), and because g * upg = d, we have

1)=2yMWﬂ, (1)
=1

when the series converges.
Returning once again to the classical case, and using the usual notation w'(I) =
u(l)log(l), the von Mangoldt function is defined as A = p * w’. Then,

=D AT = - (Z u(l)ls> (Z(logl)u(l)ls>
=1 =1

=1

— (S ) (=S togi— ) = ——c'(s).
=1 =1 C(S)

Let us see how to define an arithmetic function A4 that reproduces this behav-
ior when using the Fermat sequence {M,,}5°, instead of N, and the Fermat zeta
function (6) instead of ((s).

Similarly to the classical case, we define the von Mangoldt—Fermat function as
A = pam * lyq, with the notation u'y, (1) = uaq(1) log(l). In addition, from Ay =
pm * 'y we also deduce u'y, = Apg * upg, ie.,

toa(Dusa(l) = 3 A (7 (k). (12)

k|l

For | = 1, and using log(1) = 0, this becomes 0 = Ax(1)uaq(1), so Ap(1) = 0.
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LeMp — pm@)  Am() leMp () Al
1 1 0 3=3 —1 log(3)
7 -1 log(7) 9 =32 1 —log(3)
15 ~1 log(15) 21=7-3 2 —log(21)
27 = 33 —1 log(3) 31 —1 log(31)
45=15-3 2 —log(45) 49 = 77 1 —log(7)
63 =17-32 —4 21og(63) 81 =34 1 —1log(3)
93=31-3 2 —1log(93) 105=15-7 2 —log(105)
127 -1 log(127) 135=15-32 -3 log(135)
147 =123 -3 log(147) 189 =733 6 —21log(189)
217 =31-7 2 —log(217) 225 = 152 1 —log(15)
243 = 3° -1 log(3) 255 -1 log(255)
279=131-32 -3 log(279) 315=15-7-3  —6 21og(315)
343 =173 —1 log(7) 381 =127-3 2 —log(381)

Table 1: The values of ua (1) and Ap (1), 1 <1 < 400, when | € Mp (otherwise,
(1) = Apm(l) = 0).

Moreover, because uaq vanishes outside M U {1}, (12) implies that

_(AM(I/Mdl)+"’+AM(1/Mdpl)_logl), ifleM, p>1,

M) — 4~ M) o A1/ M, ). g M, p> 1,
logl, ifleM, p =0,
0, iflg M, p =0,

(13)

where My, , ..., Mdpz are the Fermat numbers that are proper divisors of [. As in

the case of paq(l), Table 1 shows the values of Ay(1) for I € Mp, 1 <1 <400, that
can be computed using (13).

Note that this is a “more arithmetic approach” than that of [9], since we have
defined the arithmetic functions paq and A before the Dirichlet series, and the
series are defined from the functions, which is the opposite of what is done in [9].
Of course, the functions obtained are the same regardless of the path taken.

As for the translation of these arithmetic expressions into expressions with Dirich-
let series, by using Ay = piag * 'y, we have

S AMDIT =) ()
=1 =1

when the series converges. Then, from (11) and (6) we can write

=S A = - (Z uMu)z—S) (Zaogww(l)z—S)
=1 =1

=1
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. —S8 _ - o —S _ 1 / s
= <;MM(Z)Z > ( ;(1 g M) M, ) = CM(3)<M( )-

Once the behavior of the functions pa(l) and A (l) has been explained, our
goal is to be able to compute them conveniently. Our first result about the values
of ppm(l) and Apq(1) is the following.

Proposition 2. Let pp(l) and Ap(l) be the arithmetic functions defined in (8)
and (12), respectively. Then, ppm(1l) = 1, Ap(1) = 0, and ppm(l) = Apq(l) =0
when 1 ¢ Mp.

Proof. We have already seen that pa(1) = 1 and Apq(1) = 0. We will now prove
that pa (1) = Apm(l) = 0 when I ¢ Mp by complete induction on I. We start
with pag.

The first [ that does not belong to Mp is I = 2, and pa(2) = 0 by (10) (the
case | ¢ M and p; = 0). Let us now assume that pup(I’) = 0 for any I’ < [ such
that I’ ¢ Mp. We want to prove that also uap(l) = 0. Isolating the summand
corresponding to k = 1, let us write (8) as

TMOEEDY MM(%)UM(H
1kl

If k ¢ M, then upq(k) = 0, so the summand pa(I/k)uprq(k) is zero. If k € M,
then I’ = I/k ¢ Mp (because k € M and I’ € Mp implies | = kI’ € Mp, which
is a contradiction); then, also ua({/k)upi(k) = 0 by the inductive hypothesis.
Consequently, paq(l) = 0.

