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Abstract
Let D,, C N denote the set of the 7(n) divisors of n. We study the function

Dp(X,Y):=|{deD,: X<d<X+Y}

for Y < X. We establish a general upper bound for D,,(n,n") when 0 < < 6 < 1.
We also show that there exist infinitely many integers n having several divisors in
intervals of the form [n?, n® + n?=¢], for any fixed 0 < § < 1 and 0 < € < 6.

— Dedicated to Carl Pomerance on the occasion of his 80th birthday.

1. Introduction and Notation

Let D,, C N denote the set of the 7(n) divisors of n. For each integer n > 1, we
consider the function

Du(X,Y):=[{d€Dy: X <d< X +Y}

We first observe that D, (X,Y) = Dn(xnﬁ, %) Some nontrivial estimates

are known for D,,(X,Y). For example, Lemma 6 from [8] implies that

Dp(X,X) < ) (n >

2 ’
QQ(R) - )

where Q3(n) := Zpﬁun (2. In general, this inequality is known to be best possible,
but the simpler inequality

max Du(X,X) > 14+ 2 (> 9)
1<x<2 logn

always holds. The following conjecture is suggested in the literature; see [5], [1],
and [2].
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Conjecture 1. Let € > 0 be fixed. There exists a constant k. such that, for each
integer n > 1, we have
Dn(nl/Q,nl/Q_e) < k..

In this paper, we address the possibility that a strong general upper bound holds
when Y < X'~ for each fixed € > 0. Precisely, we propose the following conjecture.

Conjecture 2. Let 0 < § < 1 and 0 < € < 6 be fixed. There exists a constant
k() such that, for each integer n > 1, we have

Dn(ne,neﬁ) < k().
Throughout the paper, we use the functions

w(n) = Z 1 and V(n):=maxp.

pPlin

2. Main Results

The first theorem encapsulates our best result that holds in full generality when
Yy < X7

Theorem 1. Let n and 6 be fized real numbers such that 0 <n < 6 < 1. For each
integer n > 2, we have

_ V(n)logt(n
Dy(n®,n") < 7(n)’ 5“””)(9()1_%)(), (1)
where
1 if n < 6%
0? ; 2 1
o ifn>0°,0<3, and 2n <0;
E@0,m):=q 4O0-n)  ifn>0% 0<3, and2n>0; (2)
(17(91)2% z'f77>92,t9>%7 and 2n < 360 — 1;
4(60 —n) ifn>0% 60>1 and2n>30—1.

A relaxed version of Conjecture 2 would ask for a larger region where £(6,7n) = 1;
see Proposition 1 below.

Observe that if p is a prime divisor of n and d is any divisor of n, then for every
X > 1 there is at most one 8 € Z such that X < pPd < 2X. It follows that, for all
0<n<d<l,

7(n)
D, (n?,n") < >1).
(') < Gty 2D
Comparing this estimate with Inequality (1), we obtain the following saving in the

exponent of 7(n).
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Corollary 1. Let n and 0 be fixed real numbers such that 0 <n < 6 < 1. For each
integer n > 2, we have

1-gem [log 7(n)

D,,(n,n") < 7(n) 51_0)

In the opposite direction, the second theorem is inspired by a simple idea that
can be found on the first page of [4].

Theorem 2. Let 0 < 0 <1 and 0 < € < 0 be fixed real numbers. If Conjecture 2
holds, then we have

Mﬂ»VWM—”W%ﬁH%W3>

1
€

3. Preliminary Lemmas

The proof of the following lemma is given in Corollary 1.4 of [3]; see also [7].

Lemma 1. Let dy,...,dy be positive integers. Then, for all t € Z, we have
t(t41)
[di,....de] 7 [ (didp) = [] 4,
1<i<j<k 1<i<k
where [dy, . .., dy] denotes the least common multiple of di, ..., dy and where (d;, d;)

denotes the greatest common divisor of d; and d;.

