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Abstract

Let bpwj’ (1) denote the number of [j, k]-overpartition pairs of the positive integer n
with even parts distinct in which the first occurrence of each distinct part congruent
to j modulo k may be overlined. Mahadeva Naika et al. (2023) proved many infinite
families of congruences modulo small powers of 2 for the particular cases bped; 5(n)
and bp@;m(n). As an extension to the above work, in this paper we prove some new
infinite families of congruences for bpeds 3(n) and bpeds ¢(n), which also generalize
some of the known results.

1. Introduction

A partition of a positive integer n is a sequence of positive integers x1 > xo > -+ >
x) with n = Zle x;. The positive integers x; are called parts of the partition. For
example, n = 3 has three partitions, namely, 3,2+ 1, and 1+ 1+ 1. If p(n) denotes
the number of partitions of a positive integer n, then the generating function of
p(n) is given by

0o - 1
,;p(n)q (9

where for any complex numbers a and g,

o0

(a:q)oo = [ (1 —ad®), gl <1. (1)

k=0
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For any positive integer h, we will use the notation f;, := (¢"; ¢")o for brevity. Ra-
manujan [1, 11, 12] established the following beautiful congruences for the partition
function p(n):

p(bn+4)=0 (mod 5),
p(Tm+5)=0 (mod 7)

and

p(1ln+6) =0 (mod 11).

An owverpartition of a positive integer n is a partition of n wherein the first
occurrence of a part may be overlined. For example, n = 3 has eight overpartitions,
namely, 3,3,2+ 1,2+ 1,2+ 1,2+ 1,1+ 1+ 1 and 1+ 1+ 1. The overpartition
function is usually denoted by p(n), which was first studied by Corteel and Lovejoy
[2]. The generating function for p(n) is given by

Z ﬁ(n)qn _ (q2§ q2)oo .

= (9%

The arithmetic properties of p(n) have been studied by many authors, for example
see [3, 4, 6, 10, 13, 14].

For positive integers j and k such that & > j > 1, a [j, k]-overpartition of n
is a partition in which the first occurrence of each distinct part that is congruent
to j modulo k may be overlined. If p;,(n) counts such overpartitions of n with
P;x(0) =1, then its generating function is given by

— n (P50
,Lz::opj’k(n)q (G

Mahadeva Naika et al. [7] obtained many infinite families of congruences modulo
powers of 2 for p; ;. (n).

In [8], the authors studied another partition function, denoted by @j7 (1), which
counts the number of [4, k]-overpartitions of n such that the even parts are distinct
and the first occurrence of each part that is congruent to 7 modulo & may be
overlined. The generating function of @j,k(n) is given by

—— (0% 0" oo (=" ¢")
ped. . (n)q" = .
;0 () (¢:9)oo

The authors in [9] studied the partition function bped; (n), which denotes the
number of [J, k]-overpartition pairs of a positive integer n with distinct even parts,
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in which the first occurrence of each distinct part that is congruent to j modulo &
may be overlined. The generating function of bpedjyk(n) is given by

Y qN)2 (=75 d)2
(4;9)%

> ped, (n)g” = @
n=0

They also proved some infinite families of congruences modulo small powers of 2
for the particular cases bpeds 3(n) and bpeds (n). As an extension to the work of
[9], in this paper we prove some new infinite families of congruences for bp@;m (n)
and bpeds ¢(n), which generalize some of the known results. To prove our results,
we will use the method of elementary g¢-series identities. The following g-identities
are crucial in our proofs:

fi= f} (—1)rgr®r=hr2, (3)
% = i(—l)“@n +1)gn D/ (4)
n=0
and
P =[5 (modp"), (5)

where r and m are positive integers and p is a prime. For Identities (3) and (4),
see Equations (1.61) and (1.7.1) of [5], respectively. Congruence (5) is an easy
consequence of the binomial theorem and Equation (1).

