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Abstract

We present conjectural inequalities between triple products of elementary or com-
plete homogeneous symmetric polynomial functions whose arguments are consecu-
tive terms of a log-concave sequence of positive real numbers. These conjectures
stem from numerical observations in the particular case of the Stirling numbers.
We provide algebraic proofs, but for a few particular instances. It is eventually sug-
gested that these inequalities might receive general bijective proofs involving the
dominance ordering of certain restricted integer partitions.

1. Introduction

The log-concavity of a sequence of real numbers ay, indexed with & € N, is char-
acterized by an inequality between products of two terms of the sequence, namely
ai > ak—10k+1, for all k > 1. Moreover, when a;a; > a;—1a;41 forall j >i—12>0,
the sequence is said to be strongly log-concave. Log-concave sequences of positive
real numbers are strongly log-concave. Log-concavity inequalities have been studied
for centuries; Newton’s inequality is among the earliest examples, and the literature
around this topic is vast and still growing (see [2] for instance). Let us denote the
binomial coefficient by (Z) A two-parameter sequence ay, ; (k < n) of non-negative
real numbers is row log-concave when it is log-concave in k for fixed n, and ultra
log-concave when a, j (2)71 is row log-concave.

Many classical two-parameter integer sequences, like the binomial coefficients or
the Stirling numbers, are ultra log-concave. Their ultra log-concavity is guaranteed
when the polynomial generating function of the sequence is real-rooted. This is the
case of elementary and complete homogeneous symmetric polynomial functions of
a fixed number of non-negative real variables, considered as sequences indexed by
the degree of the polynomial. Moreover, Sagan [7] has shown that other sequences
formed with elementary and complete homogeneous symmetric polynomial func-
tions, but at fixed degree or at fixed sum of the degree and the number of variables,
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are strongly log-concave, provided that their arguments are themselves consecutive
terms of a strongly log-concave sequence.

In this paper, we present new inequalities between products of three terms of
certain two-parameter sequences, which strengthen, in some cases, their ultra log-
concavity. As our interest in this work was triggered by Stirling numbers, we start
with them. They are denoted by [Z] and {Z}, respectively, for the first and second
kind, as in [4]. We then propose more general inequalities involving triple products
of symmetric polynomial functions, whose arguments are consecutive terms of a
log-concave sequence of positive real numbers. We provide algebraic proofs, but for
a few particular instances. We also show how, in the general case, these inequalities
might receive bijective proofs involving the dominance order of certain restricted
integer partitions. Finally, some connections with other inequalities are discussed.

2. Bounding a Binomial Coefficient with Stirling Numbers

Theorem 2.1. Let n, p, and j be positive integers such that n > p. We have

J
Proof. Assuming that 1 < j < p < n, this is equivalent to showing that

G162 = UH) o
51G=5)=CIE) o

These inequalities are not new. A bijective proof of Inequality (2.1) appears online
in an answer to a post on the MathOverflow forum [10]. We provide inductive
proofs that utilize only the basic recurrences of the Stirling numbers. Inequality
(2.1) clearly holds for n = p = j = 1. Suppose that it also holds for all j and p such
that 7 < p < n. Then, for j < p < n, we have
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Moreover, if p = n + 1, the above inequality trivially holds for all j < p.
Similarly, Inequality (2.2) clearly holds for n = p = j = 1. Suppose that it also
holds for all j and p such that j < p < n. Then, for j < p < n, we have
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Moreover, if p = n + 1, the above inequality trivially holds for all j < p. O
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One may wonder how tight the bounds for the binomial coefficient presented in

HED ]

Theorem 2.1 are. In Figure 1, we plot £(j) = L2852 and r(j) == i as

functions of j in the case n = 5 and p = 3. We obéerve that r (respectivély 0) is
an increasing (respectively decreasing) function of j and that these bounds become
tighter as j increases. In fact, there is no limit to their tightness, since £(i) and r ()
are asymptotically equal (~) to the binomial coefficient (Z) Indeed, it is known
([4], p. 271) that both {";H} and [";H] are polynomial functions of j of degree 2n,

given by o |
(=S o

S B () (st

and
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Figure 1: r (o) and ¢ (o) as functions of j, for p =3, n =5.