The proof for A is similar using Ax(2) = 0 and isolating the summand corre-
sponding to k =1 in (12). O

Remark 3. It is worth noting the following remarks concerning the practical use
of (10) and (13). Let | € Mp have the factorization

my
l= My M2 - My,!
as in (4) (that is, with M,, # 63), which is unique. If a Fermat number My > 1
divides [, we cannot guarantee that My is among the factors M,,, appearing in the
above decomposition. This situation occurs frequently; for example, | = 3%2-5%2-7 =
M3M? is divisible by M, = 3, but M, does not appear in the unique factorization
given by (4). However, if a proper divisor My of [ is neither Mg = 63 nor one of the
factors M,,,, then /My ¢ Mp. Indeed, if I’ =1/M; € Mp, and its factorization is
l mp,

!’ /
! m m
— = =M ME M
\/1(1 1 2 k:l/
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this leads to two different factorizations of [,

L= M™M™ .. M™ = M, MM M
= MM M = My MMM

’
1 kyr

kyr
)

contradicting the uniqueness of the factorization. Hence, by Proposition 2, we have
pm(l/Mg) = Apm(l/Mg) = 0 since [/My ¢ Mp; therefore, the corresponding terms
in (10) or (13) vanish.

Furthermore, by the same uniqueness property, [/63 ¢ Mp if M, = 63 is a proper
divisor of [ and the factorization of I does not include M,,, = 3 with m; > 2 and
M, = 7 with ms > 1. Consequently, when applying (10) and (13), it is unnecessary
to consider all divisors My of [; it suffices to take the proper divisors that are either
Mg = 63 (when M,,, = 3 with my; > 2 and M, = 7 with ms > 1) or one of the
Fermat numbers M, appearing in the factorization of [ in Mp. Otherwise, the
corresponding terms paq(l/Mg) and Aa(1/My) are zero. This observation will be
tacitly used several times in the proofs that follow.

3. Computation of urq and Apq in the Easy Cases

Recall that the uniqueness of the factorization of [ € Mp as a product of Fermat
numbers is not true because Mg = 63 = 3% - 7 = M2 M3, and that is why we do
not use Mg in decompositions such as (4) or (5), which are unique. If, in these
decompositions, [ € Mp does not have the factor M3ZMs3, evaluating paq(l) and
Aam(l) is relatively straightforward. Thus, following the notation in (5), we will
begin by studying the case

=372 M - My, € Mp

as in (5), with m; <1 or mg = 0.
Under these conditions, the following holds. The proofs of these two results, the
first for paq(l) and the second for A (1), are postponed to Section 5.

Proposition 4. Let uprq(l) be the arithmetic function defined in (8). Then, if

mkl

[=M™MM™ - My € Mp

(with a factorization as in (4), which is in fact unique) with (M, , M,,) # (3,7) or
(My,, My,) = (3,7) and my =1, one has

7‘[!

pm(l) = (=1)" (14)

m1!m2!--~mk1!’

where rp :=mq +ma + -+ my,.
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Proposition 5. Let Ap(1) be the arithmetic function defined in (12). Then, if
I=M™M M2 Myt € Mp

(with a factorization as in (4), which is in fact unique) with (M, , M,,) # (3,7) or

(My,, My,) = (3,7) and my =1, one has

=DV gy, (15)

—(—q)e—t -

where 1 :=my +mg + - -+ +my,.

For [ under the hypotheses of Propositions 4 and 5, it is clear that

Aa(l) = —%mz) log(1). (16)

This is not true in general, but it provides a clue for finding another expression
for Apq(l) once an expression for pa(l) has been found in general. Later on, we
will use this to guess the statement of Theorem 10, based on Theorem 9, before
proving it.

Before continuing, let us note that if we take m; > 0, my > 0, and different
Fermat numbers M,,; > 15, also different from 63, then

J
Y (3m1 7 H M'n,j>

j=1

is independent of the Fermat numbers M, , and it depends only on its number J,
which is obvious from (10). Then, we have the following (which in turn is analogous
to [9, Section 2.6]), whose proof can be seen in Section 5.

