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Abstract

We prove a congruence relation between the order of the Tate-Shafarevich groups of
certain elliptic curves with complex multiplication (CM) by the Eisenstein integers
and Mordell-Weil rank 0, and a coefficient in the power series expansion of an
elliptic function associated with the Eisenstein integers. A similar result in the case
of elliptic curves with CM by the Gaussian integers was formerly proved by Onishi.
These congruences can be viewed as generalizations of the classical congruence
between class numbers of imaginary quadratic fields and Bernoulli numbers or Euler
numbers.

1. Introduction

The following congruence is classically well-known.

Theorem 1 ([5]). Let p > 3 be a prime number, and let h(—p) be the class number
of the imaginary quadratic field Q(/—p). Then the congruence

h-p) = { 2Bwsnsz ¥ p=3modd
modp | 27 'Ep-1)2 if p=1mod4

holds. Here, B,, and FE, are the n-th Bernoulli and Fuler numbers, respectively,
defined by the generating series =t = 300 B,k and 22— =Y 00 [ E, L.

et—1 n=0 et4e—t

As an elliptic generalization of this, based on Asai’s previous work on elliptic
Gauss sums [1], Onishi studied a certain family {E)} of elliptic curves over Q(i) with
complex multiplication (CM) by the ring of Gaussian integers Z[i|, parametrized
by primary primes A € Z[i], that is, A = 1 mod (2 + 2¢) lying above prime numbers
¢ =5 mod 8, and obtained the following theorem.
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Theorem 2 ([10]). For a primary prime X\ € Z[i], there exists an integer n € Z
such that

HI(Ex/Q(7)) = 2"C3(p-1) /4,

where £ is the norm prime of A satisfying { = 5 mod 8, II(E\/Q(i)) is the Tate-
Shafarevich group of the elliptic curve Ex/Q(i), and Csy—_1)/4 is the Hurwitz-type
number which is defined as a coefficient in the power series expansion of the lem-
niscatic sine or cosine function.

Note that this theorem is obtained by combining Theorem 2.4 and Proposition
3.9 in [10]. The author of [10] showed this result by proving congruences between
the coeflicients of elliptic Gauss sums and Hurwitz-type numbers (defined as power
series coefficients of certain elliptic functions). Note that the above n is always 0
because of a recent result of Burungale and Flach [3], which establishes the Birch—
Swinnerton—Dyer conjecture on the leading term of the Hasse-Weil L-function (see
[12, Section 10 of Chap. II]) for an elliptic curve F over a number field F with CM by
an imginary quadratic field K and with analytic rank 0 under the assumption that
F(Ftors)/ K is abelian. For the statement of the Birch-Swinnerton-Dyer conjecture,
see Conjecture 1.

In this paper, we prove an analogue of Onishi’s result for the ring Z[flﬂ"/g]
of Eisenstein integers (see Corollary 2). To state the main results of this paper

27

precisely, we first introduce some notation and definitions. Let p := €75 | wy =
1
dt

(1 — t3
Gp(wlu

(C)), o (u) == Tro/ (= and Sl(u) := ¢ (%ml), where p is the Weierstrass p

(the real period of the elliptic curve y? = 423 — 27; see Lemma 2

function with the period lattice @;Z[p]. We define the rational numbers C,, and
D,, as the coefficients of Taylor expansions of Sl(u) and Sl(u)~?!, respectively, that
is, . o=
Sl(u) =: Cspyru®™ ™ and Sl(u)™' =: =~ Dsy o2,
() nz:% ant1u”" " and Sl(u) ” +7§ 3nt2U
(The numbers Cs,,+1 and D3, 4o satisfy certain recurrence relations; see the proof of
Lemma 7 and Remark 1.) The rational numbers Cs,, 1 and Ds, 2 are analogues of
the Bernoulli numbers or the Euler numbers, which we call Bernoulli-Hurwitz-type
numbers, following Katz [7]. Let £ be a prime number such that £ = 1 mod 3 and
let A € Z[p] be a prime element such that £ = A\ and \ = 1 mod 3. We denote by
X the Eubic residue character over (Z[p]/(\))* ~F, and set X := [T =¥ (%).
(Then A3 = X holds; see Lemma 9 (b).)
The elliptic Gauss sum associated with xy and f € {p, !} is defined by

GO h=3 S oY)

ve(Zlpl/(N)*
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We define the coefficient of the elliptic Gauss sum by

ay = G/\(XANP)/XZ~ ¢=Tmod9
v Ga(xr,  1)/A2 £=4mod 9.

(Then, ax € xA(3)(1 4+ 3Z) or ay € Xa(3)(—1 + 3Z) hold; see Theorem 5.) The
reason why we do not consider the case £ = 1 mod 9 is explained in Subsection 3.1.
The following two theorems are the main results of this paper.

Theorem 3. The denominators of Cz(,_yy and D2,y are not divisible by £ when
{=Tmod9 and £ = 4 mod 9, respectively. We have

ay) =

f%C%(Z_l) £=T7mod9
mod X\

_%D%(e—l) €E4m0d 9

We note the right-hand side of the above congruences. By the universal property
of ring localization, the natural ring homomorphism Zy — Fy is induced by the
canonical projection Z — Ty, where Z,) denotes the localization of Z at the prime
ideal (¢). The rational numbers —%C%(@_l) and —%D%(@_l) belong to Z. In the
above congruences, we regard —%C%@fl) and _%Dg(zq) as elements of Z[p]/())
via the homomorphism Z) — F; and the natural isomorphism IF, ~ Z[p]/(A).

Theorem 4. Let A = 3m + 1 4 3np with m, n € Z. Then, for the elliptic curve
- 2

& 1 y? = 2% + 2, the Tate-Shafarevich group IIL(&\/Q(p)) of & /Q(p) is finite

and we have

lax]?/4 £=4mod9 and n =0 mod 3

|| otherwise.

AITI(8 /Qp) = {

We will briefly explain the outline of the proof of the main results. First, Theo-
rem 3 is proved by taking ¢ (%)—adic expansions of the elliptic Gauss sums. Theorem
4 is proved by verifying each of the following relationships:

) (T Hecke L-value at s =1 T Elliptic L-value at s =1 W #111
Asai [1] has shown that the elliptic Gauss sum appears in the value of the Hecke L-
series L(\x, $) at s = 1 (see Theorem 5), which is the relationship (i) in the above di-
agram. The relationship (ii) in the above diagram is the equality L(xx, s)L(xx, s) =
L(&\/Q(p), s) given in Proposition 1. This equality is established directly by ap-
plying the cubic reciprocity law and expressing the local L-factors of L(&\/Q(p), s)
in terms of Jacobi sums, where X, is the Hecke character arising from yx (see Sub-
section 4.1), L(Xx, s) is the Hecke L-series associated with X, and L(&\/Q(p), s) is
the Hasse-Weil L-function for &\/Q(p). It follows that the relationship (iii) in the
above diagram is a consequence of the Birch-Swinnerton-Dyer conjecture on the
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leading term of L(&)/Q(p), s). Here we emphasize that, since the analytic rank of
é\/Q(p) is zero, the result of [3] shows that the Birch-Swinnerton-Dyer conjecture
for the leading term of L(&)/Q(p), s) is known to hold.

The proofs of these results are similar to those of the main results of [10]. How-
ever, several new phenomena arise, requiring modifications to our arguments. For
example, while the denominator of Hy,, in [10] cannot be explicitly determined and
necessitates a reference to Katz [7] to consider congruences modulo /¢, it can be
shown that the denominator of dg,t2, which appears in Theorem 3 of this paper,
divides an integer of the form 2-3™ for some non-negative integer m (see Lemma 8).
Furthermore, Theorem 4 implies that |a|? is divisible by 4 when ¢ = 4 mod 9 and
n = 0 mod 3, whereas Proposition 3.9 of [10], in the Gaussian integers case, does
not imply such divisibility.

Note that the results of [10] and this paper are considered only over the Gaussian
and Eisenstein integers. Since the fields Q(i) and Q(p) are both imaginary quadratic
fields and cyclotomic fields, we believe this case to be more tractable. To extend
the results to the imaginary quadratic field Q(y/—p) for a prime number p > 3,
at some point, it may be necessary to consider the inclusions Q(y/—p) C Q(¢p) if
p =3 mod 4, and Q(v/—p) C Q(C4p) if p =1 mod 4.

Finally, we outline the organization of this paper. In Section 2, we study proper-
ties of certain elliptic functions whose period lattice consists of Eisenstein integers.
We use these properties in defining the elliptic Gauss sums and their coefficients. In
Section 3, we introduce the elliptic Gauss sums and establish the main congruences
(Theorem 3) between the Bernoulli-Hurwitz-type numbers and the coefficients of
the elliptic Gauss sums. In Section 4, we prove Theorem 4 after providing some
preparatory material on certain Hecke characters, the Hecke L-series associated
with them, certain elliptic curves &y for A, and their L-functions. In the Appendix,
we provide some lemmas, formulae, and tables of C,,, D,,, and related quantities,
which are not directly used in proving the main results of this paper but are of
independent interest.

For basic terms related to the theory of elliptic curves used in this paper, please
refer to [12] and [13].

2. Elliptic Functions

This section is devoted to the study of certain elliptic functions whose period lattice
is generated by the Eisenstein integers (or their constant multiples). In Subsection
2.1, we introduce elliptic functions Sl, Cl, ¢, and ¥ and show their function-theoretic
properties. In Subsection 2.2, we investigate the power series expansions of Sl(ru)
and Sl(ru)~! (for » € Z \ {0}) in terms of Sl(u). These expansions will be used
to establish the main congruences of Theorem 3. In Subsection 2.3, we introduce
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Bernoulli-Hurwitz-type numbers. In Subsection 2.4, we explore certain arithmetic
properties of the values of Sl(u) at division points.