Here, ((7)) denotes the second-order Eulerian numbers ([4], p. 270), Whgff} row-

sum satistfies Z;é (W) = % It follows that {";‘J} ~ [”jj] ~ = and
then

-2p j2n72p

. . 2ppl 27=p (n—p)! n
£(j) ~r(g) ~ pfn(p) = ( )

2nn! p

The numerically observed monotonicity of £(5) and r(j) leads us to the following
conjecture.

Conjecture 2.1. Let n, p, and j be three integers such that 1 < 7 < p < n. We
have
(I AL
J—1jp—1)J J)lp) lu—-1
i [ 1
j—=1 =111 = Ul lel i —1]

Remark 2.1.1. If the Stirling numbers are replaced by binomial coefficients or by

their g-analogs, these conjectured inequalities become elementary equalities.

These inequalities are rather strong statements. For example, in the first one,
after incrementing n, p, and j by 1 and setting j = p — 1, we obtain (for p > 2)

{2}2 § {pi 1}{1’”1}(]); 1)212 1 +p(p27 1){pn 1}{2} 24)
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Inequality (2.4) is stronger than the row log-concavity of the Stirling numbers,
stronger than {"}2 > ﬁ{pi1}{pn1} proved in [6], stronger than their ultra log-

concavity { } > p+1 n- p“ {p+1}{ 1}, and even stronger than the refined ultra

log-concavity { } > iﬂ "npzl pﬂ}{pfl} established in [9], as we now prove.

After some mampulatlon this requires showing that

{Z}:>{pil}cm£@Qf5F”- (2.5)

We need the following Lemma.

Lemma 2.1. Let n and k be integers such that 0 < k < n. Then

n{nnk}>(n_2m{nile}

Proof. If 0 < i < k, then clearly (n + 4)(n — 2k) < n(n + ¢ — 2k). Incidentally,
note that the log-concavity of a sequence of consecutive integers is used here. It

follows that n("%5 ") > (n — 2k)("}"). Now, from Equation (2.3), it holds that

S = S () (5 and then n{, "} > (n = 20){, 571, }- O
Finally, setting k¥ = n — p in the lemma yields n{"} > (2p—n {Zii} That is,

n{ } 2p—n)(p+1) {p+1} +2p—n { } which readily implies Inequality (2.5).

3. Symmetric Polynomials

We recall e, and hy, respectively the elementary and complete homogeneous sym-
metric polynomials of degree k, in the n indeterminates xy, = (21, 2, ..., %), which
are defined as

er(Xn) = Z iy Ty -+ - T,

1<i1<ia< - <ip<n

and

hi(xn) = Z Ty Tig - - - Ti,

1<iy Sip < <ip<n

together with the convention eg(xn) = ho(Xn) := 1. From these definitions, the
following recurrence relations can be derived

er(Xn) = Tnep—1(Xn-1) + €x(Xn-1) (3.1)

and
hk(xn) == Inhk—l(xn) + hk(xn—l)-
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Their ordinary generating functions are

> en(xa)th = (1 +2:t) (3.2)

k>0 i=1
and
I
kE _
> i (xa)t = H gy (3.3)
k>0 =1

n

Let qn = (¢°,¢",...,¢""). We then see that there are e;(1,) = (}) monomials
in the expansion of ex(xy), and hg(1l,) = ("Jr’,j*l) monomials in that of hg(xy).
Comparing Equations (3.2) and (3.3) with the known ordinary generating functions

of the Stirling numbers, 37, [e]t* = H?‘:—g(t +7) and 3, g {7t = Hle %ﬁ,

we obtain )
n—+
=er(1,2,...
|:7’l+1—]€:| ek(; ] ,Tl)
and L
{”+ } = he(1,2,...,7n),
n
so that, setting v, := (1,2,...,n), the inequalities of Conjecture 2.1 read
en—p(Vn) €p—j(Vp) s _n—j (Vn)
en—p(Vn-1) €p—j(Vp-1) ~ €n—j(Vn_1)
and

