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Abstract
In this paper, we generalize Iwata’s refinement of Schatunowsky’s theorem to the
rings of integers of imaginary quadratic fields Q(y/m) with class number one and
prove that the corresponding sets @, ¢ of quadratic integers whose quadratic tota-
tives have at most ¢ prime factors are finite. In particular, we refine Dalezman’s
result for the Gaussian integers. We also provide explicit descriptions in the Eisen-
stein case.

1. Introduction

Let N be the set of natural numbers and a € N be greater than 1. Denote the set
of totatives of a except 1 by

T(a):={beN|1<b<a, gced(a,b) =1}.

We also denote the set of rational prime numbers by P. For any p € P, T(p) is
simply the set of natural numbers from 2 to p — 1. In particular, T(2) = @. On the
other hand, when a is a composite number, the set T'(a) is likely to contain many
primes. For example, we have

T4) =43}, T6)={5, T(8)={3,57, T(12)={5711}
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The natural question is: “For what values of a, does T'(a) become a set consisting
only of prime numbers?” The following result was first proved by Schatunowsky.

Theorem 1 ([5, p.281]). The subset of N defined by
S:={aeN|peT(a) implies p € P}
is finite. Specifically, we observe that S = {2,3,4,6,8,12,18,24,30}.

This result can be generalized as follows: Suppose b € N has the prime factor-
ization

€1 €2

b=4q7"q" - qy" (6 €P),
and set Q(b) = e + ez + -+ - + e,,. The following result is due to Iwata.

Theorem 2 ([4]). For each ¢ € N, the set
Se = {aeN|beT(a) implies Q(b) < ¢}

is finite. Note that S1 coincides with S in Theorem 1.

Furthermore, Theorem 1 admits an extension to the Gaussian integers G. For
a € G, let N(a) denote its norm, and set

Tg(e) :={f € G |1 <N(B) < N(a), ged(a, 8) = 1}.
Let GPP be the set of Gaussian primes. Dalezman proved the following result.

Theorem 3 ([3]). Up to multiplication by a unit, 5+ 5i is the element of
Se :={a e G| B e Tg(a) implies § € GP}
having maximal norm.

In this paper, we investigate analogues of Theorem 2 in the ring of integers of
imaginary quadratic fields with class number one. We also refine Theorem 3 and
establish a Schatunowsky-type theorem for the Gaussian integers and the Eisenstein
integers.

Although the finiteness of sets @, ¢ defined in Equation (4) may be anticipated
from general arguments in algebraic number theory, such arguments are typically
non-constructive and do not yield explicit descriptions. This paper provides a uni-
form Bonse-type framework for quadratic integer rings of class number one, together
with complete explicit bounds and maximal elements in the Gaussian and Eisenstein
cases.
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2. O,, and N,
Let m be a square-free negative integer. The ring of integers of Q(v/m) is given by

vm (m = 2,3 (mod 4)),

Hﬁ (m =1 (mod 4)).

Om =7 + ZW, where w = {

The norm of an element « € O,, is defined as the product with its complex conju-
gate @ € Oy, that is, N(«) = aa.

In general, O,, is an integral domain, and every prime element is automatically
irreducible. It is also known that the converse holds if O,, is a unique factorization
domain (UFD). The following result is well known (cf. [5], p. 210).

Proposition 1. Let m < 0. Then, the ring of integers Oy, is a UFD if and only if
me{-1,-2,-3,-7,—-11,—19, —43, —67, —163}.

As in the case of Z, every element in a UFD admits a unique factorization into
prime elements. It should be noted that O, is not a Euclidean domain for m =
—19,—-43, —67, —163, and hence a division algorithm is not available in these cases.
Nevertheless, since this paper only requires the existence of prime factorizations
and greatest common divisors in O,,, we restrict our attention to the values of m
listed in Proposition 1.

The units in O,,, are well known.

Proposition 2. Let m < 0. Then, the following holds:

{£1,+i} 20y if m=—1,
On = {£1, £, £} =2 Cs  if m= -3,
{£1} = if m ¢ {-1,-3},

where i =+/—1 and { = HT\/T?’