2.1. Basic Properties of Elliptic Functions with Eisenstein Integer Peri-
ods

We denote by w; (see [1, Section 1.1.1.]) the real period given by

= 1.76663875- - - .

w/l dt
L vaep

Let p(u) denote the Weierstrass p-function with period lattice @ Z[p], so that p'? =

4% — 27 (see Lemma 2). Throughout this paper, (-) denotes complex conjugation.
We write
W = {+1,+p,+p} and W' := {1, p,p}.

Lemma 1. We have

3 1
1 11 1 1 23 11
=-B(=,-)= ri-z) ==——B(==
173 (3’3) 2mv/3 (3) 3v3 (6’2)’

where B and I' denote the beta and gamma functions, respectively.

Proof. This follows from the following identities:

O

Lemma 2. The Weierstrass p-function with period lattice wiZ[p] satisfies the fol-
lowing properties:

(a) p(pu) = pp (u),p(—u) = p(u), ¢ (pu) = ¢ (u), ¢ (—u) = ¢ (u);
(b) p(@) = p(u), o' (@) = ¢ (u), thus if u € R, p(u), ¢ (u) € R;

(c) p* = 4p® - 27;

(d) p(w1/3) =3, p((1 - p)w1/3) =0;

(¢) ¢ (w1/3) =9, and ¢’ (1~ p)w1/3) = —3V/3i.

Proof. Parts (a) and (b) follow immediately from the symmetry and homogeneity
properties of the gp-function. To prove (c), recall the classical identity:

©? = 4> — 60G,4p — 140G,
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where G6 1= 3 sucmz W ° and Gai= 320 ez, W "+ We compute

1 1 1 1
Gy = Z (pw)’ =3 Z J:ﬁ Z J:ﬁG‘l’

0F#wEw 1 Z]p) P 0F#wEw1Z[p) 0F#wEw1Z[p]

which implies G4 = 0. Hence,

O = 49> — 140G = 4(p — p(w1/2))(p — p(pw1/2))(p — p((1 + p)w1/2)).

Let e := p(w1/2). Then, using the symmetry properties in (a) and the identity
14+ p+p=0, we find

1
140G = 4¢p (%) 0 (gwl) © (;pwl) = 4¢3,

From Lemma 1, we also obtain

@ _ /“’* q= [l e LTt
2 0 S p’(u) e V 43 — 4e3 26% 1 V 3 —1
11 1 1B<1 1) 13

1
= - “8(1 — ) 3dy = e I A
26%3/0 Yy ( y) Yy 672 T 2 W1,

23 3

1
ez 23

where we used the substitution y = 3. Solving, we obtain 4e3 = 27.
To prove (d) and (e), observe that the periodicity of p and part (a) yield

o (1= p)e1/3) = 0.

Using the addition formula:

= —o(u) — U 1 w 2
p(ur +uz) = —p(u1) — p(uz) + 4 ( p(ur) — p(ug) )

(see, for example, [16, Chap. XX, 20.3]) together with (c), we deduce p (w;/3) =3
and )
/ —P (LN _ .
1) ( 3 wl) P ( 3 ) 27V/3i. (1)
2

Since ¢’ (“prl) = —27, we have ¢’ (1 — p)w1/3) € iR and by (b), o' (F-) € R

Now, recall that the divisor of g’ is
—3(0) + (@1/2) + (pw1/2) + ((1 + p)w1/2) (modwiZ[p)).

Thus, ©’(z) is a real-valued function on the open interval (0, w;) with a unique zero
at x = w /2. Since p'(u) = —2u=3 + --- around u = 0, we find

. / _
i f(0) = o0
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and hence ©'(z) < 0 for z € (0,201/2). In particular, '(w;/3) < 0. Since
o(w1/3) = 3 and ¢'? = 49> — 27, we conclude

o' (@1/3) = 9.
Substituting this into Equation (1) yields
' (1= p)w1/3) = =334,
as desired. O

Definition 1 (Definition 1.1 and 1.2 in [1] for Z, ¢, and ). Let ¢ (u) denote
Weierstrass’ ¢ function associated with the lattice @y Z[p]. We define

2
V3w

3o o))
(u) ::—3{Z(u—3)+pZ(u—§>+pZ(u—§>},

Sl(u)::go( “ ) andCl(u):zd;( Y >

—3w; —3w

Z (u) := ¢ (wu) -

u,

Note that
1 p'(wiu) — ' (w1v)

Z(ut ) =Z(0)+Z(0) + 52 P, &)
which follows from the addition formula:
Clut o) =C )+ )+ ;200 0

2 p(u) — p(v)
(see, for example, [16, Chap. XX, 20.53, Example 2]).

We recall the basic properties of these functions stated in [1], without proof.

Lemma 3 ([1]). The following hold:
(a) ¢(pu) =7 (u), ¢(—u) = —C(u), and ¢ (w1/2) = 7/(V/3w1);

(b) The function Z is a non-holomorphic periodic function with the period lat-
tice Z[p). It satisfies the following properties: Z(pu) = pZ(u), Z(—u) =
—Z(u), Z(1/3)=1, Z((1—p)/3) =0;

(c) We have

o) 94 o)
) = 9+ ¢ (wu) dv(u) = 9+ o (wiu)

Thus, ¢ and i are elliptic functions with the period lattice Z[p];
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(d) ¢(pu) = pp(u) and P(pu) = 3 (u). We also have p(a) = p(u) and P(a) = P(u).
Therefore, p(u) and ¥ (u) are real if u is real;

(¢) ¢'(u) = =3w1p(u)? and ¥'(u) = 3wip(u)?;

(f) <p(u)3 + ’L/J(u)?’ =19 (O) =0, and ¢(0) =1

(9) ¢ (—u) = = () ()™, P(—u) = ¥(w) ™!, and o (u) "+ (—u) T = 3p (wiu)

(h) (1= pywru) = (1= p)¢ (wru) + (1= D) (w) " = o (—u) ™).

Proof. The identities ¢ (pu) = p¢ (u) and ¢ (—u) = —¢ (u) in (a) follow immediately.
The third identity follows from Legendre’s relation (see, for example, [16, Chap. XX,

20.411])
P . (T wy . (pw1\ _ T
TF)-F(F) - %
The identities Z (pu) = pZ (u) and Z (—u) = —Z (u) in (b) are direct consequences
of the definition and (a). By the quasi-periodicity (see, for example, [16, Chap. XX
20.41])

w
C@(u+1) = ¢ (@) +2¢ (5),
we find that Z(u+1) = Z (u) and Z (u+ p) = Z(u). Due to the periodicity of Z
and the identity Z (pu) = pZ (u), we deduce that Z ((1 — p)/3) = 0. The identity
Z(1/3) =1 is shown by setting u = (1 — p)/3 and v = p/3 in Equation (2).
The identities in (c) follow from Equation (2), Lemma 2, and the following for-

mulas: _ 3 3
w x w

Z r—w x3-1 Z r—w x3-1

weWw’ weW’
for w € {1,p,p} = W'. Then, (d) follows directly from (c) and Lemma 2. Differ-
entiating the expressions in (c), and using p? = 4p® — 27 and p" = 692, yields
(e).

From (e), we find that (o> + ¢?) = 0, so ¢® + 13 is constant. Evaluating at

u = 0, we find ¢(0) = 0 and ¢(0) = 1 by (c) and the fact that p (u) and @’ (u) have
poles of order 2 and 3 at u = 0, respectively. Hence, (f) follows. The identities in
(g) can be verified using (c¢) and Lemma 2.

Substituting v := wiu and v := —pwu into Equation (3), we get
= 1 ¢ (@miu)
1-— =(1- —_— .
= pm) = (1) (@) + 7 220
On the other hand, using (c¢), we have

Pl (- = g,

Combining these gives the desired identity in (h). O
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2.2. The Power Series Expansions in Terms of Sl

Let us consider the power series expansions in terms of the function Sl(u) in this
subsection, which will be used to show the main congruences (Theorem 3).

We note that Q[[SI(u)]] is isomorphic to the ring of formal power series over Q.
Indeed, since Sl(w) is an elliptic function which is holomorphic at « = 0, Sl(u) has
infinitely many values around w = 0. Thus, Sl(u) € Q][[u]] is transcendental over Q.

First, we will prove the following lemma.

Lemma 4 ([1, page 97]). We have

Sl(u)? Cl(v) — Sl(v)? Cl(u)
Sl(u) Cl(v)2 — Sl(v) Cl(u)?

Sl(u +v) =

and
1
Sl(u +v) € Sl(u) + Sl(v) + (Sl(u), Sl(v))4Z[§}[[Sl(U), Sl(v)]] (C Q[[u, v]).

Proof. Let us set o := (u+v)/2 and S := (u — v)/2. Define the function

(o B) = Sl(u)? Cl(v) — Sl(v)? Cl(u)

70T S1(w) Cl(v)? — Sl(v) Cl(u)?”
Then, it can be verified that the partial derivative of f with respect to 3 is zero.
Hence, f is independent of 3, that is, it is constant with respect to 3. Therefore,
fla,B) = fla, ) = SI(2c) = Sl(u + v), where the last equality follows from the
identities in Lemma 3 (f). This proves the identity.
It remains to show that Sl(u+v) € Sl(u)+S1(v)+(SL(w), SI(v))*Z[3][[S1(w), S1(v)]].

By Lemma 3 (f), we have the following expansions:

Cl(u) =1+ g(—m (i) Sl(u)®", Cl(u)® =1+ g(—m <§L> Sl(u)®™,  (4)

which hold for u € R around u = 0. By analytic continuation, these expressions
also hold for v € C around v = 0. Set z := Sl(u) and y := Sl(v). Then, using
Equation (4), we have

1

2= 4 T 0 () @ - )
n

Sl(u+v) = 3
3
n

(xy?m _ ymBn)

oyt -

3 wi

)(I?m—?) 4+ y3n—3>

)
x+y — xly? Z;’Ol(—l)"(
1y ()

(x?me + -+ y3n72)

3

e aty+ () 23l
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Here, note that the reciprocal of the denominator lies in

-1

(1 oy 0 (3) @ y>> & 1+ (2]l vl

1 2
and also that <3>, <3> € Z[$] (see p.52 of [15]). O
n)’ \n

Lemma 5. For any integer r, the following holds
1
Sl(ru) € r Sl(u) + S1(u) ' Z[][[S1()’]] < Q[ul]. (5)
Moreover, if r # 0, then

Si(ru) ! % + 81720, 3 1[810)°]) € Q] (6)

Proof. From Lemma 4, there exists a formal power series f(z,y) € (z,y)*Z[1/3] [z, y]]
such that
Sl(u + v) = Sl(u) + Sl(v) + f(Sl(u), Sl(v)).

