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Abstract
Using a result of Chow, Lindqvist, and Prendiville, we establish that for any positive
integer k, positive integer n with n > 3k(log k+log log k+2+0O(log log k/log k)),
prime p, integer ¢, and integers a;, with p{ a; for 1 < i < n, there exists a solution
to a1z¥ + asxk + -+ + ana® = ¢ (mod p) with 1 < z; <, pt for 1 <i < n.

1. Introduction

For prime p and positive integer k, let I'(k,p) denote the minimal positive integer
n such that for any integers a; with pta;, 1 <i <n, and integer c,

azh +agah + - +anat =c (mod p) (1)
has a solution. In [5], Cochrane, Ostergaard, and Spencer were able to obtain
solutions to Equation (1) with 1 < z; < p% for 1 <¢<n whenn > %(k:2 +k+2).
The goal of this paper is to lower the required number of variables needed to obtain
solutions to Equation (1) with variables of size 1 < z; < p* for 1 <i < n. Of note,
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by looking at the congruence Y., z¥ ”2;1 (mod p), we see that 1 < z; <, pr

for 1 < i <n is optimal.

Obtaining small solutions has been studied for homogeneous congruences as well.
For homogeneous congruences of the form

allﬂlf + azx'ﬁ + -+ anwﬁ =0 (mod p) @

where the a;, 1 < ¢ < n, are integers and p is prime, Schmidt [10] found that
when k is odd, € > 0, and n is sufficiently large, Equation (2) has a solution with
max; |z;| < p¢. Later, Schmidt [11] showed that for a; € Z, 1 < i < n, p a prime,
odd k > 3, € > 0, and a constant ¢(k) depending only on k, Equation (2) has a

solution with

l+ c(k)
max [z Kpn,e p~ V"
(3

“+e€

Baker [1] found that for a natural number m, € > 0, and integers a;, 1 <i < n, a
non-zero solution to the congruence

a1z} + agah + -+ anal =0 (mod m) ®)

can be found when

1 1
mz T2t for n > 4;
max|ai] < ", |
i m3Te, for n = 3.

In the case of k = 3, Dietmann [7] showed that Equation (3) has a solution when

1.3
m2Tan, for n odd;

max \xz\ S 14 1
g m?272n=D  for n even.

In [2, Lemma 10.1], Baker further refined his bound on solutions to homogeneous
congruences with a composite modulus by proving that for a natural number m,
€ > 0, integers a;, 1 <1i <n, and n > C(k,€) where C(k,¢€) is a constant, Equation
(3) has a solution with

max || < mrTe.

This paper uses smooth numbers and a result from the work of Chow, Lindqvist
and Prendiville [4] to lower the number of variables needed to establish a solution
for Equation (1) with 1 < z; < p% for 1 <14 < n. Using this result we are able to
reduce the number of variables needed from n > %(k2 +k+2)to

n> gk(log k+log log k + 2+ O(log log k/log k).
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Theorem 1. For any positive integer k, positive integer n with

9, for k=2,
n > 12, for k =3;
%k(log k+log log k+ 2+ O(log log k/log k)), fork > 4;

prime p, integer ¢, and integers a;, with pt a; for 1 <i <n, there exists a solution
to Equation (1) with 1 < z; <, p% for1 <i<n.

2. Preliminary Results

First, we introduce the new result that leads to the reduction in the size of n. For
any positive real number 7 and positive integer B, we define A = A(B, B") to be
the set

A:={z €[l,B]NZ: p prime,p | x implies p < B"},
which we call the set of B"-smooth numbers. Now we are able to state the following
theorem, shown by Chow, Lindqvist, and Prendiville [4].

Theorem 2 ([4], Theorem B.1). Let ci,...,cs € Z\{0} with Y, ;c; =0 for some
non-empty subset I of {1,2,...,s}. Then, for k > 2, there exists a positive real
number 1o (k) and positive integers so(k) and No(c,n, k) such that for 0 < n < no(k),
s > s0(k) and N > Ny(e,n, k), we have

#{a: € A(N,N™)* ch _0} ek N°TF.