hn—p(Vpt1) hp—j(Vit1) < hn—j(Vi+1)

hn—p(Vp)  hp—j (Vi) = ha—j(vs)
Note that, if we replace v by q in the above inequalities, they become equalities,
since ex(qn) = q(g) (Z)q and hy(qn) = (”*Zﬁl)q, where (Z)q denotes the g-binomial
coefficient. The sequence v; = 7 is clearly log-concave, whereas the sequence ¢ is

log-straight, that is, simultaneously log-concave and log-convex. A sequence of real
numbers x; is log-straight if and omly if x; = ¢°, for some real ¢, up to a real
multiplicative constant.

We then propose the following generalisation of Conjecture 2.1.

Conjecture 3.1. Let x5 (k > 1) be a log-concave sequence of positive real numbers,
and let n, p, and j be integers such that 1 < j < p <n. Then
en—p(Xn) €p—j(Xp) s _6n—j (Xn)
en—p(Xn-1) €p—j(Xp-1) ~ €n—j(Xn-1)

and
hon—p(Xpt1) Pp—j(Xi1) _ P (Xj41)
hn—p(Xp)  hp—j(x5) = ha—j(x;)
If the sequence is log-convex, then the directions of the inequalities are reversed.




INTEGERS: 26 (2026) 7

We provide algebraic proofs of the above conjecture in several simple special cases.
We exclude the trivial cases in which two of n, p, and j are equal. After replacing
n and p by n+ p + j and p + j, respectively, these cases are summarized in the
following theorem.

Theorem 3.1. Let n, p, and j be positive integers, two of which are equal to 1,
and let xy (k> 1) be a log-concave sequence of positive real numbers. Then

en(xn+p+j) ep(xpﬂ') > en+p(xn+p+j)
en(xn+p+j71) ep(prrjfl) N en+p<xn+p+jfl)

and
hin (Xptjt1) Pp(Xj41) _ hogp(Xjt1)

ho(Xptj)  hp(x5) = hngp(xj) '

If the sequence is log-convex, then the directions of the inequalities are reversed.

Proof. We deal with the complete homogeneous symmetric polynomials first. Let

A(n,p,j) = hn(Xp1j)hp(X5) Pntp(Xj41) — hn(Xptjra)hp(Xj11)hnip(x;). We are
going to show that

J

A(L1,5) = hi(x551) > h1(%Xa) (Tj41%a41 — TjsaTa), (3.4)

a=1

p
A(l,p,1 Zm (xg bty 11 —xf_b+1xp+2), (3.5)
b=0
and

A(TL, 1, 1) = hl(xl)hl (X2) Z hn—c(xl)hn—c(x2) (q’%c - l‘il‘g) (36)

c=1

From the strong log-concavity of xp, A(1,1,5) and A(n,1,1) are clearly non-
negative. The non-negativity of A(1,p, 1) is shown by consecutively using the strong
log-concavity inequality p — b 4 1 times for the summands corresponding to b > 1
and p times for the summand corresponding to b = 0.

The proof of Equation (3.4) is obtained by the following derivation. We have

A(1,1,5) = ha(Xj41) (P (%5) ha(Xj41) — h1(Xj42)ha(%;))
j+1 Jj+2 J

ZTa Z Tahi(Xa) Z Zq Z Tl (xa))

j
vaxahl Xa +Z:ca:nj+1h1(x”1)

=1 a=1

= h1(xj41) (

—
5}
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J Jj+1

-T_H-lg Tq § xz_x]-‘rQE xaE xz

a=1 i=a+1
J J+1

= hq( xJ+1 (%HZ% Z T, —;vjﬁz:xazbm )
=1 a=1+1

(19 9 SRRSO % )

= hq( XJ+1 (xj_,_l ZI”‘H le Tjyo Zza le )

J
= h1(Xj+1) Z h1(Xa) (25 41%at1 — Tj422a).

a=1

The proof of Equation (3.5) is obtained by the following derivation. We have

A(L,p,1) = 27 (h1(Xp+1)hp+1(x2) — 21h1 (Xp12)hyp(x2))