We first prove Equation (5) for all non-negative integers r by induction on r.
The case r = 0 is trivial. Assume that Equation (5) holds for some r > 0, that is,

SI(ru) = rSl(u) + Sl(u)* f,(S(u)?)

for some f,(t) € Z[3][[t]], where ¢ is a formal variable. Then, by the addition
formula, we have

SI((r + 1)u) = Sl(u) + Sl(ru) + f(Sl(w), Sl(rw))
€ (r+1)S1(u) + 1) 2L [S1(w)"],

since f has no terms of degree less than 4. Thus, Equation (5) holds for any r > 0.
We now consider the case of negative integers. It is easy to get the identity

X

> —1 . ,
Cl(u)™! = 1+Z(1)”< n3) Sl(u)®™ € 14S1(u)*Z [1/3] [[Sl(w)?]] C (Z [1/3] [[Sl(u)?]])
from Lemma 3 (f). Then we have

Sl(—u) = — Sl(u) Cl(u)~* € — Sl(u) + 31(u)4z%][[s1(u)3}].
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Using the same inductive structure as for the positive case, it follows that for any
r >0,

SI(—ru) = r SI(—u) + SI(—u)* £, (SI(—u)?®) € —r Sl(u) + Sl(u)*Z [1/3] [[S1(u)?]].

Hence, Equation (5) holds for all r € Z.
Now we prove Equation (6). If r # 0, we write

SI(ru) = 7 Sl(u) + Sl(u)* £, (S1(w)?),  fr(t) € Z[1/3][[t]].
Then,

(1 SPLSN 3 (St
(w)*Z[1/7,1/3] [[S1(u)?]].

€148l

Therefore, we have

-1
Sl(ru) = <1+_SKUJ5ﬂ(S““VU> .

r

1 oo 11 5
TR S I O8]

as claimed. O
Lemma 6. The function Sl: [0,c01] — [0, 1] is the inverse of the function

ArceSl: [0,1] — [0, w1]
w w

[t (S

where we choose the branch of ¥/(—) to be a real number.

Proof. Since %ArcSl =1/3/(1 — t3)2, the function ArcSl is strictly increasing. By
the definitions of ArcSl and w;, we have ArcSl(0) = 0 and ArcSl(1) = w;. Hence,
the map ArcSl : [0,1] — [0,c01] is bijective. On the other hand, from Lemmas 2
and 3, we have S1(0) = 0 and Sl(zo;) = 1. By Lemma 3 (e), the function Sl is strictly
increasing on [0, ], and hence the map Sl : [0, w1] — [0, 1] is also bijective. Now,
take any ug € [0,w01], and set ¢o := Sl(up). Then,

/ / 2du
=Uu )
0 «/1—t3 «/l—Sl ’
where we used the substitution t = Sl(u) and dt = Sl'(u)du = CI*(u)du (by
Lemma 3 (e) and (f)). Note that both Sl(u) and Cl(u) are real-valued for real

u (by Lemma 3 (d)). This confirms that S1: [0, 1] — [0, 1] is indeed the inverse of
ArcSl: [0,1] — [0, w1]. O

ArcS1(Sl(ug))
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From |8, Theorem 1.19] and the fact that SI'(0) = CI>(0) = 1 # 0, we have that
Sl(u) is bijective around u = 0 for u € C. Hence, by Lemma 6, the inverse function
of Sl(u) is the analytic continuation of the function ArcSl(¢) to a sufficiently small

_2
nighborhood of ¢ = 0, which is ArcSl(t) = ZZO_O(—I)"< 3>t3"+1/(3n +1). Thus,
n

we have the following corollary.

Corollary 1. We have
S —2 Sl(u)3+t
=) 5
in Q[[u]], in particular, Q[[u]] = Q[[SI(w)]].

2.3. Bernoulli-Hurwitz-Type Numbers for the Eisenstein Integers

In this subsection, we introduce Bernoulli-Hurwitz-type numbers for the Eisenstein
integers and investigate their denominators in connection with the proof of Theo-
rem 3.

We write the power series expansion of Sl(u) around v = 0 as

3m+1

Z Ozt = Z 03m+1m

m=0 m=0

(Note that, since Sl(pu) = pSl(u) by Lemma 3 (d), the coefficients of «™ in Sl(u)
vanishes unless n = 1 mod 3.)

Lemma 7. We have cgmi1 € Z for all m > 0.

Proof. We have
S1®) = 6S1* —481

by Lemma 3, parts (e) and (f). Hence, by induction on m, we have cg,,4+1 € Z for
any m > 0. O

We denote the coefficients of the power series expansion of Sl(u)~! around u = 0
as follows:

1 R d
_ D " 3n+2 _ 3n+2 3n+2. 7
Siw) ~u 2 Donsat *Z GBn+2)] )
We define D_; := 1, so that the expression may also be written as Sl(u)~! =

> om0 Dan—1u®" .
We refer to the coefficients Cs,,,+1 and Ds,, 1o as Bernoulli—-Hurwitz-type numbers.
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Remark 1. The function f(u) = Sl(u)~"! satisfies a differential equation f() =
4f — 6%, hence D3,,q2 € Q for m > 0. We have Dy = 1/6, D5 = —1/252, Dg =
—1/4536. Therefore, ds, 12 is not necessarily a rational integer. However, Lemma 8
below holds.

Definition 2. For a subring R of Q, we define

Hp = {Z %t” € Q[[t]] | an € R for every n > O} .

n=0

It is easy to show that this is a subring of Q[[t]]. We call Hp’s elements Hurwitz-
R-integer series.

Note that Lemma 7 implies Sl(u) € Hz.

Lemma 8. For all integers m > 0, we have

5]

2dgm+2 €Z

Proof. Let f(u) := Sl(u)~* + SI(—u)~!. Then we have the power series expansion

oo d .
=23 e

m=0
On the other hand, by Lemma 5, we can write
SI(—u) ™ = —Sl(u) " + g(Sl(u)),

for some power series g € t?Z[1/3][[t3]], where t is a formal variable. Hence,
f(u) = g(Sl(u)). By Lemma 7, the function Sl(u) = Y7 can1u®* 1 /(3n + 1)!
belongs to Hz. Hence, it follows that f(u) € Hz(1/3. Therefore, by comparing the
coefficients, we conclude that 2dg;, 2 € Z[1/3] for all m > 0. O

Remark 2. Moreover, we can show dem12 € Z[1/3]. See Lemma 18. For the
denominators of dg,,_1, see Lemma 20. However, these facts are not used in the
proof of the main congruences in Theorem 3.

2.4. Eisenstein’s Product Formula

We recall arithmetic properties of Sl at division points.

Definition 3. For a € Z[p|, we call a primary if a = 1 mod 3.

This definition is slightly different from the ones in [9, Section 7.1] (a = +1 mod
3) and [6, Section 3 of Chap. 9] (¢ = —1 mod 3).
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Note that, for a prime ideal p(t (3)) in Z[p], there uniquely exists a primary
element p € Z[p] such that p = (u). Let £ be a prime number such that £ = 1 mod 3
and fix A € Z[p] satisfying

¢ =X\ and A =1 mod 3.

Note that there are precisely two choices of such A, that is, A and A. Then, there
is a canonical isomorphism Z[p]/(\) ~ Z/{Z. Let x be the cubic residue character
to the modulus A ; the notation is fixed throughout this paper

v

wi)=(5),

that is,

¥a(v) € {1,p,PHC ) and xa(v) = D% mod A (v € (Z[p]/(\)*).

()

Note that A is algebraic and [Q(p, A) : Q(p)] = £ — 1 (see [1, Lemma 1.3|). Let O
be the ring of integers of Q(p, A). We recall the properties of ¢ (r/A)’s from [1].

We write

Lemma 9 (|1, Lemma 1.3, Definition 1.11, and (xi) of page 98]). In the notation
above, we have the following.

(a) We have A € 0. Moreover, A is a prime element in O and has a property
(A) = (A)*~1 as ideals of Oy. For anyr % 0 mod ¢, it holds that (p(r/))) = (A)
as ideals of Oy;

b) (Fisenstein’s product formula) Let A= _ 7/\). Then X3 = .
( p xa(m)=1%

Lemma 10. We have the following congruence:

~ 200—1) 200—1)
M =A"TF modATs Tl

Proof. By Lemma 5, for r € Z, we can write
r 1
<) =rAF AT (A3 =rA (14 ZA3f (A3
o (5) = b A0 =ra (14 200 (0% )
where f.(t) € Z[1/3][[t]] (¢t is a variable). Let g € Z be a primitive root of 1

modulo £. Then, because ker(xx) = {¢> mod A | j = 1,...,(¢ —1)/3} (note that
(Z[p]/(N\)* =~ (Z/0Z)*), we have

-1 -1

" 3 ] P 3 1

A= I[ g3] A3 . 1_[1 (1 + ﬁAsfg&j (A3>) ) (8)
J= J=



INTEGERS: 26 (2026) 15
Since g%/ is relatively prime to ¢ for any j =1,...,(¢ —1)/3,

M L 11 (-1
jl;[l (1+g:3jtf93j(t)> € 1+tZ[§’ﬁ 1j = 1,...,T][[t]] C 1+ tZy[[t]]

is true. Hence, we have
=1
- L 3 3
H <1—|— gTjA fg3j(A )> S ﬁ)\7A,
j=1

where O) a is the completion of & by A. Thus, by taking Equation (8) modulo
AT+ we have

£4—1
N
A= H ¥ AT = —AS mod AFTl+1,
j=1
=1 ) _
since [[,Z, g% = (gZTl)HT2 = —1 mod ¢. We note that (¢ + 2)/3 is odd because ¢
is an odd prime. Thus, there exists a € 0 such that N= AT +aAFTF =

—A%(l —al). We have

N2 = A=D1 gA)? = AT od ABU-DHL,

3. Elliptic Gauss Sums

In this section, we introduce the elliptic Gauss sums and show the main congruences
between the Bernoulli-Hurwitz-type numbers and the coefficients of the elliptic
Gauss sums. In Subsection 3.1, we introduce the elliptic Gauss sums and their
coeflicients due to Asai. In Subsection 3.2, we show the main congruences and give
some examples.

