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Abstract
We present a probabilistic representation of generalized harmonic numbers in terms
of the standard gamma distribution. Using the Laplace transform and the re-
productive property of the gamma distribution, we give a probabilistic proof of a
summation identity for generalized harmonic numbers.

1. Introduction

Let « be a real number. For any integer n > 1, we define the harmonic numbers by
n
Hy, =Y
k=1
and the generalized harmonic numbers by
1
HM =% =
k=1

In what follows, we assume that n > 2. Tt is well-known [3, Equation (6.67)] that

7

| =

n—1
Z H; =nH, —n.
j=1

More generally,

n—1
> H® =nH{® —H{*Y (1)
j=1
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holds for every real a [10, Equation (43)]. Another identity involving harmonic

numbers is )
Z<J>Hj ( n )( ; 1 >, @)
m m+1 m+1

j=1
which holds for every integer m > 0 [3, Equation (6.70)]. Note that we use the
convention that ( 2 ) = 0 for integers j and m satisfying 0 < j < m.
A common generalization of Equations (1) and (2) is the following proposition.

Proposition 1 ([10, Theorem 25]). For every integer m > 0, we have

STIATT n 1 m+ 1
@ — H@ .~ _qymHlor Fla—r) 3
S - (o et Ee e o

J=1

where {3”} denotes the unsigned Stirling number of the first kind, defined by

(@) = S (1) e ()
and

(@) = (x—1)---(x—=m+1) form>1,
= 1 form =0.

Setting m = 0 in Equation (3) yields Equation (1), while setting o = 1 yields
Equation (2). As a numerical illustration, we verify Equation (3) in a simple case.
Example 1. Let n =3, @« =2, and m = 1. We have

5 49
H =1, B = 7, and Hy? = g

The left-hand side of Equation (3) is

2 .
VAREE) L\ @, (2) 450 5 7
H? — H H?Y =142 =L
S (1) = (1) (R =145 =

For the right-hand side, we also need

together with [g} =0, [f] =1, and [2} = 1. Hence,

Ny 1 ), gy _49 7 _ 7
HY — — (Y +HY) == - L =
(2) 3 ( s s ) 2 12 2’

which agrees with the left-hand side, confirming Equation (3) in this case.
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The aim of this note is to give a probabilistic interpretation of generalized har-
monic numbers in terms of the gamma distribution and to provide a probabilistic
proof of Equation (3).

Some important identities in combinatorics admit probabilistic interpretations.
For example, Peterson [8] gave probabilistic proofs of several identities involving
binomial coefficients by using the standard exponential distribution. That is, he
considered a random variable X; having probability density function

e~* forx >0,
fXd(x):: { B

0 for x < 0.

This approach has subsequently been applied to various combinatorial identities;
see, for example, [1, 2, 5, 6, 7]. Among these works, Farhadian [1] gave an el-
egant probabilistic proof of Equation (1) using the Zipf distribution. Motivated
by Farhadian’s work, we establish the more general identity (3) using the gamma
distribution, a natural extension of the exponential distribution.

Throughout this note, let Xy ~ Gamma(s,1) denote the gamma distribution
with shape parameter s > 0 and scale parameter 1. Its probability density function

18
e—wxs—l

fx.(x)=q T(s)

0 for z < 0,

for x > 0,

where -
I'(s) = / e T2
0

is the standard gamma function (see [9, Section 5.6.1]). Our proof is based on the
Laplace transform and the reproductive property of the gamma distribution. These
provide a unified probabilistic approach to identities involving generalized harmonic
numbers.

In what follows, a denotes the parameter of generalized harmonic numbers,
whereas s > 0 denotes the shape parameter of the gamma distribution. The as-
sumption s > 0 is required only for the probabilistic argument, since the gamma
distribution is defined only for positive shape parameters. The identities themselves
remain valid for arbitrary real values of «.

2. A Representation of Generalized Harmonic Numbers via the Gamma
Distribution

We first establish two lemmas describing the relationship between generalized har-
monic numbers and the gamma distribution. These results lead directly to the proof
of the main identity (3).
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Lemma 1. Let s > 0 and let X; ~ Gamma(s,1). Then, we have

(s) e 1—e ¥
H, :ZE(e )=E 1% ) (5)

k=0

where E(X) denotes the expectation of a random variable X.