Lemma 2 ([8], Lemma 7). Let (z;,y;) fori=1,...,k be pairs of positive real num-
bers that satisfy Zle x; < Zle y;. There exists a permutation o = (01,...,0%)
such that for each 1 < s < k,

S S
zﬁmézﬂw
=1 =1

Lemma 3. Suppose M is a set of integers contained in an interval with N > 1
integers, and assume that the elements of M avoid a set Q, # Z/pZ of congruence
classes for every p := pPr € P, a set of powers of distinct primes. Then we have

N+ Q?
<
for any Q > 1, where
H="7_h(q)
9<Q

and where h(q) is the multiplicative function defined for 8 > 1 as

€2, | B .
h(p?) ;—{ o, P =RER

0 otherwise.
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Proof. This is essentially the last part of Theorem 7.14 from [6], with a slight
generalization that allows us to consider powers of primes instead of only primes.
The proof of this generalization is included in Lemma 7.15, assuming that ¢ =
p1 - Pk, and that the x is now interpreted as p; t a for i = 1,..., k. One can sum
inequality (7.39) over ¢ < @ and use Theorem 7.7 to conclude. O
In the next lemma, we use the Legendre symbol (5) for p > 3.

Lemma 4. Let p > 3 be a prime number and u € Z an integer not divisible by p.
Let S, be the number of x modulo p*T' for which the equation

22 +plu=y? (modp'th)

p—(5)
2 )

is unsolvable. Then Sy = S1=p, and S, = pSy_o forv > 2.

Proof. For v =0, we consider the function

o(k) ::Z(x2+k>.

r=1 p

From here, using changes of variable of the form z = ¢z with ¢ Z 0 (mod p), we
deduce that g(k) only takes two values when p t k depending on the value of (%)
Thus, by summing the functions g(k) and (%) g(k) over k, we arrive at a linear
system of two equations with two variables that allows us to evaluate g(k) exactly.
We find that g(k) = —1 for each k # 0 (mod p) and we conclude that Sy = pi(QTu).

Now, for a fixed v > 1, we consider the change of variables defined by = = ip¥ + j
and y =rp” + s, where i,7 =1,...,pand j,s = 1,...,p". We then treat x as fixed
and not divisible by p, that is, with 4, j fixed and p t j. We verify that the y defined
by s = j and r = i + (2j) 'u (mod p) satisfies the equation, and thus these x do
not contribute to S, .

Finally, again for a fixed v > 1, we consider the change of variables z = pX and
y = pY (since clearly x = +y (mod p)). We then obtain the equation

p?X? + pPu = p?Y? (mod p”'H).

We deduce that S; = p, and for v > 2, we can divide the equation by p?. After doing
so, we consider the change of variables defined by X = ip*~'4j and Y = rp?~! +s,
where i,r =1,...,pand j,s =1,...,p""!. We conclude that S, = pS,_», and the
result is proven. O

4. Proof of Theorem 1

We first need to establish three very specific statements.
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Proposition 1. Let n > 1 be a fived integer, and let 0 < 6 < 1 and 0 < € < 6% be
fized real numbers. Then

9(16_0) +9(11—9)’

D, (n?, negfe) <

Proof. We can assume that we have k > 2 such divisors. From Lemma 1, we derive
t(t41) 92 —e) ke—1) t(t+1)
n 2 Tl( 973 > [dla"'adk] 2 H (dlvd])
1<i<j<k

From here, we set t = 0k 4 { for some 0 < ( < 1. By comparing the exponents, we

get the inequality
ek(k—1) < (0 —60%)k+C(C+1).

Thus, if k < ﬁ does not hold, we find k < 3@, and the result follows. O

Proposition 2. Let n and 0 be fized real numbers such that 0 < 62 <n < 0 < 1.
The largest a(6,n) for which

(0;75)2_(17;15)20 forall 0<t<1—-a (3)

holds for 0 < a < «(0,1n) is given by

% if@g%and2n§9;
4(0 — n) if 0 < L and2n>0;
a(0,n) = (1-0)° oo 1 : (4)
Tooen—er W0>3 and2n <30 —1;
4(0 —n) if 0> 1 and 2n > 30 — 1.