As an analogue of N = Z/{—1,1}, we consider prime factorizations in the quo-
tient set
Ny = 0, /O

Throughout this paper, representatives a € N, are taken to satisfy —0,, < arg(a) <
0., where
w/4 ifm=-1,
Om = 7/6 if m=-3,
w/2 iftmé¢ {-1,-3}.
As is well known from class field theory, the set of rational primes P decomposes
into three disjoint subsets with respect to N,,: the set P, 1 of primes that ramify
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in O,, the set P,, o of primes that split in O,,, and the set P, 3 of primes that
remain inert in O,,. If we denote by Pp,; (i = 1,2,3) the corresponding sets of
prime elements of N, lying over Py, ;, then z € P, 1 satisfies argz = 0,,, 2 € Py 2
satisfies | arg z| < 0,,, and z € P,, 3 satisfies arg z = 0.

The following result is straightforward.

Proposition 3. Let m be one of the integers listed in Proposition 1. Then, every
element of N, admits a unique factorization, up to units and the ordering of the

factors, as a product of elements from the set Pp, := Ppy1 U P2 U P, 3.
Example 1. In the case m = —1, the set of rational primes P is partitioned as
follows:

P11={2}) Paao={pecP|p=1(mod 4)}, P.ys={pcP|p=3(mod4)}.

Accordingly, the set P_; of Gaussian primes is the disjoint union of the following
subsets:

'P71’1 = {1 + i}, 'Pfl’z = {a S ./\/‘71 | N(a) S IFLLQ}, 'Pfl,;g = ]P),Lg.
In the case m = —3, the set P is partitioned as follows:
Pos1={3}, Pso={peP|p=1(mod3)}, P.g3={peP|p=2(mod3)}

Accordingly, the set P_3 of Eisenstein primes is the disjoint union of the following
subsets:

’P73,1 = {1 + C}, 'P73’2 = {a S ./\/;3 | N(a) S ]P)7372}, 737373 = Pfg’g.

Remark 1. In the general case of Ny, if p € Py, ; for i = 1,2, then N(p) € Py, 4;
whereas if p € Py, 3, then \/N(p) € P, 3. Therefore, we obtain

N(Pp) :={N(p) | p € Pm} =Pp 1 UPp 2 U P%m,sv where P?n,?; = {p2 |p € Pps}.

This distinction plays a crucial role in defining an appropriate notion of quadratic
primorials.

3. Numbering the Primes in N,

To prove a Schatunowsky-type theorem in N,,, we establish a Bonse-type inequality
in Section 4. For this purpose, it is necessary to impose an appropriate ordering on
the elements of P,,.

Definition 1. Define an ordering on the set P, by the following two rules:
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(a). If N(n') < N(x), then 7’ < 7.
(b). If N(#') = N(x) and arg(n’) < arg(m), then 7’ < .

We denote the resulting ordered sequence by {pn }n>1.

Furthermore, let 77;;2 be the subset of P, o consisting of elements with arg z > 0,
and let P, , be the subset consisting of those with argz < 0. We then have the
ordered subset

Pl = Pri UP o U P s,

and denote the resulting ordered sequence by {7, },>1. For notational convenience,
we formally set mp = 1. Note that the ordering on P;. is determined solely by
rule (a).

Hereafter, the value of m relevant to the prime sequences {p,} or {m,} will be
clear from the context.

Example 2. The ordering of the elements of P_; (Gaussian primes) is as follows:

pr=1+i=m, p2=2—i=T2, p3=2+i=m2, pg=3=m3,

ps=3—-21=Ty, pe=3+2i=my, pr=4—1=T5 pg=4+1i=ms,
po=95—21=Tg, pio=0+2i=Ts,
On the other hand, the ordering of the elements of P_3 (Eisenstein primes) is as
follows:

pr=1+(=m, pr=2=my, p3=3—-(C=73, ps=2+(¢=m3,

ps=4—(=T4,ps =3+(=m4, pr=5-20=75 pg=3+2(=nms,
p9:5:7r63

Note that the complex conjugate of m = a + b € N_3 is given by T = (a + b) — bC.
See also Tables 1 and 2 in the Appendix.