Proof. According to [4, Section 5.8 (8) and Appendix I.F.12], the Laplace transform

of X, is
o] —x,.5—1 1 s
E(e )= [ e#i X —de=(—) fort>-1.
(e ) /0 e I(s) x T+ ort >

Setting ¢t = k, where £ =0,1,..., gives

1
E(e ") = ——.
(e ) (k+1)s
Summing both sides over k =0,...,n — 1 immediately yields Equation (5). O

To explain the property of the gamma distribution that we use below, we first
introduce the notion of a reproductive property.

Definition 1. A parametric family of distributions is said to possess the reproduc-
tive property if the sum of independent random variables from this family again
belongs to the same family.

The gamma distribution is known to possess the reproductive property (see [9,
Example 3b]): for any u € (0, s), Xs ~ Gamma(s, 1) can be represented as

Xo L X+ X, (6)

where X! ~ Gamma(u, 1) is independent of X;_, ~ Gamma(s — u,1). This prop-
erty enables us to relate generalized harmonic numbers with different parameters.

Lemma 2. For 0 < u < s, we have

n—1
HE™ =Y (k4 1)"E(e"*). (7)
k=0

Proof. Since X;_,, and X/, are independent, Equation (6) implies
E(e™F¥e) = E(e HXemn)E(e7h¥u).

Therefore, it follows from E(e *Xu) = (k + 1)~* that

E(e=*Xs)

—kXs_ 0w\ _ u —kX,

E(e )771[43(6_’0(“) =(k+1)"“E(e ).

Summing both sides over £k = 0,...,n — 1 and applying Lemma 1 completes the

proof. O
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Lemma 2 shows that decreasing the parameter of the generalized harmonic num-
bers by u is equivalent to multiplying each expectation by the factor (k + 1)*. The
following identity expresses a weighted sum of expectations in terms of generalized
harmonic numbers.

Corollary 1. For every integer m > 0 and s > m + 1, we have

1 - mz*:l(il)mﬂ,j [m + 1} H) = Til (k +1 >]E(ekX5). (8)

(m+1 = J = \m+1
Proof. Equation (4) yields

E+1Y\  (k+1)mg
m+1)  (m+1)
m+1

1 mt1—j m+1 j
:7(m+1)!]§0(—1) * [ j }(/Hl).

Multiplying both sides by E(e~*%+) and summing over & = 0,...,n — 1, we obtain
Equation (8) using Equations (5) and (7). Here, for 1 < j < m+ 1, the assumption
s > m + 1 ensures that 0 < j < s. O

3. Proof of Proposition 1

The proof uses the representation of generalized harmonic numbers obtained in
Section 2.

Proof of Proposition 1. We first prove the identity for « = s > m+1. The following
identity is well-known [3, Table 174] (it is sometimes referred to as the “hockey-stick

identity”):
= \m m+1)

5 () () stz

j=k+1

It follows that



INTEGERS: 26 (2026) 6

Hence,
n—1 n—1 n—1
(J)H]m © § (kX 3 (J)
j=1 m k=0 Jj=k+1
n—1 n—1
©) n kX, k+1 kX
= E s - ]E s
() Zme) = X (50 et
k=0 k=0
m4+1
®) n g _ 1 (_1)m+1—j m+1 H(s—9)
m+1)7" (m+ 1)! = J L

which proves Equation (3) for &« = s > m + 1. Since both sides of Equation (3),
regarded as functions of «, are real-analytic, the identity theorem implies that
Equation (3) holds for all real «. O

4. Concluding Remarks

Although this note has been developed in terms of the gamma distribution, an
equivalent probabilistic interpretation can also be obtained by using a distribution
on (0,1). Indeed, Peterson [8] used the exponential distribution, whereas Nakata [6]
showed that an equivalent argument can be obtained via the corresponding uniform
distribution by exploiting the beta function.

To obtain an analogous representation for the gamma distribution, let X, ~
Gammal(s, 1) with s > 0, and define

Ve=e Y. (10)

It follows that the probability density function of Vj is

(—loguv)*~*

fv(v) = I'(s)

0 otherwise.

for0<wv <1,

The generalized harmonic number H7(,,S) admits the representation

— 1-vr
(s): ky — Vs
H¢ ’;J]E(VS) E(l—VS)'

The random variable Vy also satisfies the multiplicative semigroup property, for
0<u<s,
d
V:e = %7UVJ,

where V/ = e~ Xu and V! is independent of V,_,. Thus, the transformation defined

by Equation (10) provides an equivalent probabilistic model. However, the gamma
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distribution itself seems to be the more natural framework, since both its Laplace
transform and its reproductive property are available directly.
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