2. Congruences for bped; ;,(n)

This section is devoted to proving congruences for bpedj’k(n). First, we define the

Legendre symbol (a). If p is any odd prime and a is any integer relatively prime
p

to p, then
a\ 1, if a is a quadratic residue of p,
p) | —1, ifais a quadratic non-residue of p.
) ) —6 .
Theorem 1. Let p > 5 be a prime with (| — | = —1. Then for all integers
p

k,m,a, B >0 with ptm, we have

=0 (mod 16) (6)

. 7. 34a+2 . 52,8 242 1
bp€d3’3 (4 . 34()(+3 . 52ﬂ .ka-‘rlm + 2 ¥y )
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and
7. 525 .p2a+2 -1
2

bpeds 5 (12 528 kAL, o

> =0 (mod 8). (7)

Proof. From [9, Equation (3.27)], we note that
7. 34a+2 . 52ﬁ -1
2

> bpeds 5 (4 - 3tads 5260y 4

n=0

) " =8f7 (mod 16).  (8)
Using Equations (3) and (4), we see that the right hand side of Equation (8) becomes

(oo} (o]
8T =80 =8A =8 3 Y a" = Y (mod 16).

k=—o00 I=0

k- 1)

We need to know whether n can be written as +1(l+1) for some integers

k and [. This is equivalent to 24n + 7 = (6k — 1)® + 6(21 + 1)2. Thus, if 24n + 7 is

not of form 2% + 6y, then

7.3%+2.520
2

bpeds 5 (4 - 3lats 520y 4 ) =0 (mod 16). (9)

Also, (_6) = —1 implies that v,(N) is even if N is of the form 2% + 6y, where
p

vp(N) equals the exponent of the highest power of p dividing N. Taking n =
7(p2k+2 _ 1)

24
be written in the form x2 + 6y2. For such n, we have

p?Ftlm 4 , it follows that 24n + 7 = p***1(24m + Tp), which cannot

7.3%0%2. 520 ]

43443 . 5%y 4 5

7. 34a+2 A 52,8 Cm2a42 1
k1, o p )

=4.3%+3.528 5

Thus, Equation (9) implies
7. 34oc+2 . 525 .p2a+2 -1
2

bpeds 4 (4 - 3tets 520 2ty 4 > =0 (mod 16).

This completes the proof of Equation (6). The proof of Equation (7) is similar to
the proof of Equation (6), which can be proved by using the following identity [9,
Equation (3.42)], namely

g s, 752 -1\ .
> bpeds s (125 nt———|¢"=4f{ (mod8).

n=0
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—2

Theorem 2. Let p > 5 be a prime with <> = —1. Then for all integers
p

k,m,a, 8 > 0 with ptm, we have

11 - 34a+2 . 526 . p2a+2 -1

bpeds 5 (4 -3tot3 520 2l ) =0 (mod 16),

2

(10)

bped (12 528 R 11-528 .§2a+2 - 1> — 0 (mod 4), (11)

bpeds g (3*T2 - 50 . p?* 1 (24m + 11p)) =0 (mod 32), (12)
and

bpeds g (3-5%° - p* 1 (24m + 11p)) =0 (mod 32). (13)

Proof. From [9, Equation (3.25)], we have

11.-3%+2.520 _1
2

> bpeds 4 (4 -3tot3 520y 4 > ¢" =8f2f3 (mod 16). (14)
n=0

Using Equations (3) and (4) in Equation (14), we obtain

2

S 11-3%+2.528 1
Z bpeds 5 (4 . gdat3 528, 4 ) 7"
n=0

=3 Z qu(3k71)+3l(l+1)/2 (mod 16).
k=—o00 1=0

+1)

3U(1
We note that n = k(Sk:—l)—l—(T is equivalent to 24n+11 = 2(6k—1)2+(61+3)2.
Thus, if 24n + 11 is not of the form 222 + y?, then

11 - 34a+2 . 525 -1
2

bpeds 5 (4 - 3tot3 520y 4 > =0 (mod 16). (15)
—2

Also, <> = —1 implies that v,(N) is even if N is of the form 222 4 y?. Taking
p

11 (p*+2 — 1
n = pzk“m + %, it follows that 24n + 7 = p2k+1(24m + 11p) cannot

be written in the form 2x2 + y2. For such n, we have

11 - 34o¢+2 . 523 -1
2

4 . 340é+3 . 52ﬁn 4 — 4 . 340é+3 . 52ﬁ .ka:Jrlm

11 - 34a+2 . 52ﬁ . p2a+2 -1
5 .




INTEGERS: 26 (2026) 6

Therefore, Equation (15) gives
11 - 34a+2 . 526 . p2a+2 -1
2

bpeds 4 (4 - 3hot3 520 2ty 4 ) =0 (mod 16).

