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Abstract

Let bpedj,k(n) denote the number of [j, k]-overpartition pairs of the positive integer n
with even parts distinct in which the first occurrence of each distinct part congruent
to j modulo k may be overlined. Mahadeva Naika et al. (2023) proved many infinite
families of congruences modulo small powers of 2 for the particular cases bped3,3(n)

and bped3,6(n). As an extension to the above work, in this paper we prove some new

infinite families of congruences for bped3,3(n) and bped3,6(n), which also generalize
some of the known results.

1. Introduction

A partition of a positive integer n is a sequence of positive integers x1 ≥ x2 ≥ · · · ≥
xk with n =

∑k
i=1 xi. The positive integers xi are called parts of the partition. For

example, n = 3 has three partitions, namely, 3, 2+1, and 1+1+1. If p(n) denotes

the number of partitions of a positive integer n, then the generating function of

p(n) is given by
∞∑

n=0

p(n)qn =
1

(q; q)∞
,

where for any complex numbers a and q,

(a; q)∞ :=

∞∏
k=0

(1− aqk), |q| < 1. (1)
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For any positive integer h, we will use the notation fh := (qh; qh)∞ for brevity. Ra-

manujan [1, 11, 12] established the following beautiful congruences for the partition

function p(n):

p(5n+ 4) ≡ 0 (mod 5),

p(7n+ 5) ≡ 0 (mod 7)

and

p(11n+ 6) ≡ 0 (mod 11).

An overpartition of a positive integer n is a partition of n wherein the first

occurrence of a part may be overlined. For example, n = 3 has eight overpartitions,

namely, 3, 3, 2 + 1, 2 + 1, 2 + 1, 2 + 1, 1 + 1 + 1 and 1 + 1 + 1. The overpartition

function is usually denoted by p(n), which was first studied by Corteel and Lovejoy

[2]. The generating function for p(n) is given by

∞∑
n≥0

p(n)qn =
(q2; q2)∞
(q; q)2∞

.

The arithmetic properties of p(n) have been studied by many authors, for example

see [3, 4, 6, 10, 13, 14].

For positive integers j and k such that k ≥ j ≥ 1, a [j, k]-overpartition of n

is a partition in which the first occurrence of each distinct part that is congruent

to j modulo k may be overlined. If pj,k(n) counts such overpartitions of n with

pj,k(0) = 1, then its generating function is given by

∞∑
n=0

pj,k(n)q
n =

(−qj ; qk)∞
(q; q)∞

.

Mahadeva Naika et al. [7] obtained many infinite families of congruences modulo

powers of 2 for pj,k(n).

In [8], the authors studied another partition function, denoted by pedj,k(n), which

counts the number of [j, k]-overpartitions of n such that the even parts are distinct

and the first occurrence of each part that is congruent to j modulo k may be

overlined. The generating function of pedj,k(n) is given by

∞∑
n=0

pedj,k(n)q
n =

(q4; q4)∞(−qj ; qk)∞
(q; q)∞

.

The authors in [9] studied the partition function bpedj,k(n), which denotes the

number of [j, k]-overpartition pairs of a positive integer n with distinct even parts,
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in which the first occurrence of each distinct part that is congruent to j modulo k

may be overlined. The generating function of bpedj,k(n) is given by

∞∑
n=0

bpedj,k(n)q
n =

(q4; q4)2∞(−qj ; qk)2∞
(q; q)2∞

. (2)

They also proved some infinite families of congruences modulo small powers of 2

for the particular cases bped3,3(n) and bped3,6(n). As an extension to the work of

[9], in this paper we prove some new infinite families of congruences for bped3,3(n)

and bped3,6(n), which generalize some of the known results. To prove our results,

we will use the method of elementary q-series identities. The following q-identities

are crucial in our proofs:

f1 =

∞∑
n=−∞

(−1)nqn(3n−1)/2, (3)

f3
1 =

∞∑
n=0

(−1)n(2n+ 1)qn(n+1)/2 (4)

and

fpr−1

pm ≡ fpr

m (mod pr), (5)

where r and m are positive integers and p is a prime. For Identities (3) and (4),

see Equations (1.61) and (1.7.1) of [5], respectively. Congruence (5) is an easy

consequence of the binomial theorem and Equation (1).