4. Bonse-Type Inequalities

Let p,, be the n-th rational prime. To reprove Theorem 1, Bonse [1] utilized the
inequality
n
Dndf 1= H Pr > Doy (n>4). (1)
k=1
We call p,# the n-th rational primorial. In this section, we prove some inequalities
analogous to Inequality (1) in A,. First, we introduce the following definition.
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Definition 2. Let m be one of the integers listed in Proposition 1. The n-th
quadratic primorial m,# in N, is defined inductively as follows:

(anl#)ﬂ—n (7rn € Pm,l or m, € Pm,3)7
(anl#)ﬂ—inﬂ—n (ﬂ—n S 7);;72)

Example 3. The first few Gaussian primorials in N_; are given as follows:
m# =m =144, m# = (m#F)Tame =5(1+1), m# = (m#)m3 = 15(1+1),
7T4# = (773#)7774’”4 = 195(1 + Z), 71'5# = (7T4#)7T757T5 = 3315(1 + Z),

On the other hand, the first few Eisenstein primorials in NV_3 are given as follows:
m#F=m =1+(, mfF=(m#F)m2=2(1+(), m# = (m#)Tm3 =14(1+(),
maF = (ms#)Tamy = 182(1 + (), m5# = (ma#)Tms = 3458(1 + ),

For the sequence of rational primes {p,}, it is well-known that the equality

for n > 1.

mo# =1, ma# = {

lim 22+l — 4 (2)

n—oo pn
holds. The following result is an analogue of this fact in N,.

Lemma 1. For the sequences {p,} and {m,}, the following holds:

. Nlpn+1) . N(mnt1)
lim ——=1= lim ———=.
n—oo  N(pp) n—oo N (m,)

Proof. From the ordering of Py, defined in Definition 1, we have N(p,,) < N(p,)
whenever m < n, and together with Equality (2) and Remark 1, we have the left-
hand equality. Since {m,} is a subsequence of {p,}, the right-hand equality also
holds. O

Proposition 4. For each fixed non-negative integer £, there exists a natural number
n(f) such that for all n > n(L), the following inequality holds:

N(mth) < N(ma#).

Proof. For a fixed natural number k, we have

lim L"-‘rl) — lim N(Trn+1) ) N(ﬂ'n) o N(ﬂ'n—k-i-l) —1
n—o0 N(mn_i) n—oe N(mn) N(mp-1) N(Tn—t)
For sufficiently large n, we obtain
¢
0< N(mhh) < 1 H N(Wn+1).
N(ﬂ—n#) o N(ﬂ—nféfl#) k=0 N(Wn,k)
As n — oo, the right-hand side converges to 0. In particular, N(wflill)/N(ﬁn#)

becomes less than 1. O
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4.1. Bonse-Type Inequality for Gaussian Integers

Here we determine the values of n(¢) appearing in Proposition 4 for specific values of
£ in the Gaussian integer case. The following result was first proved by Dalezman [3].

Lemma 2 (Bertrand’s Postulate for Gaussian Integers). For each m, € P_1 with
n > 2, there exists a Gaussian prime p satisfying

N(my) < N(p) < 2N(mn).
In particular, we have N(mp11) < 2N (7).
Proposition 5. For each £ € N, define n(¢) € N as follows:
n(l)=3, n(2) =4, n(3)=5, n(4) =5, n(d)=6, n(6)=7, n(7)=7, ....
Then, for all n > n(¢), we have N(Wflfl) < N(mn#).