This completes the proof of Equation (10). The proofs of Equations (11), (12),
and (13) are similar to the proof of Equation (10) and can be proved by using the
following identities [9, Equations (3.56), (4.28), and (4.42)], respectively:

= 11-5%0 —1

> bpeds <12 5% + 2) " =2f>f3 (mod 4),

n=0

o0
D bpeds g (8- 3*FF 5200 4 113242 5%0) ¢ = 16£of5  (mod 32),

n=0
and

> bpeds s (72-5%n +33-5°%) ¢" = 162 £ (mod 32).

n=0

O
) ) —2 .
Theorem 3. Let p > 5 be a prime with <> = —1. Then for all integers
p

k,m,a, 8 >0 with ptm, we have

N 19 . 34a+2 . 52[5 . p20<+2 -1

bpeds 5 <4 - 3lats 520 2Ly, ) =0 (mod 16),

2

(16)

Bpeds 5 (12 528 oy, 4 19787 ';’2(”2 - 1) —0 (mod 8), (17)

bpedy g (3*2 - 520 . p?P 1 (24m + 19p)) =0 (mod 32), (18)
and

bpeds ¢ (35 - p*" 1 (24m + 19p)) =0 (mod 32). (19)

Proof. From [9, Equation (3.29)], we note that

19.3%+2.520 1
2

> bpeds 4 (4 - gtets 52y 4

n=0

> " =8f1f8 (mod 16), (20)

Using Equations (3) and (4) in Equation (20), we obtain

S 193442526
> bpeds (4 -3t 5% > "
n=0

2
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=8 Z qu(Sk—l)/2+6l(l+1)/2 (mod 16).
k=—o00 1=0

k(3k —1 (l+1
We see that n = (32 )+6(+)

to 24n + 19 = (6k — 1)% + 2(6 + 3)2. Thus, if 24n + 19 is not of the form z2 + 2y?,
then

for some integers k and [. This is equivalent

19 3l0+2. 520 1
2

bpeds 5 (4 - 3ot3 520y 4 ) =0 (mod 16). (21)

-2
Also, <> = —1 implies that v,(N) is even if N is of the form z? + 2y?. Taking
p

19 2k+2 1
M, it follows that 24n + 19 = p?**+1(24m + 19p) cannot

n = p?+im +
be written in the form x? + 2y2. For such n, we have
19-3%e+2.528 1

2

43843520 4

da+2 2 20+2
_ . gteta g ke, | 1973 + .52/3.p o1
So by Equation (21), we obtain
19 . 34a+2 . 52[3 . p2a+2 -1

2

bpeds 5 (4 L 3hat3 520 2ty 4 ) =0 (mod 16),

which completes the proof of Equation (16). The proofs of Equations (17), (18),
and (19) are identical to the proof of Equation (16) and can be proved by using the
following identities [9, Equations (3.44), (4.25), and (4.40)], respectively:

S 19-5%0 —1
Z bpeds 3 (12 5%+ 2) " =4f1f (mod 8),

n=0

img)ﬁ (8- 3%H3 . 52 + 193812 . 520) ¢" = 161 f§  (mod 32),

n=0
and

iM&G (72-5%n 4+ 57-5%) ¢" = 161 f3 (mod 32).

n=0

O

Theorem 4. Let p > 3 be a prime with <pl) = —1. Then for all k,m,ca,v > 0,

such that p1m, we have

5 =0 (mod 8), (22)

bpeds ¢ (3212 727 - p*+1(24m 4+ 5p)) =0 (mod 16), (23)

5. 34a+1 . 72'\/ Cn2a42 1
7bped3’3 (4 L3tk g2y 2kl p )
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and
bpeds ¢ (3-7*7 - p***1(24m + 5p)) =0 (mod 16). (24)
Proof. From [9, Equation (3.38)], we have

pogletl. 79 1
2

> bpeds (4 AR CAT N

n=0

) " =4f; (mod 8). (25)

Employing Equation (5) in Equation (25) and then using Equations (3) and (4), we
obtain

> bpeds (4 B S AT
n=0

5ogletl. 7 1\
5 q

=4 Z qu(3k—1)/2+4l(3l—1)/2 (mod 8)
k=—o00 [=0

k(3k —1 4131 -1
We note that n = G ) + (32 ) is equivalent to 24n + 5 = (6k — 1)? +

(121 — 2)%. Thus, if 24n + 5 is not of the form z? + y?, then

5_34a+1 . 72'y -1
2

bpeds 5 (4 RN Al ) =0 (mod 8). (26)

-1
Also, () = —1 implies that v,(N) is even if N is of the form z? + y?. Taking
p

5(p2k+2 _ 1)

n=p*tm+ , it follows that 24n+5 = p?**1(24m+5p), which cannot

be written in the form z2 + 2. For such n, we have

5.3letl 72

4. 3%0t2 727 4 5

5. 34a+1 . 727 . p2a+2 -1

2
So, Equation (22) follows easily from Equation (26). The proofs of Equations (23)
and (24) are similar to that of Equation (22) and can be proved by using the
following identities [9, Equations (4.52) and (4.56)], respectively:

— 4 . 34a+2 . 72'y .p2k‘+1m 4

> bpeds g (8- 3% 7T 4 5. 3%F2 . 72) g = 8f7  (mod 16)
n=0
and

> bpeds (727 + 15 727) ¢ = 8f7  (mod 16).
n=0
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-3

Theorem 5. Let p > 5 be a prime with <> = —1. Then for all integers
p

k,m,a, 8 > 0 with ptm, we have

. 13- 34a+1 . 528  p2a+2 _ |
bpeds 5 <4 ghet2 520 2kt 4 33 52 P ) =0 (mod 8),
(27)
bpeds g (3'*1% - 527 . p*+1(24m 4 13p)) =0  (mod 16), (28)
and
bpeds ¢ (3527 - p*1(24m +13p)) =0 (mod 16). (29)

Proof. From [9, Equation (3.40)], we have

13- 3%+l 520
2

> bpeds (4 -3tat2 526y 4

n=0

) ¢" =4f;% (mod 8). (30)

Employing Equation (5) in Equation (30) and then using Equations (3) and (4), we
obtairéo

Z bpeds 5 (4 Lot 526y 4

n=0

13.3%+1.528 _ 1\
D) q

=4 Z qu(3k—1)/2+2l(l—‘rl) (mod 8)
k=—o00 [=0

-1
We see that n = M—i—?l(l + 1) is equivalent to 24n+13 = (6k—1)2+3(4(+2)2.

Thus, if 24n + 13 is not of the form 22 + 3y2, then

13 .34a+1 .528 _q
bpeds 5 (4-34a+2.52f3n+ 53 5 > )zo (mod 8). (31)

Also, <3> = —1 implies that v,(N) is even if N is of the form z? + 3y*. Taking
p

2k+1 13(p**+2 1) . 2k-+1 .
n=p m + — oy it follows that 24n + 13 = p (24m + 13p), which

cannot be written in the form 2 + 3y2. For such n, we have

13- 34+l . 520 1
2

4. 3402 52y 4

13 . 34a+1 . 525 Lp2at2 _q
2k+1, 4 p .

—4.34%+2 528 5
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Thus, Equation (27) follows immediately from Equation (31). The proofs of Equa-
tions (28) and (29) are similar to that of Equation (27) and can be proved using

the following identities [9, Equations (4.50) and (4.54)], respectively:

> bpedy g (8-3*8 . 52n + 13- 3%F2 . 5%) ¢" = 8f]7  (mod 16)

n=0
and
> bpedy s (72 5%°n+39-5%) ¢" = 8f1° (mod 16).
n=0
O
-1
Theorem 6. Let p > 3 be a prime with <> = —1. Then for all integers
p
k,m,a, B >0 with ptm, we have
bpeds ¢ (3**+2 - p?* 1 (12m + 5p)) =0 (mod 16) (32)
and
bpeds ¢ (3 - p*" T (12m + 5p)) =0  (mod 16). (33)
Proof. From [9, Equation(4.61)], we note that
o~ — 4a+3 4a+2 n _ f2f§)
> bpeds g (4-3* 0 +5.3%72) ¢" =822 (mod 16). (34)

f1

Employing Equation (5) in Equation (34) and then using Equations (3) and (4), we
obtain

n=0

ZM&@ (4 . 34a+3n + 5 . 340¢+2) q’rl
n=0

=3 Z qk(3k—1)/2+3l(l+1)/2 (mod 16).
k=—o00 l=0
k(3k—1)  3l0+1)

We see that n =
(6k — 1)% + (61 + 3))2. Thus, if 24n + 10 is not of the form 22 + y?, then

can be equivalently expressed as 24n + 10 =

bpeds g (4-3'*Pn+5-31%%) =0 (mod 16). (35)

—1
Also, <> = —1 implies that v,(N) is even if N is of the form z? + y?. Taking
p

5 2k+2 1
%, it follows that 24n + 10 = p2k+1(24m + 10p), which

cannot be written in the form 2 + y2. For such n, we have

4. 31088y 4 5. 3let2 = glot2 2 (199 4+ 5p).



INTEGERS: 26 (2026) 11

So Equation (32) follows from Equation (35). Similarly, we can prove Equation (33)
by using the following identity from [9, Equation (4.66)], namely

fof3
h

> bpeds g (36n +15) ¢" =8

n=0

(mod 16).

O
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