Let /£, )\7X,X/\7 and A be as in Section 2.

3.1. Elliptic Gauss Sums and Their Coefficients

In this subsection, we introduce the elliptic Gauss sums and their coefficients. We
put
N if £=7mod 9,
f'_{ ™1 if £ =4mod9.
In this paper, we do not treat the case where £ = 1 mod 9 since the Hecke L-value
L(Xx,1) which is described by an elliptic Gauss sum (cf. [1, Theorem 1.16]), can
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vanish (cf. [1, Remark of Corollary 1.22]) in the case where £ = 1 mod 9. Note that,
in the cases where ¢ = 7,4 mod 9, the Hecke L-value L(x,1) does not vanish (cf.
[1, Corollary 1.22]).

Definition 4 ([1, Definition 1.8]). We define
1 r
Gloh)i=5 > a0f(5)
re(Z[p]/(M)*

and call Gy(x», f) the elliptic Gauss sum associated with x» and f.
Lemma 11. We have

(a) Ga(xx, f) € Ox;

(b) Galxa, f) = Zreker(m) fr/A).

Proof. See [1, Lemma 1.9] for (a). To show (b), we can decompose as follows:
(Z[p]/(N))* = SUpSUBS (disjoint union), where S := ker(x»). Then, (b) follows
from the fact that

xXalpr) f(pr/A) = xa () f(v/X)

holds for v € (Z[p]/(X))* in both cases £ = 7 and 4 mod 9. O
We shall recall Asai’s results from Section 1 of [1].
Theorem 5 ([1, Theorem 1.19]). We define
ay = GA(XA,QO)X*Q‘

Then ay is an element of Z[p|, and we have

o e x2(3)(1+3Z), ¢=T7mod9,
*TIG)(-1+32), £=4mod 9.

In particular, «y does not vanish.

Remark 3. In ¢ = 1 mod 9, it may happen that ay, = 0 (cf. [1, Remark of Corollary
1.22 and Table 1)).

The number «) is called the coefficient of elliptic Gauss sum, following [1, Defi-
nition 1.12].
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3.2. The Proof of Theorem 3

In this subsection, we show the main congruences and give some examples.

Proof of Theorem 3. Let t := Sl(u). By Corollary 1, for any v € Z[p], we have

m=0
) o) 2 t3"+1 3m+1 (9)
_ 3m+1 —_1)" -3
m=0 n=0
and
1 1 =
-9 D m 6m—+2
Sl(vu) = Sl(—vu) ( 7nz::0 om-+2(Vt) )
o0 0 2 t3n+1 6m+2 (10)
-9 D, m 6m-+2 1" -3
2 Domea™ 2| 30" )5
as elements of Q[[u]] = Q[[t]]. By Theorem 5 and Lemma 10, we have
Gia(xa, f) = aAAM?’_U mod A2(23’_1)+1, (11)
where
Fo ®, ¢ ="Tmod 9,
el £=4modo.
We aim to prove that
1 2(6-1) -
—*02(171) A3 s /=7 mod 97 2(4—1)
G . f) = 3 3 _ mod A~ s T 12
A0 f) 1Dy AT £=4mod 9 (12)
3

If Equation (12) holds, then we have

*%02@—1), /=7 mod 9,
ay = 3 mod A.

—%D@, £=4mod9
Recall that « € Z[p] by Theorem 5. By Lemma 7 and Lemma 8, we have
C@ € Zyy, if £ =Tmod 9
and

Dsw-1y € Z(g), if £ =4 mod 9.
3
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Therefore we may replace "modA" with "mod\" in the above congruences. To
complete the proof of Theorem 3, it suffices to prove Equation (12). To establish
Equation (12), we consider two cases.
Case 1: £=Tmod9. Let g € Z be a primitive root of 1 modulo ¢, so that g mod ¢
generates (Z/¢Z)*. Consider the sum

Li(u) := Sl(g3u) + Sl(g6u) N Sl(gé_lu)_

By Lemma 11 (b) and Equation (9), we obtain

-3 -3
(v =Fn (52 o (32

and

n=0

o % o 9 3 3m+1
: 3(3m—+1)j 3m+1 n{ 3 e
9= 3 et [ oot e (S () )
m=0 j=1

respectively. By Lemma 5 and the definition of L;, the coefficients of this expansion
lie in Z[1], in particular, in Zy. Substituting ¢ = A (corresponding to u = _3;”1 ),

we see that Sl(rvu) — Sl ( 3““’) for v € Z, by Lemma 5. Therefore,

00 -1 00 3m-+1
Z C 23: 3(3m+1)j ABm+1 <Z( 1)n <§) A3n >
3m+1 g -
= = n /3n+1

n=0

converges A-adically in ) o and is equal to GA(xa, ¢). By noting that

_% 1
-1nH" 7
( )(n>3n+1e ©

_2

for n < %T_E’ (since < 3) € Z[3] and 3n + 1 < %T_Q < {) and the fact that
n

C3my1 € Zy) for m < %T_5 (since C3ppy1 = (gf;ff)!, 3m+1 < £, and c3my1 € Z

(Lemma 7)), and that the coefficients of this expansion in terms of A are in Z[$],
we have

2(5

O ZCSm+1 293(3m+1) AP
205 3m+1
9 2 3n
-2\ A 2(6-1)
X - 3 dATs +L
I O e
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We also have

igg(gmﬂﬁ 0 ifl—1/3Bm+1)
£ i 0—113(3m +1).

Since 0 < m < 262 and £ = 7mod 9, we see that £ — 1|3(3m + 1) if and only if
3(3m +1) =2(¢ —1). Thus, we have

(-1 2e-n
Ga(Xr9) = Caiy - —5— A7

2(0—1)

1 -
- 7502(2—1) AT mod AQ([3 1)+1.
3

Case 2: £ =4mod 9. Again, let g € Z be a primitive root of 1 modulo ¢. Consider

the sum
Lo(u) :=Sl(g®u) ™" 4+ S1(g%u) ™ + - + Sl(ge_Tlu)71
+SI(—g3u) "t + SI(—g%u) " 4 + Sl(—g%u)fl.
By noting that ¢"> = —1mod ¢, we have ker(xa) = {¢*,—¢* mod (¢ | j =

1,..., %1}, By this fact and Lemma 11 (b), we have

£4—1

< —3wy g3\ 3193\ -3
o5 (5(252) w9 (57) ) - ()

Jj=1

By Equation (10),

£—1
Ly(u) =2 Dgmya | Y g0t ) ¢6m+2 (Z(l)"< 3)
m=0 j=1 n /3n+1

n=0

By Lemma 5 and the definition of Lo, the coefficients of this expansion in terms of ¢

belong to Z[ﬁ, % cj=1,..., Z_Tl], in particular, to Z. Here, we substitute A for
t (which corresponds to the substitution of =32t for u), then, Sl(vu) — SI (=321%)

for any v € Z, by Lemma 5. Therefore,

oo E_Tl o ) oo 2 A3n 6m+2
9 Z Demao 293(6m+ )i | AGm+ Z(_l)n( n3> P

m=0 7j=1 n=0

converges A-adically in ) 5 and is equal to G5 (xx, ¢~ !). By noting that

_2 1
N 3
(=1) <n>3n+1€Z(€)

Dgpta € Z(@) for m < % (since Dgpto = (gfr:’r;)!’ 6m + 2 < ¢, and d6m+2 S Z(@)
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(Lemma 8)), and that the coefficients of this expansion in terms of A belong to Z[1]

we have
Z—Tl
Galxas ¢ =2 Z Do ng(am+2)j G2
m=0 j=1
2(0—4) 6m+2
N " _2 A3n 200-1)
x Z (—1) <n3>3n+1 mod A2+
n=0
We also have
-1
i 3(6m+2)j — 0 if £ —1 f3(6m+2)
! mod e | G5t if £—1[3(6m +2).

Since 0 < m < % and ¢ = 4mod 9, we see that £ — 1[3(6m + 2) if and only if

3(6m +2) = 2(¢ —1). Thus, we have

0 — 2(15 1) 2(/3 1)
— AT =—§D2(z 1)A +1

2(/3 1)

mod A~ 3

G)\(X)\,go_l) = 2D2(£;1) .
O]

Example 1. (a) Let £ =7 and A = 1 + 3p. By Table 1, we have Cy = f%. Then,

1 1 1
—*Cz(l 1) — —504 Tg =2mod 7.

By noting that Z[p]/(\) ~ Z/{Z : p — 2, this coincides with the value ay =1 p in
the table at [1, Table 1, p. 117].

(b) £ =13 and A =4+ 3p. By Table 3, Dg = —z5 = 1 mod 13. Then,

= —32 mod 13.

Wl =

1 1
_§D2(Z;1) = —ng = —
By noting that Z[p]/(\) ~ Z/{Z : p — 3, this coincides with the value oy = —1-p
in Table 1 of [1].