Proposition 6. For my; > 0, mo > 0, and J different Fermat numbers My, > 15,
also different from 63, let us denote

J
pam(ma, ma, J) = i (3”“77”2 HM”J>

j=1

(as we have just mentioned, this is indepe?ndent of what the specific M, values

are). Then, for I = 3™ 72 M3 M - - - Mnk’:l (decomposition as in (5), which is
unique), one has

m 1
Iy (3m1 7z M;T;g . Mnk’;l) —

p— ,m(ml,m27m3+m4+---+mk,).
maimyg: -« Mp,-
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4. Closed-Form Expressions for puaq and A

The next step is to try to evaluate ua(3™7") for m,n € N. For numbers [ of the
form | = 3™7™ with m > 2 and n > 1, the recurrence (10) becomes

i (3777) = = (lad(3™ 71T (37T + (3727,
Thus, if we denote ap, n, = pa(3™7"), we have

Ummn = —Am—-1n — Amn—1 — Gm—2n—1,

which is a partial difference equation involving unknown functions a, , of two dis-
crete variables; it is linear with constant coefficients. Moreover, the initial conditions
(that follow from Proposition 4) are

ao = (=1)" ain=(-1)""(n+1), amo=(-1)"

Unlike ordinary linear difference equations, there are not many textbooks that
cover the solution of linear partial difference equations; two examples are [7, Chap-
ter 5] and [11, Section 2.3]. In any case, it is a cumbersome process, and one hopes
to be able to rely on the help of computer algebra systems. However, Mathemat-
ica 14.3 (the current version at the time of writing) cannot solve this recurrence
equation; neither can Maple, SymPy, nor SageMath solve it.

But, if we instead have aj,, , = (=1)"*"a, n, the recurrence becomes
a{m,n = a{m—l,n + alm,n—l + alm—2,n—1’

(17)

r r / _
aO,n - 1a al,n =n-+ 17 am,O - 17

that resembles the recurrence of Delannoy numbers, that count the number of
walks from (0,0) to (m,n) using only the steps (1,0), (0,1), and (1,1) (namely,
dmn = dm-1n +dmn-1+dn_1,n-1 With do, = dpmo = 1). In the case of aj, ,, it
counts the number of walks from (0,0) to (m,n) using the steps (1,0), (0,1), and
(2,1). Therefore, to solve the recurrence of the aj, , (or the a,, ), combinatorial
procedures similar to those used with Delannoy numbers or their generalizations can
be used (some of these generalizations, which do not cover the case that concerns
us here, can be found in [3] or [4]).

In this way, we have arrived at the following result, whose proof, which is based

on the use of generating functions, can be found in Section 6.
Proposition 7. Let ua(l) be the arithmetic function defined in (8). Then,

T min{%%n} <n> <m +n— 2j> (18)

= J m—2j
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min{|m/2]|,n} .
—(—1 m+n - .' - 19
D D I (i ¥ (19)

Jj=0

form,n > 0.

Note that the hypergeometric function

a1,a2,a3 \ o= (a1), (a2)y, (a3), =" 7
3F2< by by ,x)kzo(bl)k(bz)kk!, (g =clc+1)--(c+k—-1),
(21)
is a series which, in (20), has only a finite number of non-zero summands (due to
the negative integer parameters —n and —[%|), so the series reduces to a finite
sum and is exactly equivalent to the previous combinatorial expression. This will
also happen in the other hypergeometric expressions that we will see later on.
To try to evaluate paq(l) in general, that is, with [ = 3™7" M3 - M::;’ as
in (5), we will first address a particular case. Given ¢ a Fermat number other than
3, 7, or 63, we take the s of the form [ = 3™7"¢*. Then, for m > 2, n > 1, and

k> 1,
MM(3m7nqk) _ _(M./\/l(gm_17nqk) + NM(3m7n—1qk>
(BTN 4 (37T ),

which becomes a linear partial difference equation with constant coefficients. From
there, perhaps we can easily move on to the formula for pa (37" M3 - M:Z,i’;l)
using Proposition 6 (which in turn is analogous to [9, Section 2.6]); at least, it
provides clues as to what it should be like, since all the M,,; (with j > 3) must play
the same role.

If we denote ¢k = Lt (3"”7"(]’“)7 the recurrence formula is

Cmnk — — (Cmfl,n,k + Cm,n—1,k + Cm—2,n—1,k + Cm,n,kfl);

moreover, by Proposition 4,

(n+k)!

Con.k = (—1)n+k e n,k >0,
k+1)!
Cinp = (=1)" T (H%) nk >0,
k)!
Cm,0k = (—1)7””“ w, m,k >0,

m!
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and, by Proposition 7,

min{|m/2|,n}

Cm,n,0 = (_1>m+n Z

Jj=0

(m+n —2j)!
(m = 25)! (n = 5)! 5"

m,n > 0.

Solving this recurrence yields the following result. The corresponding proof
(showing several alternative ways to do it) can also be found in Section 6.