Proof. We prove the statement by induction on n. For £ < 3, we have N (7, (¢)4+1) >
2¢+1 Assume that the inequality

N(m 1) < N(ma#)
holds for some n > n(¢). By Lemma 2, we obtain
N(mni1#) > N(mn#)N (1) > N(m )N (T 11)
> 2N () = N(m L), (3)

For £ > 4, define N (/) to be the smallest natural number such that N(7y)41) >
2¢+1 (see also Tables 1 and 2 in the Appendix). The first few values are

N4)=6, N(5)=11, N(6)=18, N(7)=28,
The inequality N (ﬁfjrll) < N(m,#) can be verified individually for n € N satisfying

n(f) < n < N(£). If we assume that the inequality N(Wflfl) < N(m,#) holds for
some n > N (£), then we obtain similar inequalities to those in Inequality (3). O

Remark 2. We only explicitly provide values of n(¢) for £ < 7 due to the limited
range of the data in Tables 1 and 2 in the Appendix. If necessary, values for larger ¢
can be obtained by computer calculation (the same applies to the case of Eisenstein
integers below).

4.2. Bonse-Type Inequality for Eisenstein Integers

Here we determine the values of n(¢) for specific values of ¢ for Eisenstein integers.
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Lemma 3 (Bertrand’s Postulate for Eisenstein Integers). For each m, € P_3 with
n > 1, there exists an Eisenstein prime p satisfying

N(m,) < N(p) < 2N (my,).
In particular, we have N(mp41) < 2N (7).

Proof. Tt suffices to prove that for each k > 3, there exists an Eisenstein prime p with
k < N(p) < 2k. For small k, we verify directly: if k = 3, then k < N(2) =4 < 2k;
if 4 <k <6, then k < N(24¢) =7 < 2k. By a result of Breusch [2], for k > 7
there exists a rational prime p such that p = 1 (mod 3) and k¥ < p < 2k. Since
such a prime p can be written as p = a® + ab + b? for some a,b € N, we may take
p = a+ b{. Thus, in all cases such a prime p exists. O

The following proposition can be proved by the same method as in Proposition
5.

Proposition 6. For each ¢ € N, define n(¢) € N by
n(l)=3, n(2) =4, n(3)=5, n(4) =5, n(d)=6, n(6)=7, n(7)=8, ....

Then, for all n > n(f), we have N(ﬂflfl) < N(mn#).

5. Schatunowsky-Type Theorems for Quadratic Integers

Let m be one of the integers listed in Proposition 1. If an element 8 € N, has a

prime factorization of the form g = ery*75? - 75+ with 7, € Pp, and € € O, we

u
define
QB)=e1+ - +ey.

Note that if Q(8) = 1, then 8 € Pp,.
For a, 8 € N,,, let ged(e, B) denote the greatest common divisor of a and 3, and
define the set of quadratic totatives of a by

T(a) :=={B €Ny |1<N(B) < N(a) and ged(a, ) =1}.
For each ¢ € N, define the set Q,, ¢ by

Qmi = f{aeN,, | N() > 1, 8 € T,n(a) implies Q(8) < £}. (4)
Lemma 4. For a € Q¢ if N(7iY) < N(a), then (m,#) | a.

Proof. Let m € P,, be such that N(7‘*!) < N(a). Since 7/*! has more than ¢
prime factors, it follows from o € @y, ¢ that 7 | . O
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Theorem 4. Let ¢ € N be fized, and let n(€) be the natural number given by
Proposition 4. If N(T(f;&l)) < N(a), then o ¢ Qme. In particular, the set Q¢ is
finite.

Proof. Assume that N (waJ(r;)) < N(«). Then there exists n > n(¢) such that

N(m,"t) < N(a) < N(m 1Y),
By the definition of n(¢), we have N(r5t}) < N(m,#). Hence N(a) < N(m,#).

However, if & € Qp, ¢, then by Lemma 4 it follows that N(m,#) < N(«), which is
a contradiction. O

Theorem 5. Let ¢ € N be fized, and let n(¢) be the natural number given by
Proposition 4. Then

n(l)

Qm,f = U Qm,@,na
n=1

where  Quin = {a € Np | N(7tTL) < N(a) < N(7bY), (mna#) | al.

n—1
In particular, the element of Qu, ¢ with the largest norm satisfies (mp0)—17#) |  and

N(a) < N(xtf)).