Lemma 12. We have

2
% 3)02“_1)) /9 if £=7mod9
3
2
\ 3)02@,1)) /9 if ¢ =4mod 9.
3

)
>
o
I
A~
=

We also have

B 2
%02“71)) if £ =7 mod 9,
3

)2

if £ =4 mod9.

Q
>
o
I1l
TN TN
w

-4
373 Doae-
3
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2
Proof. Let £ = 7mod 9. We have a3 = (C’mil)) /9 mod A by Theorem 3. We
3

can take ay € 1+ 3Z as ay = xx(3)ax by Theorem 5. Then, a?\ = XA(?))ai and
|ax|? = a3 hold. Therefore, we have

___ 2
laal? = a3 = xa(3)3 = (X)\(S)Ca(z;m) /9 mod A.

Since X,\(3)2 =x,(3) = 3% =9. (3%)2 mod A and the fact that bot |ay|? and
_ 2
(3%7 C‘z((—l)) belong to Q, the second congruence in the case where £ = 7 mod 9
3

is proved.

The case where ¢/ = 4 mod 9 is proved similarly to the case where £ = 7 mod
9. O

Remark 4. It seems that the statement of [10, Corollary 2.16], which is the coun-
terpart of Lemma 12 for the Gaussian integers case, should be written as

2
(iCS(Zfl)) ! = 13 mod 16,
4
2
ot = (§Daen ) £=5mod 16.
4

4. Elliptic Gauss Sums and Elliptic Curves Associated with Them

In this section, we study certain Hecke characters, Hecke L-series associated with
them, certain elliptic curves &) for A, and their L-functions relevant to our elliptic
Gauss sums.

In Subsection 4.1, we define appropriate Hecke characters and the Hecke L-series
associated with them. In Subsection 4.2, we introduce certain elliptic curves &)
for A and show that their L-functions correspond to the Hecke L-series defined in
Subsection 4.1. In Subsection 4.3, by using the coefficient of the elliptic Gauss sum,
we show that the order of the Tate-Shafarevich group of & /Q(p) is congruent to the
Bernoulli-Hurwitz-type number modulo ¢. We also obtain unconditional results.

Let ¢, )\,X,X,\, W, and W’ be as in Section 2.

4.1. Hecke L-series

We introduce appropriate Hecke characters and the Hecke L-series associated with
them.
Following [1, Section 1.4.1], we define

for £ =7 mod 9,

N . _ — ) XxXo
B0 = = { 00 i Tmeds
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where xo : (Z[p]/(3))* = W and x} : (Z[p]/(v=3))* — {&1} are natural
isomorphisms. Note that }((v)) is independent of the choice of a generator v of
the ideal (v). The Hecke L-series associated with the Hecke character X} is

Loons)= I Q=xa(w)wm) =)~
(p): prime ideal

for £ =7,4mod 9. Since xA(A) = 0 and xo(1 — p) = x((1 — p) = 0, we may write
this as

L(Xx,8) = 11 (1 —xa(wp(um) =)~ (13)
o primary prime
H#EN1—p

4.2. L-functions of Elliptic Curves

In this subsection, we introduce certain elliptic curves for A and give some of their
properties, such as their reduction types at prime ideals of Z[p] and the number of
the points of the reductions of the elliptic curves. We also show that the Hecke L-
series defined in Subsection 4.1 correspond to the L-functions of the elliptic curves
defined in this section.

First, we recall the properties of Jacobi sums and the cubic reciprocity law which
will be used to count the number of rational points of an elliptic curve over a finite
field. In this paper, we consider only Jacobi sums of the following form:

(i) For any primary prime p € Z[p] such that p = ufi = 1 mod 3 is a prime number
and any characters ¢ and x of F;, we define the Jacobi sum associated with

¢ and x to be
=Y o(t)x(1-1).
teF,

(ii) For any primary prime —¢q € Z[p] such that ¢ is a prime number (automatically
satisfying ¢ = 2 mod 3) and any characters ¢ and x of IFqXZ, we define the Jacobi
sum associated with ¢ and x to be

- Y stona-o

teF 2
Lemma 13. (a) Under the setting of (i) above,
J(9,x) = x(4)J (6 x) = —x(4)p
holds;
(b) Under the setting of (ii) above,

J2(d,x) =4
holds;
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(c) If A\1 and Ao are primary primes in Z[p], then

(). 6o,

Proof. For (a), the first equality follows from [6, Lemma in Section 3 of Chap. 18]
and the second equality follows from [6, Lemma 1 in Section 4 of Chap. 9]. Note
that —p is primary in the definition of [6, Section 3 of Chap. 9].

See Theorem 2.3 and Theorem 2.14 in [2] for (b). Also see [9, Theorem 7.8] for
c¢). Note that, the primarity in Definition 3 implies the primarity in [9, Section
7.1]. O

Let
2

é&:gﬂ:x?’—kz

be an elliptic curve over Q(p), which is a twist of the elliptic curve y? = 423 — 27.
This has an automorphism (z,y) — (px, —y) and we see that

End(&)) ~ Z[p].

Lemma 14. For any prime ideal 0 # B C Zp|, let Ry be the completion of Z[p)
by B, Ky the fraction field of Ry, and kg (= Z[p]/B) the residue field of Kq.

(a) The elliptic curve &\ has exactly two bad primes, namely (A) and (1 — p),
moreover, &\ has additive reduction at these primes;

(b) The special fiber of &\ at () is of Type IV. The one at (1 — p) is of Type IV if
¢="7mod9 and, of Type Ij; if { = 4 mod 9, in the notation of Kodaira symbols
in the Kodaira—Néron classification of the special fibers of Néron models;

(c) For any prime ideal 0 # B C Zp], let £/ Ry be the Néron model of Ex X q(,) Ksp,
g/kqg = & XRy, kg the special fiber of &, (/i'vo/k‘qg be the identity component
of the group variety £/ky, and Ty be the order of the group of components
g(kcp)/évo(ksp) Then, we have

_3 | 4 ifn=0mod3
TN =9 Tl-p) = 1 if otherwise,

where A\ =3m+ 14 3np,m,n € Z;

(d) For a primary prime p € Z[p] such that p = pfi is a prime number with p # A,
we have

#(EQTF,)(Fy) =p+1— (xa(w)i + xa(p)p),

where &\ ® Fp, is the special fiber of the minimal Weierstrass model of &\ over
Ry
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(e) For a prime number ¢ = 2 mod 3, we have

#(E O F2)(Fg2) = ¢* + 14 q(xalq) + xa(9));
where &\ ® B2 is the minimal Weierstrass model of &\ over R(_q);
(f) We have
Qo)) e = Q)] = { o (0.5 ) .

and thus #Ex(Q(p))tors = 3. Here, Ex(Q(p))[m] and E\(Q(p))tors are the m-
torsion subgroup and the torsion subgroup of &x(Q(p)), respectively.

Remark 5. For (f), we can show, moreover, that &\ (Q(p)) = E\(Q(p))tors as
follows. As we will see later, the L-function of &, does not vanish at s = 1. This
fact follows from Lemma 15, which is proved without Lemma 14 (f). From [4,
Theorem 1], the rank of &\(Q(p)) is zero. Thus, & (Q(p)) = E(Q())tors-

Proof of Lemma 14. To show that (a) holds, we see that applying the substitution
y—=y+ )‘ to y? = 23 —|— 2- gives an equation of the form

Ex vyt + Ay =2

This elliptic curve has discriminant A = —27X\* and invariant ¢4 = 0. Here ¢4 is
the invariant of an elliptic curve defined as follows (See [13, Chap. III. 1]). For an
elliptic curve in Weierstrass form

E: y2+a1xy—|—a3y :x3+a2x2 + a4z + ag,

define
by :a%—i—élag, by = 2a4 + aqas3,

Then ¢, is defined by
cy = b3 — 24by.

Thus (A) = (1 — p)8(A\)?* as ideals in Z[p]. This is a global minimal Weierstrass
equation of &\/Q(p ) by [13, Chap. VII, Remark 1.1]. Note that the Weierstrass
equation y? = 23 + T is minimal at every prime except (2). Hence, & has exactly
two bad primes, namely (A) and (1 — p), and it has additive reduction at these
primes, by [13, Chap. VII, Proposition 5.1(c)]. The fact that &\ has additive
reductions at (A), (1 — p) can be deduced in the following way as well. Since &) has
complex multiplication, the j-invariant of &) is integral by [12, Chap. II, Theorem
6.1]. By [13, Chap. VII, Proposition 5.5, & has potential good reduction at every
prime. By [13, Chap. VII, Proposition 5.4 (b)], & does not have multiplicative
reductions. Parts (b) and (c) hold by the calculations in [12, Chap. IV, Tate’s
Algorithm 9.4].
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We will show that (d) holds. The equation y? = 3234—’\4—2 is the minimal Weierstrass
equation at the prime ideal (u). Let ¢ : Fy — {+£1} be the quadratic residue symbol
and x : F; — W' be the cubic residue symbol. Let D; € F,, be the image of /\72 in
Z[p]/(u) ~ F,. Note that Dy # 0,¢(D;1) =1, and x(—1) = 1. Then, we have

#(E@F,)(F,) =1+ #{(z,y) €F, XFp|y2=x3+D1}
=1+ > #yeF, |y’ =u} -#{zeF,|2° = v}

o 4

=14+ Y (1+¢w)d+ x(—v)+x(—v))
i}

=p+1+ > du)(x(—v)+x(-v))

u,v€EF,
ut+v=D1

=p+1
+ (D)D) S $lu)x(v) + $(DX(D) Y. dlu)x(v)

u,vel, u,vel,
u+'u:1 u+v:1

=p+1+x(D1)J (¢ x) + x(D1)J (9, x)-

By Lemma 13 (a), we have #(& @ F,)(Fp) =p+1— (x(D1)x(4)p + x(D1)x(4)z).
By noting that (ﬁ)3 L (Z[p)/ ()X ~ FX 5 W' and (3)3 = (&), = (v

(Lemma 13 (c)), we have x(4D;) = (A)j :(T)B:X (). Thus, #(&&F,)(F,) =

I w
p+ 1= 0w+ xa(p)i) holds.