Proof. Given an a > 0, we define F(t) := (ﬁ)2 - (%) and [ :=[0,1 — «a]. The

«
function F' is a polynomial of degree two with zeros

0 — giia(a—A), where A =4(0 —17).
2 2
If this polynomial is positive on the interval I, it means that its two zeros are either
to the left or to the right of I, or that o < A. Also, we observe that a(6,7) > A
and in particular, o > 0 is possible in (3).
Now, assume that I’ has a real zero. There are two possible situations. First,

e ala—A)
06— —++——=<0
2+ 2 -7
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which gives

92
a< — if a>20anda> A, (5)
n
and second,
! ala—A)
_Z_ N\ T s,
0 5 5 >1-—q,
which gives
(1-9)?

a§(1_0)2+n_02 if a>2(1-0)and o> A. (6)

We remark that in all possible scenarios, a < A, a < %, and o < (17(91);%, we
have o« < 1.

2
The first case (5) is possible only when 6 < . We verify that % —A=0=2

n

The condition o > 26 allows us to complete the first two lines of (4). Similarly, the
(1-9)*

a=6)2+n—62

Again, the condition o > 2(1 — ) allows us to complete the two

second case (6) is possible only when 6 > % and we then verify that

A — (2n—360+1)
= U0
last lines of (4). The proof is complete. O

Proposition 3. Let n and 0 be fized real numbers such that
0<6>—(01-0)*5<n<b<1

for some fized 0 < 6 < 1. We can choose a(0,n,9) such that the property

(=) - (B2 00-0)% foran 0stsi-a @

(0% (0%

holds for 0 < oo < (6,1, ) with

Proof. For simplicity, we define ¢ := (6(1 — 9))26. From Proposition 2, we can
assume that € > 0. Also, the setup being comparable to that of Proposition 2, the
initial treatment is the same. We define the function F(t) := F(t) —e and the same
interval I := [0,1 — «]. We then consider the zeros of F.(t) given by

09 \/oz((l—i-élss)a—A)7
2 2

where A =4(0 — ).

We distinguish three scenarios. In the first case, we consider the situation where

F_(t) has no roots or just one double root. We find 0 < a < f‘%

is that of two roots less than or equal to 0. This situation is described by

92
a< if oa>260and oo > .
n+ea 1+4¢

. The second case

9)
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_77+‘ /772 +4692 o

We can express the solution to the first inequality as 0 < a < o :
ap(0,m,9). The third case is that of two roots greater than or equal to 1 — «, a
situation that is described by

(1-0)?

A
< i > — > .
a_(1—9)2+77—92+5a if a>2(1 tﬁ))zmdaz_l_’_él5

(10)

2 2
The explicit solution is written as 0 < a < —(1- 29+n)+\/(1 20+n) tae(1-6) =:

a1(0,n,96), we also note that 1 — 20 +n > 0. With these debCI‘lpthHb in hand, we
can address Inequality (8). First, let us verify that each valid « is less than or equal
to 1. For ) > 62, this is obvious, but for 2 — (6(1 — 9))25 <1 < 62, we must check
the three possibilities separately. The case ﬁ is straightforward. For case (9), if
this were not true, we would have ¢ + 1 < ea? + na < 62, which is a contradiction.
The case (10) follows in the same way.

The condition o > 26 is necessary for the first inequality in (9) to hold, but this

is not the case for ae > . The same is true in (10). Also, we note that 20 < —2_

1+4 T+de
for 2n < 0 — 40¢ and that 2(1 —6) < 1+4 for 2n <30 — 1 —4(1 — 0)e. We deduce
that if 2n < 6 — 40e and ap(0,7n,0) > 1+4€7 then (7) holds for 0<a<ay,n,o).

Similarly, if 2n < 30 — 1 — 4(1 — 0)e and ay(6,n,9) >
0<a<ai(b,n,d).

Now, we need to address the five cases of (2) separately. Let us begin with
Cases 3 and 5, that is, when £(0,n7) = A. Since the property (7) holds for every
0<a<aldnd): = ﬁ, we have £(6,n) — «(6,n,d) < 16(9(1 — 9))36 < %.