Proposition 8. Let (1) be the Mobius—Fermat arithmetic function defined in (8),
with q # 3,7,63 a Fermat number. Then,

min{|m/2],n} (m +n—2j+ k)'

meon k) _ -1 m-+n-+k 29
pm(BMT) = (1) ;) (m—2j)L(n — )R] (22)
_ (_1)m+n+k (m+n+k)' 3 2( -, _I-%J’ o TlJ +% ._1)
IR\ _ngh ), o | 4 )

form,n, k> 0.

In view of Proposition 6, it seems that, for generic [ = 3™ 7™M 73 - - . M;::;l €
Mp, the general expression of pa(l) could be as shown in (23). In fact, once the
formula has been guessed, it is not difficult to prove it by induction on r;, as in the
case of the proofs of Propositions 4 and 5. The proof can be seen in Section 7.

Theorem 9. Let pp(l) be the Mébius—Fermat arithmetic function defined in (8).
Then, for 1= 3m7m2 M3 .- M:zl;l (factorization as in (5), which is unique),

mkl

P (BT T M < M)
min{|m1/2],ms}

— (_1)rl (Tl — 2.7)'

(my —24)! (mg — 7)1 jlmg!- - -my,!

J=0

m mi+1 1
(R )

malmalmal- i |22\ —nigp — ), —nm et 4

where 1 :=my +mo +mg + -+ my,.

If we compare (14) with (15) (as explained in the discussion surrounding (16)),
we can guess that the formula for A (1) with generic [ € Mp is as in (24). Also, as
in the case of some other results in this paper, once the formula has been discovered,
it can be tested by induction on r;. However, this time we will not do a proof by
induction, but rather we will provide a rigorous proof based on Theorem 9 using
A = ppa * ty, (see also Section 7).
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Theorem 10. Let Apq(l) be the von Mangoldt—Fermat arithmetic function defined
in (12). Then, for I = 3™ 7m2 M3 M:Z:l” (factorization as in (5), which is
unique),

min{|m1/2],m2}

_ (et (r,—2j —1)!

(mq —25) (ma — §)! jlmg!- - my,

log(l)  (24)
7=0
(=1)"=1 (r, — 1)!

- ml!m2!m3!~-~mkl!

m mi+1 1
. —mg, =[], -5+ 5 1) log()
Rl WE.TE= TR R R SN VES, S PES N s\
2 2 27 2 2

where 1 :=my +mo +mz + -+ my,.

5. Proofs of Propositions 4, 5, and 6

The proofs of Propositions 4 and 5 are adaptations of the one given in [9, Proposi-
tion 2] for Ax(l). We will only prove the result for paq(1) (Proposition 4); the proof
for Aaq(1) (Proposition 5) is similar.

Proof of Proposition 4. If [ is a member of Mp with r; = 1 that fulfills the hypoth-
esis, [ is necessarily a Fermat number distinct from Mg = 63. Then, directly by
(10) one has

so formula (14) is true if r; = 1.

To prove the general validity of (14), we use complete induction on r;. Let | =
M M2 -+« My," be a member of Mp (with (M, , My,) # (3,7) or (My,, My,) =
(3,7) and my = 1) with r; > 1 and assume that (14) is true for any

m,’ m’
V=M1 MT M
1 2

w, €Mp

with 7 := mj +mjy + -+ +mj, < r (and such that (M, M,,) # (3,7) or
(M, Myy) = (3,7) and mj = 1). By Carmichael’s theorem, [ ¢ M and I/M; ¢
Mp if M, is a Fermat proper divisor of [ that is not one of the M,,, (recall Remark 3).
Then, by applying (10) and Proposition 2, we have

mkl

pm(l) = —(MM(Mfﬁl_l o M) + (MM My, )

25
et ]\[’”1...]\41”"”1_1 (25)
MM( ni Nk ) .
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Since the sum of exponents of each summand of the right-hand side of (25) is 7, —1,
the induction hypothesis applies, and then we get

(’f‘l — 1)' (7"[ — ].)'

() = (1)’“((

my— Dlomg,! T mal (ma — 1)1 -my, !
I (’I"l*l)!
m1!-~-(mkl — 1)'
ri—1)!Im rp—1)Im r—1Im
:(_1)m((l' ) 1'+ ('l ') 2'_"_._._*_(1‘ ) k:)
mal---mg!  malmal- - my,! mal---my,!
’I“l!
= —1 Tli’
(=1) mpl---my,!
which completes the proof of (14). O

Now, let us see the proof of Proposition 6.