To show that (e) holds, for ¢ # 2, we can see that the equation y? = 23 + )‘—2 is
the minimal Weierstrass equation at the prime ideal (—¢). Let ¢ : Frz — {il} be
the quadratic residue symbol and y : F;z — W’ be the cubic residue symbol. Let
Dy € Fp2 be the image of )‘TZ in Z[p]/(—q) ~ Fs2. Note that Dy # 0,¢(D3) = 1,
and x(—1) = 1. Then, we have

#(Ex ®]Fq2)(Fq2> =1+#{(z,y) € Fepo X Fp2 \ y2 = 3 + Dy}
=1+ Z #{y €Fp |12 =u}-#{x € Fp | 2 = —v}

u,UE]Fqg
u+v=D>

=14+ Y (1+¢w)d+x(-v)+x(—v))

u UG]F 2
u+v:D2

=@ +1+ Y ) (x(—v) + x(—v))

u,vG]Fq2
u+v=D>
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= ¢> + 14 ¢(Dy) ) DY swx() +x(D2) > d(u)x(v)
u,v€F 2 u,v€F 2
u+v:1 u+1):1

=¢* + 1+ x(D2)J2(¢, x) + X(D2)J2(, x).-

By Lemma 13 (b), we have #(& ® F2)(F,2) = q(x(D2) + x(D2)). By

( 1+
noting that (fq)?) (Z]p)/(— ))XNIFX 5w, (7) ( )3:1,and (%q)?):

2
(_Tq)3 = xa(—¢) = xa(q) (Lemma 13 (c)), we have x(D3) = (‘i‘?)s = (%q)d =
xXx(q). Thus, #(&\ @ Fy2)(Fy2) = ¢ + 1+ g(xa(g) + xa(g)) holds.

Let ¢ = 2 and D3 € F4 be the image of A in Z[p]/(—2) ~ F4. Note that
y? + Ay = 22 is the minimal Weierstrass equation at the prime ideal (—2) and
D3 # 0. For y € Fy, we have that y? + D3y = 1 if and only if (D3 + 1)y = 0 and
y # 0,1. Therefore,

M

#{(x,y) EFS xFy | y> + D3y =1} = 3#{y € Fy | y*> + D3y = 1}
=3#{yeFy| (D3+1)y=0and y #0,1}
[ 6 ifDy=1,
=10 ifDy#£1
holds. Then, by noting that #{y € Fy | 4> + D3y = 0} = #{0, —D3} = 2, we have

#(6\ ©Fa)(Fa) =1+ #{(z,y) € Fa x Fy | y* + Day = 2°}
=1+ #{(z,y) €EF; xFy | y* + D3y = 1}
+#{y €Fa |y + D3y = 0}
=3+ #{(x,y) € F} x Fy | y* + Day = 1}
9 if D3 =1,
B {3 if Dy #1.
On the other hand, by Lemma 13 (c), we have

A 1 if A =1 mod 2,
XA(2) =xa(=2) = (—2>3_{ porp if A= por pmod?2.
By noting that p+p = —1,

2 —\ —w 9 if A=1mod 2,
q +1+Q(X/\(Q)+X>\(Q))5+2(X>\(2)+XA(2)){ 3 if A= por 7mod 2

holds. Since we have that A = 1 mod 2 if and only if D3 = 1, we conclude

#(E\ ®Fp2)(Fp2) = ¢® + 1+ q(xala) + xa(q))
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for ¢ = 2.

Finally, we will prove (f). If oo # (z,y) € &\(Q(p))[2], then, y = 0. Then, 23 =
—A?/4 and = € Q(p). This is a contradiction. Thus, we have &\ (Q(p))[2] = {oo}.

Let m > 1 be an integer relatively prime to 5. Then, & (Q(p))[m] has injective
homomorphisms to Z/mZ x Z/mZ and (& @ Fa5)(Fas) by [13, Chap. VII, Proposi-
tion 3.1 (b)]. On the other hand, #(&\ ®Fa5)(Fas) = 26+5(xA(5) +xA(5)) = 36, or
21 by (e). Thus, for m relatively prime to 2,3, 5, and 7, we have #&\(Q(p))[m] = 1.
We also have that &\ (Q(p))[m] has injective homomorphisms to Z/mZ x Z/mZ and
(& @ F121)(F121) for m relatively prime to 11 by [13, Chap. VII, Proposition 3.1

(b)]. On the other hand, #(&\ @ F121)(F121) = 122+ 11(xa(11) + xa(11)) = 144, or
111 by (e). Thus, for m relatively prime to 2, 3,11, 37, we have #&\ (Q(p))[m] =
Therefore, we have &\(Q(p))iors = E0(Q(p))[3]. Let P € &(Q(p))[3] and let

00 # P = (z,y). If y =0, we have P € &(Q(p))[3] N E(Q(p))[2] = {oo}. This

is a contradiction. Thus, we have y # 0, equivalently, 423 + A2 # 0. For Q € &),
4 2

we denote the z-coodinate of @ by z(Q). Then, z(2P) = £522% and z(—P) = z.

434+ X2
Since 2P = —P, we have I4 3?}\2@ = 2. Thus, x = 0 or 2 = —)\2. Since x € Q(p),
we have 23 # —\2. Therefore, t =0. By P € &, : y?2 = 2% + %2, we have y = i%.
Thus, we proved &\ (Q(p))tors = EX(Q(p))[3] = {0, (0, j:%)} O

Proposition 1. Let L(&,/Q(p),s) be the Hasse—Weil L-function of the elliptic
2

curve &y 1 y? = 23 + 2 over Q(p). The Hecke L-series defined by Equation (13)

corresponds to the L-function of the elliptic curve &\, that is, one has

L(xx: 5)L(Xx, 8) = L6 /Qp), ). (14)
Proof. We recall the Hasse-Weil L-function of the elliptic curve & /Q(p). We define

L& /Qp)s) = I Las(&/Qp)ay")
P:prime ideal
where Ly (6\/Q(p), T') is the local L-factor of &\/Q(p) at ‘P defined as follows. Let
gp = #kg, ap = gp + 1 — #(E\ @ ky)(ky), if &\ has good reduction at . Then,
Lyy(6:/Qp), T) := 1 — apT + gpT™.
If &, has bad reduction at ‘33, we define

1—T if & has split multiplicative reduction at 33,
Ly (Ex/Q(p),T) := < 1+T if & has non-split multiplicative reduction at B,
1 if &\ has additive reduction at 3.

If P = (u), where p € Z[p] is a primary prime unequal to A such that p = un
is a prime number, then ky ~ F,, ¢p = p, and ap = xx (@) + Xx(p)p hold by
Lemma 14 (d). Thus,

Ly (6 /Q(p),a5°) = 1 — G + X (wpp™® +p' =%
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On the other hand, the local L-factor of L(xx,s)L(Xx,5) at B is

(1= xa(@)AE) =) (1 = X p(pm) =) = 1= (Wi + X () pp™ +p =
by Equation (13). Therefore, the local L-factor of L(xx,s)L(Xx,s) at B coincides

with that of L(&\/Q(p), s) at B.
Next, if 8 = (—q), where ¢ is a prime number such that ¢ = 2 mod 3, then

kp ~Fg2, gp = ¢*, and ap = —q(x1(¢) + xr(g)) hold by Lemma 14 (e). Thus,
Ly (E3/Q(p), g5°) = 1+ (xalg) + Xa(9))g' > +¢>*.
On the other hand, the local L-factor of L(xx,s)L(Xx,5) at B is

(1= () (=)a*) 1 = xx(—) ()™ **) =14+ (xal@) + Xa(@)g" 7> + 7%

by Equation (13). Therefore, the local L-factor of L(xx,s)L(xx, s) at P coincides
with that of L(&\/Q(p), s) at B.

If B = (A) or (1 — p), then, & has additive reduction at 8 by Lemma 14 (a).
Then, both of the local L-factors of L(xx,s)L(xXx,s) and L(&\/Q(p),s) are equal
to 1. O

4.3. Elliptic Gauss Sums and Tate—Shafarevich Groups

In this subsection, we show that the order of the Tate-Shafarevich group of the
elliptic curve &) /Q(p) is equal to the square of the absolute value of the coefficient «
of the relevant elliptic Gauss sum or its quarter. By combining this and Theorem 3,
we obtain that the order of the Tate-Shafarevich group of &/Q(p) is congruent to
the square of Bernoulli-Hurwitz-type numbers C,,, D,, times 1/9 or 1/36 modulo ¢.

Lemma 15. We have

_@mxB)G 0o e) | wixaG) on  iff=Tmod9,
L(%n1) = DAY A .
’ T B)G s _ mixa(3)

3 ay if£=4mod?9.

Moreover, we have L(Xx,1) # 0.
Proof. The lemma follows from [1, Theorem 1.16] and Theorem 5. O

Since we have L(xx, s) = L(X»x, s) for s € R, we have
L DL 1) = [LOG DI
Substituting s = 1 in Equation (14) and using Lemma 15, we can write

_ ‘00\|2 2

L(&/Qp). 1) = heed
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(note that A3 = X, (JA]2)> = |A]2 = ¢). In particular, L(&/Q(p),1) # 0 holds.
Hence, by [11, Theorem (i)], we have #III(&\/Q(p)) < oo. Therefore, by [3], one
has the Birch-Swinnerton-Dyer conjecture (b) below on the leading term of the
Hasse-Weil L-function for &/Q(p).

We now recall the Birch—-Swinnerton-Dyer conjecture.