_ D

= o7 (h1(Xp+1)2 — 21Tp12hp(x2))
p+1 P

_ ..p p+1 b b

—xl( E TpTy ' = — T1Tpi2 E Ty x2)
b=1 b=0
p

_ p}: b(,p—b+

= :172(:132 Tpy1l — X7 :cp+2)
b=0

Finally, for the proof of Equation (3.6), let

a(n) = h1(x1)hni1(x2)hn(x2)
and

b(n) = h1(x2)hni1(x1)hn(xs),
with n > 1, so that A(n,1,1) = a(n) — b(n). We have

a(n) = hl(xl)(mghn( 2) + a:"“) (ﬂcghn,l(xz) + x?)
= z3a(n — 1) 4 hi(x1)h1(x2)hy (x1) o (x2)

and

b(n) = hy(x2) (@10 (x1)3hn—1(x3) + 21 b (x2))
= z123b(n — 1) + ha(x1)ha (X2) hn (X1) P (x2).
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— 2 0 — [(aln — [ hi(x1)h1(x
Let M = (x()? zlzs), U, = (b((nD, and Uy = (higxi;higxig)’ then

Un = M . Un,1 + hl(X1>h1(X2)hn(X1)hn<X2)M0

and, by telescoping, we obtain

n
Un = h1(x1)h1(x2) Z ho—e(x1)hp—c(x2) M°,
c=0
which is the desired result.

Now, we deal with the elementary symmetric polynomials. In the case n =p =1,
we have to show that ej(xjir2)ea(xj+1) > e1(xj)ea(xjr2). Using the recurrence
relation Equation (3.1), together with the identity ei(xj)ei(Xj41) — e2(Xj41) =
ha(xj), we see that it suffices to prove that xjii1ea(xj+1) > j12h2(x;), which
readily follows from the strong log-concavity of xj. Indeed, we have

Tipiea(Xjpr1) =21 ) Talp
1<a<p<j+1

=Tj+1 § Talp+1
1<a<B<j

> a2 ) Takp = jraha(xg).
1<a<p<;

For the case j = p = 1, we must prove that

en(Xnt2)€1(X2)€nt1(Xn+1) = €n(Xnt1)er(X1)ent1(Xn2). (3.7)
Let yp = x,:l for all k > 1 (which is licit since all x are positive). Clearly, yy is a
log-convex sequence of positive integers, and it satisfies
enfk(yn)
ex(Xn) = —=7—.
" IT= v
Substituting Equation (3.8) into Inequality (3.7) and simplifying (which is valid
since all y; are positive), we are reduced to proving

(3.8)

e1(yz2)ea(ynr2) > y2€1(Ynr1)e1(Yniz)-
That is,
y1e2(Yn+2) = v2(€1(Ynr1)e1(Yntz) — €2(Yni2))
> y2ho(Ynt1)-

The above inequality holds, as it was already shown (in the opposite direction, but
for a log-concave sequence) in the previous case n = p = 1.
Finally, for the case n = j = 1, we have to prove that

e1(Xpi2)ep(Xpr1)ept1(Xpr1) > e1(Xpr1)ep(Xp)epr1(Xpr2)-
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Since ep41(Xp+1) = Tp+16p(Xp), this is equivalent to

€1(Xp+2)€p(Xp41)Tp+1 = €1(Xp+1)ep+1(Xp2)- (3.9)

We have

e1(Xpt+2)€p(Xp+1)Tp+1 — €1(Xp+1)ept1(Xpt2)
= Tpr26p(Xp11)Tpt1 + €1(Xpt1)ep(Xpt1)Tpt1

— Tpt2€1(Xpt1)ep(Xpi1) — €1(Xpr1)ept1(Xpr1)
= Tp42 ($p+lep(xp+1) - el(xp+1)ep(xp+1))

+ e1(Xp+1)ep(Xpt1)Tp1 — €1(Xpr1)epr1(Xpia)
= _xp+2€p(xp+l)el( p) + el(Xerl)(ep(Xerl)prrl - ep+1(xp+1)>
= —Tpt2€p(Xpr1)e1(Xp) + €1(Xpt1)Tpi1 (ep(xp+1) - ep(xp))

)

= —Tpioep(Xpr1)er(Xp) + el(xp+1)x12,+1ep_1(xp).