Suppose now we are in Case 2 with £(0,7n) = %. We distinguish two situations.
The first one is when 2n < 6 — 40e. We then choose a(6,n,0) := ag(0,n,5). We
deduce from above that property (7) holds for every 0 < a < (8,7, ) and we have

1+4 , then (7) holds for

02 62
0,n) —a(0,n,8) = —— ——
§0,m) —a(f,n,9) n n+ex(,n,9)
ch?
S?S(l—@zdéd

since ag(6,n,0) < 1.
The second possibility is when 6 — 40e < 2n < 0, where we choose «(6,7,d) =

1+4 . In this situation, property (7) holds for every 0 < a < «(6,7,9), and also

A
1+4e

£(0,m) —aB,n,0) =£0,n) — A+ A~

(0 —2n)%  4eA
n 1+ 4e

< (16(0(1 )" +16(6(1 - 0)))6 < ==
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as required. Case 4 is treated similarly.

It only remains to handle Case 1. We will start by considering the case where
0 < %, which corresponds to either ag(6,n,0) or 1+A45'
and we first consider when 27 < 6 — 460, where we set «(0,7,9) := ap(6,7,9).
Thus, property (7) holds for every 0 < o < «(6,7,0). Also, we already know that

ap(0,1n,6) <1 and we have

We proceed as previously

92
0.0) —al@,n,0)=1— —2
O = alm ) = s @)
_ ’I’}+€Oéo(0,7],5) — 02
B 77+Ea0(977775)
=(1-6)%5 <54,

<5
~ 02

as desired. Now, in the situation where 2n > 0 — 460¢, we choose «(6,7,9) := ﬁ.

From 1 < 62, we deduce that 6 > 1}45, so that

4(0 — 62)
> 77
a(f,n,6) > e
1—4e 1—4e\2
Z4< 2 7( 2 ))/(1+45)
:1745217§,

4

which gives the result. The case 6 > % is treated in a similar way. The proof is
complete. O

Proof of Theorem 1. We can assume that 7(n) > 3 since otherwise the result is

trivial. We will distinguish two cases. The first case is when n < 6% — ©a-0)* By

log 7(n)
Proposition 1, we have
log 7(n)
D, 0 ,n o\
(n%,n") < )
_ V(n)logT(n)
1=£(0,m) X \1% 775 T ATT)
<7(n) 6(1—0)
which is the desired result. The second case is when n > 6% — 7(%;;2;2.

Let n = pf e pf]‘E:{;) be the factorization of n into distinct primes and suppose

that n = ab where (a,b) = 1. We notice the identity
XY

Dn(X,Y) =) Do(—.—) 11

XN =320(57) (1)

To choose the factorization, we begin by setting d := m. Let us remark right
away that we can assume that § < £(6,n), since otherwise the result is trivial. Then,
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we consider the pairs (p;, 6;), with i = 1,...,w(n), defined by (8; +1) = 7(n)”* and
piﬁ * = nY%. From Lemma 2, there exists a permutation o such that

Y roi <Y 0,
=1 =1

for every 1 < s < w(n). We consider o fixed and choose the minimal s such that
Zedi >1- a(077775)a
i=1

where «(6,7,9) is as in Proposition 3. Thus,

s—1
2001 <1- 0(077775)'
=1

We define
Bo;
b:= | Ip .

With this factorization n = ab estabhshed we observe that

r(b) = (B, + ﬁ (5o +

< 2V(n)7(n)! “(9 ")

<L V(n)r(n)t=c0n (12)
from Proposition 3. Also, since a = n/b, we have 1 < a = n® < n®@19) If g =1,
the result follows from (11), (12), and the fact that D;(+,-) < 1. We can now assume
that a > 1. We seek to bound D, ( . ) for a given divisor e of b Wthh we write

(S
as e = n'. Let us remark that D, (<, L) < 2 if either e > Y or &£ > 4. Also, by
Proposition 3, we know that

(P - () = (5 - ()
_ (B -6)°
— log7(n)

for t € [0,1 — a]. In any case, from Proposition 1 and Equation (11), we deduce
that

ok < Vi< (R gl

1-£(6,m) V(n)logT(n)
6(1—-0)

The proof is complete. O

< 7(n)
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5. Proof of Theorem 2

We need the following proposition to deal with certain cases.

Proposition 4. Let 0 < 0 <1 and 0 < € < 0 be fized real numbers. If Conjecture
2 holds, then
ke(0) > 1.