Conjecture 1 ([14]). Let K be a number field, and let E be an elliptic curve over
K. As usual, let 7 denote the analytic rank of E/K. Then, the Birch-Swinnerton—
Dyer conjecture asserts the following:

(a) The Hasse-Weil L-function L(E/K, s) has a zero at s = 1 of order r;

(b) The Tate-Shafarevich group II(E/K) is finite and we have

#UI(E/K)R(E/K)
#E(K)2 'HTJM (15)

tors p

. - , -1/2,
lim L(E/K, s)(s — 1) Qp/k - |AK]

where 1/ is the global period of /K, A is the discriminant of K over Q,
R(E/K) is the regulator of E/K, and 7, is the local Tamagawa number at a
prime p of K.

We have seen that for the elliptic curve E/K = &,/Q(p), the analytic rank r is
equal to 0. Furthermore, we have computed all local Tamagawa numbers 7 and
the torsion subgroup E(K)tors. Since r = 0, the regulator R(E/K) is defined to be
1. Therefore, it remains to compute the period Qg x, after which the order of the
Tate—Shafarevich group #II(E/K) can be expressed in terms of ay.

Proof of Theorem 4. Let us begin by computing Q¢ /g(,)- In general, when K is
an imaginary quadratic field, for an elliptic curve E/K, consider a corresponding
period lattice in C of E given by w1 Z+weZ C C, where we assume that Im(ws /wq) >
0. Then, the period Qg is given by Qg/x = 2Im(@Wiws). Thus, we can write
Qe /o) = w V3. Here, w) is a generator of the period lattice in C of &
as a Z[p]-module over Z[p]. This does not depend on the choice of wy. We put
Too := wxTx. The substitution y — y/2 gives an equation of the form

E iyt =4 + N\

From this equation, we have gx := 3o e, 7] 1/wb = —X%2/140 by [13, Theorem
3.5 (b) of Chap. VI|. On the other hand, by Lemma 2 (¢), g1 := 3¢ +o,cm,2/p] 1/wb =
27/140 by [13, Theorem 3.5 (b) of Chap. VI|. Thus, we have @w$/w® = g1/g) =
—27/A%. By taking the absolute values, 73 = 33/~1w{ since £ = A\ = |A|2. Then,
we have

D, /() = Too V3 = V31015,



INTEGERS: 26 (2026) 30

Since the discriminant of Q(p) is —3, all terms in Equation (15) other than
#111(6x/Q(p))

have now been computed. It follows that the claim of the theorem holds. O

Remark 6. The condition n = 0 mod 3 is equivalent to x»(3) = 1, by the second
supplementary law of the cubic reciprocity law and x,(3) = p™ by the last formula
in [9, Chap. 7, Theorem 7.8], where n is as in Theorem 4. Note that the definition of
primarity in [9, Section 7.1] is slightly different from the one in this paper, however,
it does not affect the above equivalence. Hence, if £ = 7,4 mod 9 and n = 0 mod 3,
we have a € Z by Theorem 5. We have 2 | ay if £ =4 mod 9 and n = 0 mod 3 by
Theorem 4. However, by the case of p = 139 in Asai’s table [1, Table 1. in p.117],
we cannot replace “if” with “if and only if”.

Corollary 2. Let A =3m+ 1+ 3np with m,n € Z as in Theorem 4. Then we have
2
(XA 3 D2(£—1)) /36 if £=4mod9 and n =0 mod 3
2
#III(&)/Q(p)) = (XA 3 D2(K—1)) /9  iff{=4mod9 and n =+1 mod 3
mo 3
2
(Xk(s)cm_l)) /9 iff=Tmod9

or
(327T4D2u3_1)>2/4 ift=4mod9 and n =0 mod 3
#IL(E/Qp) =, (3%1)@)2 if ¢ =4mod 9 and n = +1 mod 3
(3%0%3‘7;1))2 if €= 7mod 9.
Proof. These congruences hold from Theorem 3, Theorem 4, and Lemma 12. O
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Appendix

In this section, we show some lemmas and formulae which are very interesting,
although they are not used in the proofs of the main results in this paper. In
Subsection Al, we show lemmas on prime numbers dividing the denominator of
d,. In Subsection A2, we determine the signs and the nonvanishing of C,, D,
(excluding Deg;,+2), and the Eisenstein series G,, associated with the lattice w;Z[p]
(see Lemma 16) by using new recurrence relations arising from new formulae of SI.
In Subsection A3, we give numerical tables of ¢,,d,, G,, and BH,,.
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Al. On the Denominator of d,,
First, we show a recurrence relation involving Gg,, and D,,.

Lemma 16. Let

1
G = Z o
pl

0#wEw1Z]

form > 1 (Eisenstein series associated with the lattice wyZ[p]). Then, for m > 1,
we have

m L (_1)m33m—1 -1
ZD6k+2(6m—6k‘—1)G6(m,k)36 =0 and Dgp—1 = 9. 36m—1 Gﬁm. (16)
k=0

The second equality of Equation (16) holds for m = 0 as well, where Gy := —1.

Proof. First, we note that Gg, € Q for n > 0, by the fact that p(u) = % +
oo 1 (6n—1)Geru’™~? around u = 0 (note that G,, = 0 unless n is congruent to 0
modulo 6) and p” = 6p>. Next, we prove the first equation in (16). By Lemma 3
(g), we have

1 1
(Sl(—Su) * Sl(3u)> p(u) =3.
Around u = 0, we have

o0

p(u) = Z(Gn — 1)Gepu®"2

n=0

by the fact that Go = —1. By Equation (7), we have

1 1 >
— 18 D " 367L 67L+2.
S50y T g — 18 2 Donea™u

n=0

Thus, 18 Y77 ) Den+235"u®™ "> (6n — 1)Ge,u®" = 3 follows. By comparing the
coefficients of u5™ of this equality for m > 1, the first equality of Equation (16)
follows.

Finally, we prove the second equation in (16). By Lemma 3 (h) and the fact that
3=(1-p)(1—p), we have

Around u = 0, we have
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since we write Gog = —1, and

1 _ 1 _ - 6n, 6n—1
3(81(—3u) SI(SU))_ 2D Don-13""u

n=0

by Equation (7). Thus,
oo (oo}
_9 Z D6n—136nu6n_1 - _ Z Gﬁn{(l _ p)ﬁn _ 3}u6n—1
n=0 n=0

— Z Gﬁn{(*l)niggn o 3}u6n71
n=0
follows, since (1 — p)6" = (—1)"33". By comparing the coefficients of u®"~! of this
equality for n > 0, the second equality of Equation (16) is proved. O

Definition 5. Set BHg,, = (6m)!Ggy,, for m > 1. Note that BHg,, is the
Bernoulli-Hurwitz number for the elliptic curve y? = 423 — 27 defined in [7].

Lemma 17. For a prime number £ =1 mod 3 and m > 0, we define

e = | 2.

where |-]| denotes the floor function. Then,

1
H gt(f,m) . 2(6m)'D6m+2 S/ |:3:| .
L:prime
¢=1 mod 3

Note that the product on the left-hand side is a finite product.

Proof. We write hy, := [[ :prime erem) 2(6m)!Dgpy2 for m > 0. Since hg =
£=1 mod 3
(see Table 3), the lemma holds for m = 0. For m > 1, we assume that

m—1

6m
hm36m - _ h _ _ t(£,m)—t(l,k) B 6k.
> hy(6m — 6k — 1) H ¢ BHom-r ( . |3
k=0 {:prime
f=1 mod 3
(17)
Since the elliptic curve y? = 423 — 27 has good reduction at ¢ if and only if £ # 3

(cf. the proof of Lemma 14 (a)) , and has good ordinary reduction at ¢ if and only if

¢ =1mod 3 (see [12, Chap II, exer. 2.30])), it follows that | [ r:prime ¢ | BHem €
£—1|6m
£=1 mod 3
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Z[%] by [7, Theorem]. In terms of m, ¢(¢,m) is nondecreasing. For k =0,...,m—1
and a prime number ¢ = 1 mod 3, if £—1 divides 6(m — k), we have t(¢,m) > t(¢, k),

since t(¢,m) = L%J = 8-k US_—’“IJ > t(¢, k). Therefore, the right hand side of

Equation (17) is an element of Z []. O

Remark 7. Numerically, we guess that
BHGm S Z(3)7

where Z) is the localization of Z by the prime ideal 3Z (see Table 2). If this is
true, then a proof similar to that of Lemma 17 implies that

2. 39T (6m)!L(m) - Dgpmya € Z,
where let L(m) := ] eprime ptem).
¢=1 mod 3

Lemma 18. For m > 0, we have dgm+2 € Z[%]

Proof. By Lemma 8, we can write 2dgm12 = 39{—;';), r(m) > 0, N,, € Z. By
dem m

Lemma 17, we have 2L(m)- G fiGmTay € Z[3]. Thus, L(m)- (6m+i7\)](6m+2) gty €

Z[3] holds. Then, we have (6m+1)(6m+2)|L(m)- N,,, since 6m+ 1 and 6m + 2 are

relatively prime to 3. In particular, we have 2|N,,, since 2 does not divide L(m).

Therefore, the lemma is proved. O

Lemma 19. (a) We have

1 1 _ Sl(w)? ) Sl(u .
SIv3u)  Sl—v=3w) __ Cl(w) _ Sl{(=u) Sl(u) € Haz;

(b) The rational number dg,+2 satisfies

d6n+233n+1 € 7.

Proof. We have
1 14 pSl(u)?
SI(v—=3u)  v/—=3Sl(u)Cl(u)
by [1, 2.(viii) of Appendix] or putting u := pu and v := —pu of the addition formula

of SI (Lemma 4). By Sl(—u) = —gll((z)) and Cl(—u) = ﬁ (Lemma 3 (g)), we have

1 =1 —pSl(u)?
SI(—v/=3u)  /=3Sl(u) Cl(u)’

Then, by two equalities and noting that p —p = /=3, the first equality of (a) is

proved. The second equality of (a) also follows from Sl(—u) = — (Sjll((z)) (Lemma 3

(g)). By Lemma 7, Sl(u), SI(—u) € Hz. Thus, Sl(u) Sl(—u) € Hz.
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By Equation (7), we have

1 u6n+2

1 - 3n+1
SIv=3u)  Sl—v=3u) _ 2;‘%"*2(_3) " (6n +2)!"