2. Congruences for bpedj,k(n)

This section is devoted to proving congruences for bpedj,k(n). First, we define the

Legendre symbol

(
a

p

)
. If p is any odd prime and a is any integer relatively prime

to p, then (
a

p

)
=

{
1, if a is a quadratic residue of p,

−1, if a is a quadratic non-residue of p.

Theorem 1. Let p > 5 be a prime with

(
−6

p

)
= −1. Then for all integers

k,m, α, β ≥ 0 with p ∤ m, we have

bped3,3

(
4 · 34α+3 · 52β · p2k+1m+

7 · 34α+2 · 52β · p2α+2 − 1

2

)
≡ 0 (mod 16) (6)
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and

bped3,3

(
12 · 52β · p2k+1m+

7 · 52β · p2α+2 − 1

2

)
≡ 0 (mod 8). (7)

Proof. From [9, Equation (3.27)], we note that

∞∑
n=0

bped3,3

(
4 · 34α+3 · 52βn+

7 · 34α+2 · 52β − 1

2

)
qn ≡ 8f7

1 (mod 16). (8)

Using Equations (3) and (4), we see that the right hand side of Equation (8) becomes

8f7
1 = 8f1f

6
1 ≡ 8f1f

3
2 ≡ 8

∞∑
k=−∞

∞∑
l=0

q
k(3k−1)

2 +l(l+1) (mod 16).

We need to know whether n can be written as
k(3k − 1)

2
+ l(l+1) for some integers

k and l. This is equivalent to 24n+ 7 = (6k − 1)2 + 6(2l + 1)2. Thus, if 24n+ 7 is

not of form x2 + 6y2, then

bped3,3

(
4 · 34α+3 · 52βn+

7 · 34α+2 · 52β − 1

2

)
≡ 0 (mod 16). (9)

Also,

(
−6

p

)
= −1 implies that νp(N) is even if N is of the form x2 + 6y2, where

νp(N) equals the exponent of the highest power of p dividing N . Taking n =

p2k+1m +
7(p2k+2 − 1)

24
, it follows that 24n + 7 = p2k+1(24m + 7p), which cannot

be written in the form x2 + 6y2. For such n, we have

4 · 34α+3 · 52βn+
7 · 34α+2 · 52β − 1

2

= 4 · 34α+3 · 52β · p2k+1m+
7 · 34α+2 · 52β · p2α+2 − 1

2
.

Thus, Equation (9) implies

bped3,3

(
4 · 34α+3 · 52β · p2k+1m+

7 · 34α+2 · 52β · p2α+2 − 1

2

)
≡ 0 (mod 16).

This completes the proof of Equation (6). The proof of Equation (7) is similar to

the proof of Equation (6), which can be proved by using the following identity [9,

Equation (3.42)], namely

∞∑
n=0

bped3,3

(
12 · 52βn+

7 · 52β − 1

2

)
qn ≡ 4f7

1 (mod 8).
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Theorem 2. Let p ≥ 5 be a prime with

(
−2

p

)
= −1. Then for all integers

k,m, α, β ≥ 0 with p ∤ m, we have

bped3,3

(
4 · 34α+3 · 52β · p2k+1m+

11 · 34α+2 · 52β · p2α+2 − 1

2

)
≡ 0 (mod 16),

(10)

bped3,3

(
12 · 52β · p2k+1m+

11 · 52β · p2α+2 − 1

2

)
≡ 0 (mod 4), (11)

bped3,6
(
34α+2 · 52β · p2k+1(24m+ 11p)

)
≡ 0 (mod 32), (12)

and

bped3,6
(
3 · 52β · p2k+1(24m+ 11p)

)
≡ 0 (mod 32). (13)

Proof. From [9, Equation (3.25)], we have

∞∑
n=0

bped3,3

(
4 · 34α+3 · 52βn+

11 · 34α+2 · 52β − 1

2

)
qn ≡ 8f2f

3
3 (mod 16). (14)

Using Equations (3) and (4) in Equation (14), we obtain

∞∑
n=0

bped3,3

(
4 · 34α+3 · 52βn+

11 · 34α+2 · 52β − 1

2

)
qn

≡ 8

∞∑
k=−∞

∞∑
l=0

qk(3k−1)+3l(l+1)/2 (mod 16).