Proof of Proposition 6. We use induction on r; = mj + ma +mg +mqg + - - - + my,.
The result is trivial if s; := mg +m4 + -+ - + my, = 0, so we just have to prove the
induction step.

To allow us to express summands which do not actually form part of some ex-
pressions, we will use the following notation:

a if “condition” is true, (26)
0 if “condition” is false.

IFcondition ((l) = {

We will use three different “conditions,” namely
(my >1), (mg>1), and (m; >2and ms>1)

which, for simplicity, will be denoted by IFj3, IF;, and IFg3 (recall that m; is the
exponent in 3™ and mg is the exponent in 72). Observe that if they do not hold,
the corresponding summand g (1/3), pa(l/7) or paq(1/63) in (10) is absent.

Furthermore, to easily take advantage of the fact that pag(mq, ma,J) is inde-
pendent of the specific M,,; values in H;.Izl M,,;, we can assume that these M, are
My =15, M5 = 31, M; = 127, Mg = 255, and so on, and we will denote them as
Mk, k > 1, in that order.

For the induction step, let us assume that the result is true for r < r;, and let
us prove it for r;. Take [ = 3™ 7™M2 M3 .- - M,:Z’;’ (decomposition as in (5)), with
rp=my1+mao+msg+mg+---+my and s, :=mgz +mg + -+ my,. By (10),

mkl

pm(l) = —1Fs (MM(3ml_17m2Mﬁr§3 o My, ))

— TP (g (8™ 77T - M)
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mkl

—IFgs (NM (3m1—27m2—1MTZ3 . Mnkl ))
_ MM(3m17m2Mﬁ;3*1 . M;Z’;l) — = (BT M ..MZ’;fl)_

By the induction hypothesis,

mkl

L (3m1—17m2M77:3LS . Mnkl )
1 1 —~

= | 'm(m1_17m27sl): '/'LM(gml_l?mQMl"'Msl))
..mkl' a.qul.

mas: - m3!

and similarly for the second and third summands, with gy (mi, me — 1,5;) and
g (my — 2,me — 1, 8;), respectively. For the rest of the summands, we have

MM(gml 77nzM77;’;3 - M:Lr;j_l e M:Lr:;l)
: ol 1y
= my, Mo, S| —
m3!~-~(mj—1)!-~~ka!MM 12 2
m; __
:%HM(mlam%Sl_l)
mg!l---my,!

for every n;, and piaq(ma, ma, s;—1) is independent of the s;—1 factors of Ml e Msl
that we take. Then,

1 — —
[ — my—1lmmo e
pm(l) = P (IFs (uM(3 72 My Msl)>

TP (g (8™ 7770 - M)
+ IF63 (,LLM (3m1727m271j\\j1 . ]/\Z/SL))

3TN D) e (8™ T )
1 — .
= ————um BT My - M) = ———— i (ma, ma, s1),
ms!---my,! m3: My

where, in the step to the last line, we have used (10). O

6. Proof of Propositions 7 and 8

We begin with a proof of Proposition 7.

Proof of Proposition 7. Interpreting the recurrence (17) combinatorially as a walk
from (0,0) to (m,n) with steps (1,0), (0,1), and (2,1), one finds that the closed-
form expression for ay, ,, is

/ min{|m/2]|,n} (m +n— 2])'

(m = 25)!(n = 5)! 51

j=0
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and consequently @, , = (—=1)"*"a;, , satisfies (19). However, we are going to

provide a detailed proof based on generating functions.
Let us take ap, ., = pam(3™7") and define the generating function

A(.’E,y) = Z Zam,nxmyn'

m>0n>0

Also, let us denote

Ao(y) = aony”, Ay) = arny”. Bo(z) = amoa™.

n>0 n>0 m>0

In this way,

o0 o0 o0
Alz,y) = Z ao,ny" + Z arnzy” + Z am,02™ — (ao,0 + a1,0z)
n=0 n=0 m=0

o0 o0
+ 30N amar™y"

m=2n=1

= Ao(y) +xA1(y) + Bo(x) — (ao,0 + ai,0r) + Z Z A" Y"

m=2n=1

(subtracting ag,o + a1,0x is done because those terms are in both By and the A;).
By applying the recurrence

Umn = —Qm—-1n — Amn—-1 — Gm—-2n—-1, M > 27 n > 13

the double summation at the end can be written as

oo 0o oo 0o oo o
§ § m,n __ § § m, n E E m, n
AmnT Y = — Am—-1,nT Y — Amn—1T Y
m=2n=1 m=2n=1 m=2n=1
oo 00
E § m,n
- Um—2n—1T Y
m=2n=1
0o 0o 0o 0o
_ m, n m, n
—7'55 § AmnT Y 7y§ E AmnT Y
m=1n=1 m=2n=0
[SSIENeS)
2 m, n
— Ty E E AmnT Y .
m=0n=0