By (a), we have 2dg, 12(—3)>""! € Z. By Lemma 18, dg,2(—3)3"*! € Z. Thus,
we also have (b). O

Lemma 20. For m > 1, we have

1
2m H | dgm—1 € Z[g]
L:prime
£—1|6m
£=1 mod 3

Proof. From the second equation in (16), for m > 1, we have

p _ (=1m3¥~1 —1 BHg,, (—1)"3""'—1 BHg, 1
Gm=1 = "y 36m—1 6m 2 o2m  36m°

Since (—1)™33™~! — 1 = 2 mod 4, we have % € Z. From [7, Theorem]|,

1
Il ¢|BHem € z[5).
£:prime
£—1|6m
¢=1 mod 3
Thena 2m H £:prime 14 d6m—1 € Z[%] holds. O
{—1|6m
(=1 nllod 3

A2. On the Signs and the Nonvanishing of C,,, D,,, and G,,

In this subsection, we determine the signs of C,,, D,, (excluding Dg,12), and G,,.
Moreover, it is proved that Cs, 41, Dgn—1, Gen, and BHg, do not vanish. First, we
determine the signs and the nonvanishing of G,,, BHg,, and Dg,_1.

Lemma 21. Forn > 2, we have
n—1
(6n — 1){(6n —2)(6n — 3) — 12}G, = 6 > _(6k — 1)(6n — 6k — 1)GexGon—r) (18)
k=1

and Gg,, > 0; hence BHg, > 0 for n > 1. Moreover, (—1)"Dg—1 > 0 holds for
m > 1. In particular, Geyn, BHgy, and Dg,_1 are non-zero.



INTEGERS: 26 (2026) 36

Proof. Since p” = 6p* and p (u) = > oo ,(6n — 1)Ge,u’" "2, for n > 1, we have

(6n —1)(6n — 2)(6n — 3)Gen =6 » _ Ge(6k — 1)Gem(6m — 1)

m+tk=n
k,m>0

n—1
=6 (6k—1)(6n — 6k — 1)GerGo(nr)
k=1
412G (61 — 1).

Here, note that Go = —1. Thus, we have Equation (18). By the proof of Lemma 2
(c), we have Gg = % > 0. The positivity of G, for n > 1 follows by induction on
n, Equation (18), and the fact that Gg > 0. Then, by the second equation in (16),

we have

m . (_1)m33m—1 -1 33m—1 _ (_1)m
(=1)™Dgm-1 = (—1) 5 36m 1 Gem = 5 gem=1 Gem >0
for m > 1. By the definition of BHg,,, we have BHg,, > 0 for any m > 1. L]

0 ay
n=0 n!

Definition 6. For a formal power series F(u) =
u, we call a,, the Hurwitz coefficient for F(u) of u™.

u™ € Q[[u]] in terms of

Lemma 22. (a) Forn > 1,
2-3%"cgp 41 =2BHg,, (6n + 1)(6n — 1) — 3™ (61 + 1)2n(6n — 1)cen_2

- 6n+1
o1 BHep (6k — 1)(6k — 2)36(n—F)
+ ; Co(n—k)+1BHer( ) ) 6k

and

2.3% ¢, 4 =— (6n+4)(2n + 1)(6n 4+ 2)3%" ¢ 41

n 6n +4
_wm.aBHeg(6k — 1)(6k — 2)36(n—F) :
+kz::166(n k)+4B Hep( ) ) ok )

(b) We have (—1)**Lc, > 0 for k > 1, that is, cens1 > 0, Consa <0 forn >0. In
other words, all the Hurwitz coefficients for —Sl(—u) are > 0. In particular,
C3nt+1 does not vanish;

(c) We set

oo

Cl(u) =: Z (gj:)!u?m.

n=0

Then (—1)"es, > 0 for n > 0. Equivalently, eg, > 0, esnts3 <0 forn > 0. In
particular, ez, does not vanish.
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Proof. By the facts that

(Lemma 3 (c)) and

we have

(@) e o

By also using

Z Capi1u" Z Con1u®™ + Z Conpau®™t3

n=0 n=0
and .
=" Genl6n —1)(6n — 2)u®~3,
n=0
we have
— = s 6n
6n 6n+3 3 u
<n§_:o Conpru™" + TLZ::()CGn+4u ) (u - nz::OGen(&L —1)(6n — 2)36n_1>
e uﬁn
= GZng(Gn— 1)3ﬁ. (20)
Taking the even part of Equation (20),
> 6n
5 Gl (35t - 16m 15 )+ 5= Car i
n=0

Gn

=6 Z G6n 36n

holds. By comparing the coefficients of %™, we have
3971 Cp—z = 2Gen (6n—1) = 2-3"Cony1+ Y Co(nk)+1Ger(6k—1)(6k—2)350"~H)
k=1

for n > 1. Since Cy = ¢ /k! and Ggr, = BHgy/(6k)!, we also have
357(6n + 1)2n(6n — 1)cen_2 = 2BHgn (6n +1)(6n — 1) — 2 -3¢, 11

n i) (61 +1
+ " Cotnty+1BHen(6k — 1)(6k — 2)3° k)( o )
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for n > 1. This is the first equality of (a). Taking the odd part of Equation (20),

S 00 00 ubn
Z Conp1u®" - u® + Z Conpau® (— Z Gen(6n — 1)(6n — 2)?)&11) =0.
n=0 n=0

n=0

6n+3

By comparing the coeflicients of u , we have

- 1
Cont1 = —6Cnta + Y Co(n—r)+4Gor(6k — 1)(6k — 2) 355
k=1

Therefore,

(6n+4)(2n 4 1)(6n 4 2)3%" coni1 = — 2 - 3" cnra + Z Co(n—k)+4BHek
k=1
4
x (6K — 1)(6k — 2)35(n—H) (6” N )

6k

follows. This is the second equality of (a).
From Table 1, ¢; =1 > 0 and ¢4 = —4 < 0. We assume that

C1,C7y -+ Co(n—1)+1 > 0

and
€45 €105 -+ -, Co(n—1)4+4 < 0

for some n > 1. Using the first equality of (a) and BHg, > 0 (n > 1) (by
Lemma 21), we have cg,+1 > 0. We also have cg,44 < 0, by the second equal-
ity of (a). By induction on n, (b) is proved.

By (b), for all n > 0, the Hurwitz coefficient for — Sl(—u) of u3"*! is strictly
greater than 0. Since Cl'(—u) = —(— Sl(—u))? for all n > 1, the Hurwitz coefficient
for Cl'(—u) = 3207 3, (—1)3""1u3"~1/(3n — 1)! is strictly less than 0. Therefore,
we have (—1)3"e3, > 0. Since C1(0) = 1, (—1)"e3,, > 0 holds for n > 0. O

Remark 8. On the sign of Dg,, 42 for n > 0, it is conjectured that (—1)"Dgpq2 > 0,
which is still open. To prove this, we may have to relate it to some L-value to
determine the sign of Dg, 2.
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A3. Numerical Tables of ¢,,, BHg,, and d,,

n Cn
1 1
4 —4
7 160
10 —20800
13 6476800
16 —3946624000
19 4161608704000
22 —6974121256960000
25 17455222222028800000
28 —62226770432344883200000
31 304379186781653598208000000
34 —1982049657077223312916480000000
37 16758824127564135479341219840000000
40 —180180787889254711099024290611200000000
43 2419729547280670262758159337861939200000000
46 —39971145354912684332749031990873817088000000000
49 801380022229927863218064428825418221486080000000000
52 —19272532158166604513119104829337619755759042560000000000
55 550209191558546672649809313730688966642337474150400000000000
58 —18474617726618802329201889210788021182113749879750656000000000000

Table 1: ¢,
6 972/7
12 283435200/91
18 90914674752000/133
24 224740203206066380800/91
30 5569206003076317032217600000,/217

36 491303185206504946068649519911075840000,/447811
42 33314057040643263742571290653335322624000000/301

Table 2: BHg,
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n dn
2 1/3
=1/3

5 —-10/21
=-2-5/3-7

8 —80/9
= —2%.5/32

11 48400/273
=2%.5%2.112/3.7-13

14 70400/3
=2%.52.11/3

17 —2309824000/1197
=-29.5%.11-17-193/32.7-19

20 —2393600000/3
=-—212.55.11-17/3

23 46641833216000/273
=211.5%.112.17-23-3851/3-7-13

26 4350492467200000/27
=216.55.112.17-23 - 449/33

29 —46343596783616000000,/651
=—27.56.112.17.23-29-16493/3 - 7- 31

32 —384236269846528000000/3
=-220.56.112.17-23-29-17093/3

35 58356799095178616750080000000/575757
=220.57.113.172.23-29-43 - 1871 - 34511/3% - 7-13-19 - 37

38 930458061131469291520000000/3
=224.57.113.17%2.23-29 - 701 - 3947/3

41 —2526876563810119056660889600000000,/6321
=—225.58.113.172 .23 .29 - 41 - 431 - 42521761/3 - 7% - 43

44 —17284095511545036218564608000000000,/9
=—228.59.11%.172.23-29-41 - 331 - 881 - 977/3>

47 1027896133477097691463532176998400000000/273
=226.58.114.172.232.29 - 41 -47 - 313 - 1001523179/3 - 7 - 13

50 80306491124224476202875370864640000000000,/3
=232.510.115.172.23%2.29 - 41 - 47 - 61 - 2029 - 11243/3

53 —272275412126083890645192489250796339200000000000,/3591
= —233.511.114.173.232.29 - 41 - 47 - 53 - 1201 - 4795973261/3% - 7 - 19

56 —2287147842776869352629978007993738854400000000000,/3

= —236.511.115.173.232.29 - 41 - 47 - 53 - 137 - 4013306567 /3

Table 3: d,