We note that n = k(3k−1)+
3l(l + 1)

2
is equivalent to 24n+11 = 2(6k−1)2+(6l+3)2.

Thus, if 24n+ 11 is not of the form 2x2 + y2, then

bped3,3

(
4 · 34α+3 · 52βn+

11 · 34α+2 · 52β − 1

2

)
≡ 0 (mod 16). (15)

Also,

(
−2

p

)
= −1 implies that νp(N) is even if N is of the form 2x2 + y2. Taking

n = p2k+1m +
11(p2k+2 − 1)

24
, it follows that 24n + 7 = p2k+1(24m + 11p) cannot

be written in the form 2x2 + y2. For such n, we have

4 · 34α+3 · 52βn+
11 · 34α+2 · 52β − 1

2
= 4 · 34α+3 · 52β · p2k+1m

+
11 · 34α+2 · 52β · p2α+2 − 1

2
.
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Therefore, Equation (15) gives

bped3,3

(
4 · 34α+3 · 52β · p2k+1m+

11 · 34α+2 · 52β · p2α+2 − 1

2

)
≡ 0 (mod 16).

This completes the proof of Equation (10). The proofs of Equations (11), (12),

and (13) are similar to the proof of Equation (10) and can be proved by using the

following identities [9, Equations (3.56), (4.28), and (4.42)], respectively:

∞∑
n=0

bped3,3

(
12 · 52βn+

11 · 52β − 1

2

)
qn ≡ 2f2f

3
3 (mod 4),

∞∑
n=0

bped3,6
(
8 · 34α+3 · 52βn+ 11 · 34α+2 · 52β

)
qn ≡ 16f2f

3
3 (mod 32),

and

∞∑
n=0

bped3,6
(
72 · 52βn+ 33 · 52β

)
qn ≡ 16f2f

3
3 (mod 32).

Theorem 3. Let p ≥ 5 be a prime with

(
−2

p

)
= −1. Then for all integers

k,m, α, β ≥ 0 with p ∤ m, we have

bped3,3

(
4 · 34α+3 · 52β · p2k+1m+

19 · 34α+2 · 52β · p2α+2 − 1

2

)
≡ 0 (mod 16),

(16)

bped3,3

(
12 · 52β · p2k+1m+

19 · 52β · p2α+2 − 1

2

)
≡ 0 (mod 8), (17)

bped3,6
(
34α+2 · 52β · p2k+1(24m+ 19p)

)
≡ 0 (mod 32), (18)

and

bped3,6
(
3 · 52β · p2k+1(24m+ 19p)

)
≡ 0 (mod 32). (19)

Proof. From [9, Equation (3.29)], we note that

∞∑
n=0

bped3,3

(
4 · 34α+3 · 52βn+

19 · 34α+2 · 52β − 1

2

)
qn ≡ 8f1f

3
6 (mod 16), (20)

Using Equations (3) and (4) in Equation (20), we obtain

∞∑
n=0

bped3,3

(
4 · 34α+3 · 52βn+

19 · 34α+2 · 52β − 1

2

)
qn
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≡ 8

∞∑
k=−∞

∞∑
l=0

qk(3k−1)/2+6l(l+1)/2 (mod 16).

We see that n =
k(3k − 1)

2
+

6l(l + 1)

2
for some integers k and l. This is equivalent

to 24n+ 19 = (6k− 1)2 + 2(6l+ 3)2. Thus, if 24n+ 19 is not of the form x2 + 2y2,

then

bped3,3

(
4 · 34α+3 · 52βn+

19 · 34α+2 · 52β − 1

2

)
≡ 0 (mod 16). (21)

Also,

(
−2

p

)
= −1 implies that νp(N) is even if N is of the form x2 + 2y2. Taking

n = p2k+1m+
19(p2k+2 − 1)

24
, it follows that 24n+ 19 = p2k+1(24m+ 19p) cannot

be written in the form x2 + 2y2. For such n, we have

4 · 34α+3 · 52βn+
19 · 34α+2 · 52β − 1

2

= 4 · 34α+3 · 52β · p2k+1m+
19 · 34α+2 · 52β · p2α+2 − 1

2
.