In the third double summation, what appears there is 22y A(x,y). In the other two,

oo oo oo oo oo oo
AmndT Y = AT Y — ag.ny — Am, 0T + ap,0
n=0 m=0

m=1n=1 m=0n=0

= A(z,y) — Ao(y) — Bo(z) + ao,o,
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Z Z am,nxmyn = Z Z am,nxmyn - Z aO,nyn - Z al,Omyn
m=2n=0 m=0n=0 n=0 n=0
= A(z,y) — Ao(y) — zA1(y).
With all this,
A(z,y) = Ao(y) + 2A1(y) + Bo(x) — (ao,0 + ar0z)
- x(A(J% y) — Ao(y) — Bo(z) + aop)
—y(A@,y) = Aoly) — 2A1(y) ) — 2*yA(2.y)
= —A(z,y)(z+y+2°y) + Ao(y) (1 +z+y) + zA: (y)(1 +y)
+ Bo(l‘)(l + 1‘) — (a070 + alvolli) — xa070

and, consequently,

(1 +2+y)Ao(y) +2(1 +y)Ai(y) + (1 +2)Bo(w) — (1 +@)ago —xaio.

Az, y) =
(z,9) 1+z+y+a2y
(27)
In our case, the initial conditions are
an = (—1)"  arn = (1" (n+1), amo=(-1)"
Then, ap,0 = 17 aio = —1, and
1 1 1
A =—— A =————, Bylx)=
Substituting in the general expression (27) yields
Al,) : (28)
T,y)=-—""+—.
y 14+z+y+ 22y

Now, rewriting

1+ a2
1 2y=1(1 1
+rxt+y+ay=( +:c)( +y 1+:1:)

and applying the geometric expansion gives

1 1+22\" R R
Moo = 5 S () = D

n>0

Therefore, the coefficient of ™y™ is

Amn = (—1)"[2™] (1 +2)™(1 +2)"" 1)
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(as usual, [z™](f(x)) denotes the coefficient of ™ in the expansion of f(x) in powers
—n—1

of z). Then, by multiplying the binomial expansions of (1 + z2)" and (1 + z) ,

we get
min{|m/2]|,n} i
-2
Am.n = (71)m+n Z (n> (er - / ]),
’ J m—2j

j=0
which is (18).

Finally, the sum above can be expressed using terminating hypergeometric func-
tions as in (20). This can be easily verified by simply considering the definition of
the hypergeometric function 3F5, which can be seen in (21). As the Pochhammer
symbol (or rising factorial) (¢)p = ¢(c+1)--- (¢ + k — 1) vanishes from a certain k
when c¢ is a negative integer, the series (20) has a finite number of summands. [

Now, let us see the proof of Proposition 8.

Proof of Proposition 8. Firstly, we can give a combinatorial proof similar to what
happens with Delannoy numbers. Define

cfm,n,k: = (_1)m+n+kcm,n,k-
Then, c;n’n’ i satisfies the recurrence relation
/ o / ’ /
Cm,n,k - cm—l,n,k + Cm,n—l,k + Cm—2,n—1,k + Cm,n,k—l (29)
with the initial conditions
,  (n+k)
CO,n,k - n ) n, k > 07
(n+k+1)!
C/1,n7k =0 n, k>0,
, _ (m+E)!
Cm,0,k — o m,k >0,
min{|[m/2],n} .
o _ Z (m+n —2j)! mon >0
o (m —2j)! (n — j)! 51" T

Jj=0

This is a purely additive, linear recurrence with constant coefficients that can be
interpreted as a walk from (0,0,0) to (m,n, k) with steps (1,0,0), (0,1,0), (2,1,0),
and (0,0,1). Then, one finds that

il 2l o — 25 4 k)

/ —
m,n,k ]z::o (Tn—2])'(’)7,—])']'15'7

(30)

C

which clearly satisfies the initial conditions. Consequently, the closed-form expres-
sion for ¢, nk is (22).
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In fact, we can easily verify that c;, , ;. defined as in (30) satisfies (29), which
directly proves that this is the correct solution to the recurrence. Write c;n,n,k =
ijo Tounk(4) (the summands are null from a certain j, so we can use EjZO

without specifying the end) with

T () = (m+n—-2j+k)!  (m4+n—27+k—-1)"(m+n—2j+k)
mank M) = o o) — )k (m —25)! (n— )1 &! '
Decomposing
(m4+n—2j+k)=(m—2j)+n—j5)+j+k,
we have
W (mAn—2+k—1)(m—2j) (m+n—2j+k—1(n—j)
Tm,mk(]):

(m =251 (n—j) k! (m —25) (n— )4l k!