Proof. If 1 < N(a) < N(wf“), then it is clear that a € Q,,¢. Suppose a € Qm ¢
and N(7°T) < N(a) < N(xtt!) for n = 2,...,n(f). Then, by Lemma 4, we have

(Tn_1#) | a.
If N(ﬂ'ﬁ—&l)) < N(w), then by Theorem 4 we conclude that o ¢ @, ¢. Hence, for
n > n(l) + 1, we have Qe = . O

In what follows, we explicitly determine the set @, ¢ for the Gaussian and Eisen-
stein integer rings.

Corollary 1. The sets Q_1¢ for £ =1,2,3 are as follows:

Q-11={a |1 <N(a) <4}U{ym |3 < N(y) <12} U{m#},
Q-12={a|1<N(a) <8U{ym |5 < N(y) <62} U {y(m#) |3 < N(y) < 14}
U{v(ms#) [2 < N(y) <4},
Q-13={a|1<N(a) <16} U{ym [9< N(y) < 312}
U {r(mat) | 13 < N(7) < 131} U {y(mat) | 15 < N(3) < 63} U {madt}.
In particular, the element of Q_11 (= Sg in Theorem 3) with the largest norm is

mo# = 5(1 + i), for Q12 it is 2(ms#) = 30(1 +¢), and for Q_13 it is ma# =
195(1 +4).
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The elements of largest norm in the first two cases, Q_1,1 and Q_; 2, were de-
termined by Dalezman [3], although he did not explicitly describe the structure of
these sets.

Corollary 2. The sets Q_3, for £ =1,2,3 are as follows:

Q-s31={a|1<N(a) <9}U{ym [4 < N(y) <5}U{y(m#) |2< N(v) < 4},
Q-32={a|1<N(a) <27}U{ym [10 < N(y) <21}

U{y(me#) |6 < N(y) <28} U{y(ms#) [ 1 < N(y) <3},
Q_s3={a|l1<N(a) <81} U{ym |28 < N(y) < 85}

U {v(me#) [ 22 < N(y) < 200} U{y(ms#) [ 5 < N(y) < 48} U{ms#}.

In particular, the element of Q_s 1 with the largest norm is 2(me#) = 4(1 + (), for
Q—3,2 it is (2 — Q) (ma#) = 42, and for Q_33 it is ma# = 182(1 + ().
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Appendix. Tables of Gaussian and Eisenstein Primes

n 1 2 3 4 5 6 7 8 9 10
T T+4 2+ 3 3+2i | 4+4 | 5+21 | 6+ | 5+4i 7 7+ 21
N(7,) 2 5 37 13 17 29 37 41 72 53
n 11 12 13 14 15 16 17 18 19 20
T, 615 | 8+31 | 8+5i | 9+4i |10+4|10+3i| 8+ 74 11 11+ 43 | 10 + 74
N(mp) 61 73 89 97 101 109 113 112 137 149
n 21 22 23 24 25 26 27 28 29 30
T, 11+ 66 | 13420 |10+9i | 12+7i |14+ | 156+ 2 | 13+87 | 15+4i | 16+4 | 13+ 104
N(m,) 157 173 181 193 197 229 233 241 257 269

Table 1: Gaussian primes in Pi‘l, listed in increasing order of their norms.

n I 2 3 7l 5 6 7 8 9 10
T T¥¢C 2 31C | 3+C | 3+2C 5 5+C | 4+3C | 6+C | 5+4C
N(7n) 3 22 7 13 19 57 31 37 43 61
n 11 12 13 14 15 16 7 18 19 20
T TF¥2C| 8+C | 7+3C |8+3C| 92 |7+5C 1 716 [10+3C | 9F5C
N(mn) 67 73 79 97 103 109 117 127 139 151
n 21 22 23 24 25 26 27 28 29 30
T 12+C | 11+3C |11 +4C |9+ 7C | 13+2C |14+ ¢ |11+6C |12+5¢| 16+C | 10+ 9C
N(m,) || 157 163 181 193 199 211 223 229 241 271

Table 2: Eisenstein primes in PfS, listed in increasing order of their norms.