Proof. Let us begin with the case § < L. Fix a sufficiently large integer m, and

2
the smallest integer v such that m < v?. There is a multiple of m in the interval
[v —m,v — 1], say ng. We then have

nggmg(no+m)0

1.16

1-20°
Ny

<nd+

which is more than sufficient to show that k.(6) > 1 for 0 < § < % and 0 < e < 0.
Now, consider the case where 6 > % A similar argument allows us to find an integer
n1 having a divisor m such that

oo L10=0) o

1 F ’
SO )
o ™1 n 0 _
n{ < - < L) <ni+1.2(1-0)
ni
from which the result follows. O

Proof of Theorem 2. The parameters 6 and e are fixed throughout the argument.
Let M be a sufficiently large number for these parameters, and let L = (log M)2.
By the Prime Number Theorem, we can assume that

m(M+L)—n(M) > s,
where s > 1 is an integer to be determined later. Define the integer
No :=p1--Dps,
where p; are the s smallest primes greater than M. Note that for any group of

1 < ¢ < s integers n; in the interval [M, M + L], we have

4
Mt < J]n; <M+ L),
j=1
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so that ,
[17 = M"+ LM + L) (13)
j=1

for some 0 < A < 1.
Let us begin with the case 6 < % Denoting the ceiling function by [-] and the
fractional part by {-}, we will choose an integer r < s defined by

— [0s] if 0 < {fs} < 3;
[0s] +1 otherwise

and also

N := max v Ny,
v>1

s—1
M7 20?0 (14050 MELD)

which in turn defines an integer m such that N = mNy. Now, let @ be the set of
the () divisors of Ny formed by 7 primes. We will now fix a ¢ € Q and show that
NY < q< N? 4+ N?=¢if e < —L—. On the one hand, we have

s+30

N® <m®(M* + sL(M + L)*~1)"

. Oas0s SL(M + L)*~1\6
—mM (1 + )
OsL(M + L)*~!
6 Os
<m’M (”T)’ (14)

from which we obtain ¢ > N? by the choice of N and (13). On the other hand,
since

1

110 6
17)<1 <14 —
(+ st sty

m m
by the choice of m, we find

qSMr(HM)

MT‘
e (o LR 1
< 7(m;:91)91v9(1 +os ML ;fs)H) (1+ —TL(MA;L)H)
< N9(1 + %) (1 sy ML) LI;)H) (1 n —TL(MA;L)H
<~(1+0(37))
< N? 4+ NO7, (15)

where the last line follows from 7 < s+ %.
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It remains to show that (:) satisfies the announced inequality. We begin by

choosing s := | — %j, in accordance with the previous steps, and we will tem-

€

porarily assume that € < g. Note that this assumption implies that 1 < % < %— %,

and therefore §s > 1 (since [z] > £ for z > 1). We then deduce that r < s, and
1 1

similarly s —r 41 < s. We also deduce that % > o= % > i > 1, and hence s =< <

Now, using the Stirling formula, we have

s S S s
r r(s—r4+1)r(s—r)sr

s 1 s
= r(errl)(’S“Z(l_g)l_r)
ZA s —57"+1) (90(159)170)5 (16)

€ 1 T3y
>¢Ama¢w6)

> \/e03(1 - 0)3(;) ‘|

09(1 — )19
The first two lines of (16) are automatic. To proceed, we first study the function
t(z) = log W We show that t(z) is increasing for « € [0,1/2] and that its

values lie within the interval [0,log 2]. In the third line of (16), for r < s/2, we use
the monotonicity of ¢(z), whereas for r > s/2 and s large enough, we write

exp(t(r/5)) = exp(£(6)) + exp(t(8)) (exp(t(r/s) — (8)) — 1)
= exp(t(®) +0(1),

which follows from |~ — 6| < 1 and the fact that 1 < exp(t(z)) < 2 for z € [0, 3]. In
the fourth line of (16), we introduce an approximation of s in the exponent, along
with estimates for r, s —r 4+ 1, and s. For the last line of (16), we simplify the
fourth line.