Then, Inequality (3.9) is equivalent to

x127+1€1 (Xp+1)ep—1(xXp) > Tp+2e1(xp)ep(Xpt1). (3.10)

Let L (respectively R) be the left-hand (respectively right-hand) side of Inequality
(3.10). We have

p pt+l p+1
R=30Y apiae; [[ o
j=1i=1 k#i

where the product runs over all k = 1,--- ,p+ 1, except i. We introduce R(w) by
reindexing this double sum with the new index w = p+ 1+ j — ¢, which ranges from
1 to 2p. Then

imax p+1
R = E E Tpt2Tow—p— 1+1H$k* E R(w
w=1i=imin k#i
with
imax p+1
E Tp4+2Lw—p—1+1 H Ty
i=imin k#i

with bounds imin = max(p—w+2,1) and ¢max = min(p+1,2p—w+1). Actually,
imin = p—w+2 and imax = p+1if w < p, whereas imin = 1 and imax = 2p—w+1
if w > p+ 1. Similarly, introducing L(w), we have

p+1 p imazx P 2p

L= ZZJ;Z,HQHQ%—Z Z a:psz H xk:ZL(w),

i=1 j=1 k#j w=1i=imin k#p+i—w w=1
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with
imax D
2 .
T 1T T,
i=imin k#p+i—w

with bounds imin = 1 and imaz = w if w < p, whereas imin = w —p + 1 and
imar = p+ 1 if w > p+ 1. To complete the proof, it suffices to prove that
L(w) > R(w) for all w. The case w < p is considered first. We obtain

P p+1 p+1
L( E xp-}-lxz H Ty — E Tp42Tw—p—1+i H Tk
=1 k#p+i—w i=p—w-+2 k#i
w p w p+1
2
= § Tpy1Li H T — § Lp+2Lw—it+1 H Tk
i=1 k#p+i—w i=1 k#p+2—i
w 14 w p+1
2
= g erll‘Z H T — E Tp4+2T4 H Tk
i=1 k#p+i—w i=1 k#p+1+i—w
w P w p+1
2
= E xX; ($P+1 H T — E Tp4-2 H .’Ek)
=1 k#p+i—w i=1 k#p+1+i—w

In this sum, each summand is non-negative since, multiplied by %p4i—wZp+1+4i—w,
it is (Tp+1Tptiticw — Tp+2Tpti—w) Hi; x, which is non-negative by the strong
log-concavity of xi. For the case w > p + 1, we do the same derivation, but with
the appropriate bounds imin and imaz, and we have

p+1 p 2p—w+1 p+1
2
L(w) — R(w) = E Ty 1T H E Tp+2Tw—p—1+i H Tk
i=w—p+1 k#p+i—w k#i
2p—w+1 p 2p—w+1 p+1
2
= E : Lp+1%p4+2—i H § , Lp2Lw—p—1+4i H LTk
i=1 k#2p+2—i—w k#i
2p—w+1 2p—w+1 p+1
- E prrl:L‘w p+i H T — § Tp4+2Lw—p—1+1 H T
k#i k#i
2p—w+1p+1
= E H Ty (:I;erlxwprri - xp+2xw7p+i71> .
i=1 ki

This sum is non-negative, again because each summand is non-negative by the
log-concavity of xj. O

The above proof of Inequality (3.9) is lengthy, but somehow insightful, as we shall
observe at the end of this section. Upon reviewing, the anonymous referee pointed
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out the following, which is a much more concise inductive argument. Let A, :=
e1(Xp+1)ep—1(xp)xp and By, = e1(Xp)ep(Xp+1). Inequality (3.9) reads Appq1 >
By+1 and Inequality (3.10) reads xf,HAp > xpTpaBy. Since Ay = By = 2% + 2122
and xf, 11 2 TpTpia2, we readily obtain an inductive proof.