So by Equation (21), we obtain

bped3,3

(
4 · 34α+3 · 52β · p2k+1m+

19 · 34α+2 · 52β · p2α+2 − 1

2

)
≡ 0 (mod 16),

which completes the proof of Equation (16). The proofs of Equations (17), (18),

and (19) are identical to the proof of Equation (16) and can be proved by using the

following identities [9, Equations (3.44), (4.25), and (4.40)], respectively:

∞∑
n=0

bped3,3

(
12 · 52βn+

19 · 52β − 1

2

)
qn ≡ 4f1f

3
6 (mod 8),

∞∑
n=0

bped3,6
(
8 · 34α+3 · 52βn+ 19 · 34α+2 · 52β

)
qn ≡ 16f1f

3
6 (mod 32),

and

∞∑
n=0

bped3,6
(
72 · 52βn+ 57 · 52β

)
qn ≡ 16f1f

3
6 (mod 32).

Theorem 4. Let p ≥ 3 be a prime with

(
−1

p

)
= −1. Then for all k,m, α, γ ≥ 0,

such that p ∤ m, we have

bped3,3

(
4 · 34α+2 · 72γ · p2k+1m+

5 · 34α+1 · 72γ · p2α+2 − 1

2

)
≡ 0 (mod 8), (22)

bped3,6
(
34α+2 · 72γ · p2k+1(24m+ 5p)

)
≡ 0 (mod 16), (23)
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and

bped3,6
(
3 · 72γ · p2k+1(24m+ 5p)

)
≡ 0 (mod 16). (24)

Proof. From [9, Equation (3.38)], we have

∞∑
n=0

bped3,3

(
4 · 34α+2 · 72γn+

5 · 34α+1 · 72γ − 1

2

)
qn ≡ 4f5

1 (mod 8). (25)

Employing Equation (5) in Equation (25) and then using Equations (3) and (4), we

obtain
∞∑

n=0

bped3,3

(
4 · 34α+2 · 72γn+

5 · 34α+1 · 72γ − 1

2

)
qn

≡ 4

∞∑
k=−∞

∞∑
l=0

qk(3k−1)/2+4l(3l−1)/2 (mod 8).

We note that n =
k(3k − 1)

2
+

4l(3l − 1)

2
is equivalent to 24n + 5 = (6k − 1)2 +

(12l − 2)2. Thus, if 24n+ 5 is not of the form x2 + y2, then

bped3,3

(
4 · 34α+2 · 72γn+

5 · 34α+1 · 72γ − 1

2

)
≡ 0 (mod 8). (26)

Also,

(
−1

p

)
= −1 implies that νp(N) is even if N is of the form x2 + y2. Taking

n = p2k+1m+
5(p2k+2 − 1)

24
, it follows that 24n+5 = p2k+1(24m+5p), which cannot

be written in the form x2 + y2. For such n, we have

4 · 34α+2 · 72γn+
5 · 34α+1 · 72γ − 1

2

= 4 · 34α+2 · 72γ · p2k+1m+
5 · 34α+1 · 72γ · p2α+2 − 1

2
.

So, Equation (22) follows easily from Equation (26). The proofs of Equations (23)

and (24) are similar to that of Equation (22) and can be proved by using the

following identities [9, Equations (4.52) and (4.56)], respectively:

∞∑
n=0

bped3,6
(
8 · 34α+3 · 72γn+ 5 · 34α+2 · 72γ

)
qn ≡ 8f5

1 (mod 16)

and

∞∑
n=0

bped3,6
(
72 · 72γn+ 15 · 72γ

)
qn ≡ 8f5

1 (mod 16).
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Theorem 5. Let p ≥ 5 be a prime with

(
−3

p

)
= −1. Then for all integers

k,m, α, β ≥ 0 with p ∤ m, we have

bped3,3

(
4 · 34α+2 · 52β · p2k+1m+

13 · 34α+1 · 52β · p2α+2 − 1

2

)
≡ 0 (mod 8),

(27)

bped3,6
(
34α+2 · 52β · p2k+1(24m+ 13p)