If the inequality e < g does not hold, we observe that

1

671 _9)1—9) <1

(1 — 9)3(
and thus the announced result holds from Proposition 4. This completes the argu-
ment for the case 6 < %

Only the case 6 > % remains. Let us begin with the case where e < 1 — 6. The
previous construction can be adapted to find arbitrarily large integers n for which

1
€

_ —h—c _ 3/2 1
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so that, as we did in the proof of Proposition 4, we conclude that

0  6-c 3/2 1 :
The details of this construction are mostly the same. We choose the primes in the
interval [M — L, M| and use the approximation szl n; = M*— MLM*! as the
analogue of (13). We let 1 — 6 replace 6 everywhere in the argument, including the
definition of r. We define N, the analogue of Ny, and we note

N = min vIV7.
v>1
Tl O p=0)s (1 __(A=0)sL _
M"<v "M (1 I\/I(l—sL/IW)O)

The analogue of (14) gives ¢ < N'1=% and the analogue of (15) gives ¢ > N'1=¢ —
0.5N"1=09=¢ We leave the verification of the details to the reader. Finally, in the
case where € € [1 — 6, 0), we verify that the announced result is simply k(0) > 1,
which follows from Proposition 4. O

6. A Discussion around Conjecture 1

It is well known that the large divisors of an integer n are isolated from each other.
Indeed, let d and d + h be two consecutive divisors of n in increasing order. We
observe that

d2

h
n " which gives h > —.
n

n
1< -
“d d+h dd+h)

This bound is non-trivial when d > /n. Proposition 4.1 of [5] suggests a completely
different method that is most efficient when the divisors are close to \/n.
Let a,b be two fixed coprime positive integers and consider the function

f(z) = ag +bx (x>0).

This simple function has the following desired properties. First of all, its derivative
vanishes at xo := /%", where f(z) attains its minimum. For 2 > x¢, the function
f(z) is strictly increasing. Moreover, from its Taylor series we have

h2

f(zo+h) = f(zo0) + f”(C)?

an 5
"
for some ¢ € [zg, 0 + h]. Secondly, f(d) is an integer for every divisor d of n. Also,
as we restrict our attention to the divisors d > x, the value of f(d) determines d

uniquely.

= f(wo) +
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We deduce that | f(zo + h) — f(zo)| > i requires h > /2 and therefore
[ix )
Dn(xo7 TO) <i+1.

F(d)? = J*(d)? = dabn, (17)

Furthermore, we note that

where n
f*(z) == a— — bz.
T

This associated function f* also takes integer values at divisors d of nm. This
implies that Equation (17) is, in fact, a nontrivial algebraic relation satisfied by
(f(d), f*(d)). Interestingly enough, this algebraic identity allows us to get con-
straints modulo well-chosen prime powers on the values taken by f(d). This is
made explicit in Lemma 4, and everything is in place to apply the large sieve from
Lemma 3. For each p > 3, we choose the set P to contain pU»(#e™)+1 where vp(+)
is the usual p-adic valuation. We can verify that the value of the function h(p®) in
Lemma 3 is

mp)=1+0(5). hoH) = =5 bt = 5o+ 0(o5).

and that it satisfies h(p®) < p% for 8 > 4. For all n, we obtain

iz i+ 1+ Q?
Dn($07 TO) < —H (18)

where H =} _ h(g). Choosing the parameter @ so that 7(Q) ~ 2w(4abn) forces
H > w(4abn), and therefore gives the following result.

Proposition 5. Let a,b be two fized coprime positive integers and n > 1 a fized
integer. Let us define xo := /%" and w := w(4abn). Fori> 1, we have

D, (xo, ‘/MTU) < min(i, i + w(log w)2)

Remark 1. It is well known that w(n) < —2"_ Hence, taking Q such that

loglogn*
m(Q) ~ w(2abn) + log)ig_n implies that

Dn(xo, TO) = 04,(7) whenever m — 00

By choosing @ = /4, one can also deduce that, when n squarefree or cubefree, the
right-hand side of (18) is respectively <, p ﬁgi and <, \/%gi (i > 2), respectively.
Finally, again with Q = /4, if 7(Q) > 2w(4abn) then the right-hand side of (18) is

< \ﬁlogi.
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