(m+n—2j+k—1'5 (m+n—-2+k—1k

(m =2 (n— ) k! (m =25 (n— )51 k!
(m—=1)4+n—-2j+k)! (m+n-1)—-2j+k—1)!
(=1 —2) (- TR T (=2 (= 1) — G A

(M=% (-1 =2 — 1)+ k)l

((m—2)—2G - ) (-1 - G-DNG - DIH
(m+n—-2j+k-1))k
(m =21 (n = )1k — 1!
=Tom-1,mk(J) + Tnn—1,6J) + Tn—2.n—1%(7 = 1) + T k—1(4)-

+

Summing over the index j, we get (29).
Additionally, we can give a proof of (22) based on generating functions. Take

C(xayvz) = Z Cm,n,k xmynzk.

m,n,k>0
Proceeding as in the case of A(z,y) in Section 6, it is not difficult, but cumbersome,
to find that the generating function is
1

C(z,y,2) = )
(@y,2) l+x+y+a?y+z

(31)

and this again leads to (22). It seems surprising that, in both A(z,y) and C(z, y, z)
(i.e., (28) and (31)), the numerator is 1.

In any case, and to finish the proof, the expression of ¢, » 1 as a hypergeometric
function 3F» is a simple consequence of (21). O

7. Proof of Main Results

We now present the proofs of Theorems 9 and 10.
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Proof of Theorem 9. For [ = 3™17™m2 M7 - .. M;:i’;l as in (5), we take 1 = my +
ma +mg + - - - my,. With this notation, we are going to prove (23) by induction on
r;. Before continuing, note that, although (23) is a finite sum, we can write E;’;O,
since the summands are zero from a certain j (the factorial of a negative integer is
infinite; we will implicitly use this several times in what follows).

The cases ; = 0, 1,2 are true by g (1) = 1 and Proposition 4. For the induction
step, let us assume that the result is true for r;y < r;, and let us prove it for r;.

If we use the notation IF3, IF7, and IFg3 with the same meaning as in (26), the

recurrence (10) can be written as

(1) = IFs(—paq(1/3)) + IF7 (—pam(1/7)) 4+ IFe3 (—pa(1/63))
- /J‘M(Z/Mn?,) - NM(Z/Mnkl );

however, from now on, and to avoid overloading the notation, we will do without
those IF (in these cases, the corresponding summand should not appear, but we
will not worry about it as it only requires minor adjustments).

In all the cases I' =1/3, 1" =1/7,1' = 1/63, and I’ = [/M,,, the corresponding
rp satisfies rp < r;, so we can apply the induction hypothesis. Consequently,

y = (r — 25 —1)!
pam(l) = ' Y
Jz(ml—Qj—l) Lima — ) glms!-my,!
”i (rg —2j —1)!
o (m1—2j (mg — 7 — D)lglmg!- - my,!

oo

yri- (=25 =3)!
22 m1—2]—2)(lg—j—l)!]!m3!'~'mkl!
Tloo (r;—25—1)!
0" X G =2 = )1 Gy = T
(ri—2j —1)!

2 (my — 2)1 (s — 3)! Jmsl— (g, — 1)1

To shorten the notation, let us denote

(m1 —2j)(my — 25 — 1)(ma — j)
(r1—=24)(r1 = 2§ = 1)(r —2j = 2)°

mum(j) := mum(r;, my, ma, j) =

Then,
Y — rli (TI_QJ)'
p= (my —25)! (ma — §)! jlmg!- - my,!
mi—25 mg—J . ms my,
>< P
(n—2j T Y m—2j>



INTEGERS: 26 (2026) 22

. (Tl — 25)! —j '
7‘1 1
]go (my —24)! (ma — 7)1 jlmg!- - my,! +7’172j+mum(j)
"y (ry — 2§)!
-y I

§=0 (m1 —25)! (m2 — ) jlmsg!---my,!

- (m - 2j)! ( —j , )
) - + mum ,
Jz: (my1 —25)! (ma — ) jlmg! - my, ! \ry — 25 U)

and the result follows if we see that the expression of the last line is zero. But this

is equivalent to proving that

i (11 — 25)! J
o (m1 —25)! (ma — ) jtmg! - -my, Ly — 25
> —2)!
Z (r ,‘7), mum(j).