In each case of Theorem 3.1, the proof uses different tricks from elementary
algebra. But, as soon as at least two of the three indices n, p, and j are larger than
1, such techniques no longer seem to work. The algebraic derivations become very
intricate. Nevertheless, we were able to confirm Conjecture 3.1 in the case where
two indices are equal to 2 and the third equals 1. As an illustration of this increasing
complexity, we write hereafter what we obtained, laboriously, for A(2,1,2).

A(2,1,2) = (x§ — x%xi)(Zm% + 22129 + x% + z123 + x0x3) + (gcg — Zowy)P

+ (2323 — a3ad)my (21 + 22 + 23) + (2213 — 1174)21Q,
where P and @ are polynomials with non-negative coefficients, given by

P =] + 2032, + 30223 + 3wy25 + 25 + 2203 + Satwews + drywiws + 2x5ws
+ 22 2005 + 323
and Q = x:{’ + 23:%@ + 23313:% + arg + 21‘%3:3 + 2211003 + mlxg + 1‘233% + x1ToT4
+ ToX3T4.
Let us denote E} (respectively H}) the set of the monomials of ey (xn) (respec-

tively Ay (xy)). Since their cardinals are |E}| = (}) and |H}| = (”Jr,’j*l), it is easy
to verify that

n P n—1| _ pn—1 p—1 n
En_p ¥ E,_; xBTS = [ERZ, x Ep—; X ER_ ]
and
p J J+1| _ jyptl Jj+1 J
|Hn_p X prj X Hn7j| = |Hn_p X prj X Hn7j|.

In the cases of Theorem 3.1, it can be observed that each monomial on the left-
hand side of an inequality is paired one-to-one with a monomial on the right-hand
side, in such a way that the left monomial is larger than the corresponding right
monomial (or vice versa). Therefore, one would need to construct such bijections be-
tween the (multi-)set of monomials of e, (Xn+p+j)ep(Xp+j)ent+p(Xnt+p+j—1) and the
(multi-)set of monomials of e, (Xntp+j—1)ep(Xp+j—1)€ntp(Xntp+j), and similarly,
for complete homogeneous polynomials, between the the (multi-)set of monomials of
B (Xptj+1) p (Xj41) At p(x35) and that of Ay (Xp4j)hp(Xj) hntp(Xj41). Moreover, in
the first proof of the last case of Theorem 3.1, we also observe that there are proper
subsets of monomials on one side of the inequality that are in bijective correspon-
dence with subsets of monomials on the other side. To clarify these observations, it
is convenient to translate them into the language of integer partitions. This is the
purpose of the next section.
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4. Integer Partitions

Let us recall some basic notions from the theory of integer partitions [1]. An integer
partition A (respectively, an integer partition into distinct parts) is a finite non-
increasing (respectively, strictly decreasing) sequence of non-negative integers called
the parts. The length of A, denoted £()), is the number of positive parts, while the
size of A is the sum of all its parts and is denoted |A|. Let w = |A|. Then A is said
to be a partition of w, written A F w. The finite set of all partitions of a given
integer (equivalently, all partitions of a fixed size) can be partially ordered by the
dominance order [3]. In this order, a partition A precedes the partition p (written
A <X p) if, for every k > 1, the sum of the k largest parts of A is less than or equal
to the sum of the k largest parts of p. From their definition, each monomial in
the complete homogeneous (respectively, elementary) symmetric polynomial can be
indexed by an integer partition (respectively, an integer partition in distinct parts),
and we denote such a monomial by X,. These partitions are, however, restricted.
They must have the same length, equal to the degree of the polynomial, and their
parts cannot exceed the number of indeterminates, although their sizes may vary.

We use the same notation H}} (respectively, E}) for the set of partitions in k parts
(respectively, k distinct parts) not exceeding n and for the set of the monomials of
hi(Xn) (respectively, ex(xn)), and then we may write

hk(Xn) = Z X)\

AeHy

and

ek(xn) = Z X)\.