)
≡ 0 (mod 16), (28)

and

bped3,6
(
3 · 52β · p2k+1(24m+ 13p)

)
≡ 0 (mod 16). (29)

Proof. From [9, Equation (3.40)], we have

∞∑
n=0

bped3,3

(
4 · 34α+2 · 52βn+

13 · 34α+1 · 52β − 1

2

)
qn ≡ 4f13

1 (mod 8). (30)

Employing Equation (5) in Equation (30) and then using Equations (3) and (4), we

obtain
∞∑

n=0

bped3,3

(
4 · 34α+2 · 52βn+

13 · 34α+1 · 52β − 1

2

)
qn

≡ 4

∞∑
k=−∞

∞∑
l=0

qk(3k−1)/2+2l(l+1) (mod 8).

We see that n =
k(3k − 1)

2
+2l(l + 1) is equivalent to 24n+13 = (6k−1)2+3(4l+2)2.

Thus, if 24n+ 13 is not of the form x2 + 3y2, then

bped3,3

(
4 · 34α+2 · 52βn+

13 · 34α+1 · 52β − 1

2

)
≡ 0 (mod 8). (31)

Also,

(
−3

p

)
= −1 implies that νp(N) is even if N is of the form x2 + 3y2. Taking

n = p2k+1m +
13(p2k+2 − 1)

24
, it follows that 24n + 13 = p2k+1(24m + 13p), which

cannot be written in the form x2 + 3y2. For such n, we have

4 · 34α+2 · 52βn+
13 · 34α+1 · 52β − 1

2

= 4 · 34α+2 · 52β · p2k+1m+
13 · 34α+1 · 52β · p2α+2 − 1

2
.
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Thus, Equation (27) follows immediately from Equation (31). The proofs of Equa-

tions (28) and (29) are similar to that of Equation (27) and can be proved using

the following identities [9, Equations (4.50) and (4.54)], respectively:

∞∑
n=0

bped3,6
(
8 · 34α+3 · 52βn+ 13 · 34α+2 · 52β

)
qn ≡ 8f13

1 (mod 16)

and

∞∑
n=0

bped3,6
(
72 · 52βn+ 39 · 52β

)
qn ≡ 8f13

1 (mod 16).

Theorem 6. Let p ≥ 3 be a prime with

(
−1

p

)
= −1. Then for all integers

k,m, α, β ≥ 0 with p ∤ m, we have

bped3,6
(
34α+2 · p2k+1(12m+ 5p)

)
≡ 0 (mod 16) (32)

and

bped3,6
(
3 · p2k+1(12m+ 5p)

)
≡ 0 (mod 16). (33)

Proof. From [9, Equation(4.61)], we note that

∞∑
n=0

bped3,6
(
4 · 34α+3n+ 5 · 34α+2

)
qn ≡ 8

f2f
3
3

f1
(mod 16). (34)

Employing Equation (5) in Equation (34) and then using Equations (3) and (4), we

obtain
∞∑

n=0

bped3,6
(
4 · 34α+3n+ 5 · 34α+2

)
qn

≡ 8

∞∑
k=−∞

∞∑
l=0

qk(3k−1)/2+3l(l+1)/2 (mod 16).

We see that n =
k(3k − 1)

2
+

3l(l + 1)

2
can be equivalently expressed as 24n+10 =

(6k − 1)2 + (6l + 3))2. Thus, if 24n+ 10 is not of the form x2 + y2, then

bped3,6
(
4 · 34α+3n+ 5 · 34α+2

)
≡ 0 (mod 16). (35)

Also,

(
−1

p

)
= −1 implies that νp(N) is even if N is of the form x2 + y2. Taking

n = p2k+1m +
5(p2k+2 − 1)

12
, it follows that 24n + 10 = p2k+1(24m + 10p), which

cannot be written in the form x2 + y2. For such n, we have

4 · 34α+3n+ 5 · 34α+2 = 34α+2 · p2k+1(12m+ 5p).
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So Equation (32) follows from Equation (35). Similarly, we can prove Equation (33)

by using the following identity from [9, Equation (4.66)], namely

∞∑
n=0

bped3,6 (36n+ 15) qn ≡ 8
f2f

3
3

f1
(mod 16).
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