— — iV il mal e omp !
= (mq —25)! (ma — §)! jlmg!- - my,!

In the series on the left-hand side, the summand corresponding to j = 0 vanishes;
then, we must prove that

oo

(rp —2j—1)!
(my —25)! (ma — )1 (G — 1)I'mg!- - my,!

Jj=1

:i (r1—2j—3)
— (m1—25—=2)(mg — 75— Dljlms!-my,!

J v

But these series are the same, because the change j — j+1 transforms the series on
the left-hand side into the series on the right-hand side, which concludes the proof
of the theorem. O

Proof of Theorem 10. Let us now see how to obtain (24) from (23) using Ay =
piam * 'y Let us recall that this means

D= pml/kyus(k)log(k). (32)

k|l

If I is a Fermat number other than Mg, (15) implies Aaq(1) = log(l), which coincides
with the expression on the right-hand side in (24), so there is nothing to prove. If
| = Mg = 63 =32 -7 = MZ2Ms, then, by (13) (or by Table 1),

Ar(63) = —An(21) — Apq(9) + log(63)
—(=Am(3) = Apm(7)) = (=Am(3)) + log(63)
= log(3) + log(7) + log(3) + log(63) = 21og(63);
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this again coincides with the right-hand side in (24), so there is no need to worry
about this case either. Therefore, we can assume that [ € Mp and it is not a
Fermat number; moreover, r; > 1.

In (32), up(k) = 0 unless k is a Fermat number; in particular, for k = [,
up(l) = 0. Likewise, for k = 1, log(1) = 0. Then, for | = 3™17m2 M .- My,*
and if we use the notation IF3, IF7, and IFg5 with the same meaning as in (26), we
have

Apm(l) = TF3 (upnq(1/3)10g(3)) + IF7 (urq(1/7)10g(7)) + IFe3 (ure(1/63) log(63))
+ upm (l/ M) log(Mp,) + - +UM(Z/MM ) log( "kl)

however, from now on, in order not to overload the notation, we will do without
those IF. Note also that, although (23) and (24) only have a finite number of
summands, we can put Z _o on both sides, because the summands are zero starting
from a certain j.

By applying (23),

Arall) = (=17 Z (my — 25§ — lrl(;ljj_])l') tmg! - -my,! log(3)
yrit Z T le—jJ—l)l) e log(7)
b Z R T S 1 T TG
it Z T m(;l__j)zﬂ _(Tln)g T log(M,,)
o )" ' Z (mq — 2j)! m(zrl—_j)2] '_77”13)' “(my, = 1)! tog( nkl).

For convenience, let us denote

(m1 — 25)(my — 25 — 1)(ma2 — j)
(r—2j=2)(r—2j—1)

mug(]) = mug(rhml; m27j) =

Thereby, we have

> —25—1)! o
A it r log (3™ 2
(D) Jz: (my —25)! (mg — 5)! jlmg!- - my,! &l )

r, 1 Tli2]7]‘) lo 7m27j
Z (mq —25)! (ma — §)! jlmg!- - my,! & )
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71 1 (Tl - 2] - 1) 1 32 7 mug(j)
Z (my — 25)! (ma — j)! j!mg! - my,! og(( ) )
+ (_1)”_1 i (Tl — 2j _ 1)| IOg(M"“‘)
=0 (m1*2])'(m27])']|m31mkll ns
_ e (7"1 —2]— 1)' i
+ + -1 rp—1 10 M l
(1) ;(mlfzy)'(mQ—]) Lilmg! - my,! ( Nk, )

— (—1) 12 (r—2j—1)!
(my —25)! (ma — j)! jtmg! - - - my,!

s

X (log(3m1 T2 Mee - - My,') + log (37272 meld) . 7-j+mug(ﬁ)))

_ )it Tl_2j_1) log(l
Z (my — 24)! (ma — 5)! jlmg!- - my,! og(!)

T'l 1 Tl_2j—1) 1 63
Z (m1 = 25)! (ma — j)tjlms!- - my,! ( J 4 mug(j)) log(63),

and the result will be proven if we see that the series on the last line is zero. But
this is equivalent to proving that

i 7‘l—2]—1)]
= (my —25)! (ma — 7)) jlmg!- - my,!

_ i (1 —2j —3)! .

= (my —2j5 —2) (ma — 7 — Dl jlmg!---my,!

This equality is true: in the series on the left-hand side, the summand corresponding
to 7 = 0 vanishes (and, otherwise, j/j! = 1/(j — 1)!); then, the change j — j + 1
transforms the series on the left-hand side into the series on the right-hand side,
which concludes the proof of the theorem. O
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