AEE}
The size of a partition in H} ranges from k to kn, whereas the size of a partition
in E} ranges from w to k(n+1) — k(kTH) In superscript notation, a partition
A € H} is written as A = 1% -.-n%, where (a1,...,a,) is a weak composition
of k; that is, @; > 0 for all 1 < i < n and ) ;" a; = k. Similarly, a partition
A € E} is written A = 191 ... n% where (ay,...,a,) also verifies Y " | a; = k, but

1>a; >0 foralll <i<mn. Clearly, given two partitions A and u, the product
of two monomials X - X, is the monomial X, where Ay denotes the partition
built by collecting together the parts of A and p. Clearly, £(Au) = £(X) + £(p) and
[Ape] = |A] + |p|- Moreover, by Karamata’s theorem [5], given two partitions A and
w, if the sequence zyj is strongly log-concave, then the corresponding monomials
satisfy the inequality X, > X, if and only if A < . Note that this implies that
partitions indexing two comparable monomials must have the same size.
We can now state our conjectures in the language of integer partitions.
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Conjecture 4.1. Let n, p, and j be positive integers. Let

g =0 A2, da) € ML IR Pl + el + Al = w),
W =L A2, Ag) € HEFTTL s HIFE s HY e [\ | + [Aa| + [As] = w},
(
(

)
)

={(A1, A2, A3) € EXTPH 5 ERHT 5 ERTPHITL N | 4 [ Mo + |Ag| = w}, and
) €

n+p
€ EptPHT o ERF TS ER TR M|+ Do| + [As| = w)

npg
Enpi =M1, A2, A3
For each admissible w, there exists a bijective map from H" . to HY p.j» sending
(A1, A2, Ag) on (p1, p2, p3) such that AjAs A3 precedes 141 243 in the dominance or-
der. Similarly, there exists a bijective map from S;L”p] to En .o sending (A1, Aa, Az)
on (1, po, u3) such that A\; AaA3 precedes pgpops in the dominance order.

Remark 4.1.1. If Conjecture 4.1 holds, then Conjecture 3.1 and Conjecture 2.1
hold as well.

Remark 4.1.2. In the complete homogeneous case, w ranges from 2(n + p) to
np+ (25 +1)(n+p), while in the elementary case, w ranges from n?+p?+np+n-+p
to (n+p+24)(n+p).

Conjecture 4.1 is obviously true in the complete homogeneous case for the min-
imal w = 2(n + p) because in this case 'Hi(gjp) = Hi(z—;m = {(A™, 1P, 1P}
It is also true for the maximal w = (2j + 1)(n + p) 4+ np because in this case

My, = {((+5)" 37 G+ 1)) and Hye o= {((p+7+1)" (G + 1P, 5"17)}. In
both cases, the unique bijection between these one-element sets clearly satisfies the
dominance condition. It is equally straightforward to verify Conjecture 4.1 in the el-
ementary case for the minimal and maximal admissible w, where the corresponding
sets again consist of a single element and the bijections are trivial.

To prove Conjecture 4.1 in the general cases, it would suffice to construct injective

maps. Indeed, it is well known that the coefficient of ¢* in the g-binomial coefficient
(n+m

m
exceeding n. Then, using the Pascal identity for g-binomial coefficients, one easily
shows that the coefficient of ¢“~™ in (7L+:Z_1
size w with exactly m parts, each not exceeding n. Now, define the polynomials

Pop,; and Py, ; such that

(n+p+i-1\ (p+i—-1\ [(n+p+]J
Pn,p,j(g) = n P n+p
a q q

~ _(n+p+J\ (P+J\ (n+p+j—-1
PN,PJ (q> = n P n +p :
q q q

By the multiplication rule for generating functions, the coefficient of ¢g¥—2("+p)
in Pyp;(q) (respectively in Py, ;(q)) is precisely [H;, ;| (respectively \’H,npj|)

) counts the number of partitions of size w with at most m parts, each not

)q counts the number of partitions of

and
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Hence, [H}), ;| = |7-ifl’7p7j| since Pr p.;(¢) = Pn,p,j(q), as observed in Section 3, prior
to the statement of Conjecture 3.1. A similar argument applies in the elementary

case; the details are omitted.

5. Two Final Remarks: g-Analogs and Comparison with Log-concavity

We propose g-analogs of the above conjectures. Recall the (partial) order <, [7]
on polynomials in R[g], which is a g-analog of the usual order < on R. We write
f <q g if all coefficients of the polynomial g — f are non-negative, in which case we
may also write g — f € RT[q]. Strongly q-log-concave sequences of such polynomials
zi(q) are such that z;z; >, x;_12,41 for all j > i—1 > 0 and then, two monomials

Xy and X, built from such polynomials satisfy X, >, X, if and only if A = p.
Consequently, Conjecture 4.1 would imply the following g-analog of Conjecture 3.1.

Conjecture 5.1. Let n,p, and j be integers satisfying 1 < j < p < n, and let zj
(k > 1) be a strongly ¢-log-concave sequence of polynomials in R[g]. Then

E;L’p’j (q):=€n—p(Xn)ep—;(Xp)en—j(Xn—1)—€n—p(Xn-1)ep—j(Xp-1)en—; (Xn)ER+ [q]
and
H;L’p’j (@):=hn—p(xp)hp—j (X5) hn—j (Xj1+1) —hn—p(Xpr1)Pp—j (Xj41) A (Xj)ER+ [q]-

In particular, the sequence zj, := 1+ ¢+ --- + ¢*~! is a strongly g-log-concave
sequence of polynomials and in this case, e,,—p(Xn_1) = [Z] is the ¢-Stirling number
q
of the first kind, while hy,_p,(xp) = {Z} is the q-Stirling number of the second kind
q
[7]. We then have the following g-analog of Conjecture 2.1.

Conjecture 5.2. Let n,p, and j be integers such that 1 < j < p <n. Then

seta- B 610G ), e

S N el AN

A similar conjecture can also be made for the g-Stirling numbers in type B which
correspond to the case z; = 1+ ¢%--- + ¢%'. In [8], Sagan conjectures that the
sequences of coefficients of the ¢-Stirling numbers are log-concave. One may further
conjecture that the sequences of coefficients of the polynomials S5 and S/ are
log-concave for each particular choice of n, p, and j. We verified this numerically for
n < 20. Numerical evidence also suggests that this property might hold in type B
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as well, contrary to the coefficients of the ¢-Stirling numbers in type B, which are
conjectured to be only parity log-concave [8]. More generally, one may ask whether
it holds that if (xy)k>1 is a strongly ¢-log-concave sequence of polynomials in R[g],
then, for each particular choice of n, p, and j, the sequences of coefficients of the
polynomials E™P+(g) and H™P+(q) are themselves log-concave.

We have seen that the inequality involving the Stirling numbers of the second kind
in Conjecture 2.1 entails their row log-concavity. However, we have not been able to
derive an analogous result from the inequality involving Stirling numbers of the first
kind. Sagan [7] proved the row log-concavity of the sequence h,,_,(xp), for fixed
n and for x; a log-concave sequence of positive real numbers, via the Lindstrém—
Gessel-Viennot involution on certain lattice paths. This raises the question whether
the inequality involving complete homogeneous polynomials in Conjecture 3.1 also
implies the row log-concavity of the sequence h,,_,(xp) under the same assumptions.
A derivation from this triple-product inequality, similar to the derivation leading to
Inequality (2.4), yields

x hn— (X 1)
B ) pl AN A < A 2,
n p+1(xp 1)hy P 1(Xp+1)( 2, + hl(xpfl)hnfpfl(xp+l)) S hp p(xp)
(5.1)

Hence, Conjecture 3.1 in the case of the complete homogeneous polynomials, to-
gether with the additional assumption that the sequence x of positive real numbers
is non-decreasing, is sharper than Sagan’s result in [7]. On the other hand, the se-
quence Ty = e ¥ is an example of a decreasing log-concave sequence of positive
real numbers. In this case, Conjecture 3.1 may be weaker than Sagan’s result, since
k2, numerical calculations suggest that the simple row log-concavity
of hy—p(xp) is sharper than Inequality (5.1).

when zp = e~
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