Moreover, one can take so(2) = 5, s0(3) = 8, and for k > 4,

so(k) = k(log k + log log k + 2 + O(log log k/log k)).

Let
Ngn = # {(9071/) e A" x A" : Zaiazf = Zaiyf (mod p)} ,
i=1 i=1
Ngn :#{(I,y)EA”XA":Zx Zyl modp}
i=1
and

=1

San = {Zami—“ EZp:xEA”}.



INTEGERS: 26 (2026) 4

We define the Dickman function, p(u), which is the continuous function on the non-
negative real numbers that is uniquely defined by the differential equation up’(u) =
—p(u — 1), with the initial condition that p(u) = 1 for u € [0,1].

In the following lemma we will consider the set of B7-smooth numbers, and we
will use the bound

1 B
_ n — _
Al = |A(B, BY)| ‘Bp(n) +0 (1og 3)7

which was established by Ramaswami [8].
Let n9(k) and so(k) be defined as in Theorem 2. We also define the additive
character e,(-) = e2™()/P. We can now prove the following lemma.

Lemma 1. For any positive integers k andn and prime p withk > 2,0 < n < no(k),
2n > so(k), nB¥ < p, and integers a; with (a;,p) = 1, 1 < i < n, we have
|San| >p.nn BF.

Proof. The statement is trivial if B is less than a constant depending only on 7 and

k, so we may assume that B is sufficiently large in terms of n and k, as needed.
Using the Cauchy-Schwarz inequality, we see that

|A|?" = Z #{xeA":Zaixsz (modp)}
1

zES pn i=

2

IA

Z 1 Z <#{x€¢4":iaixfzz (modp)}>

zES pn zES pn
=[S [N gn.

Thus, we have that |Sgn| > |A|?*"/Ngn.
Now we consider N 4». Note that, by Holder’s inequality, we have

Nyn = ;i Z ep ()\ (iaixf — iamf))
i=1 i=1

A=1lz,yc A"

We notice that
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counts the number of solutions to the congruence

ai(af + -+ ah) = a;(yy +---+y)) (mod p).

Since (a;,p) = 1, this is the number of solutions to

af a2k =i 4yt (mod p). (4)

In conclusion, Ngn < Ngn. Since nB* < p, any solution to Equation (4) with
1 < z;,y; < B is a solution to % + --- + 2F = y¥ + ... + yk. Thus, we have by
Theorem 2 that Nn < pny B, 50 Nan <ppny B2 F. For B sufficiently large,
we have that |A| > 3p (%) B. Therefore, we find that |San| > ., B O

We now recall two lemmas from [5]. The first lemma follows from the Cauchy-
Davenport Theorem [3,6].

Lemma 2 ([5], Lemma 8.1). For any prime p and positive integer k, we have
T'(k,p) < k.

We define the following sumset and product set notation. For A, B C Z,, we use
A+B={a+b:ac Abe B} and AB={ab:a € Abe B}.
The following lemma is a direct consequence of a result of Sarkozy [9, Corollary

Al

Lemma 3 ([5], Lemma 8.3). If Ay, Ay, As, and D are subsets of Z, with
|A1||A2||A3HD‘ > pg, then AlD + A2 + A3 = Zp.

We now have all of the necessary tools to prove Theorem 1.

3. Proof of Theorem 1

Proof of Theorem 1. Let k be a positive integer, and so(k), 19(k), and Ny be as
defined in Theorem 2. We may assume that n = 3 [w—‘ by setting n — 3 {#—‘

variables equal to arbitrary values in their specified intervals if n > 3 Fo(k) . We

2
note that for £ = 2,3, we have

3 Foéﬂ =3 Bw =9 and 3 FOS’)W =3 BW =12,

Let 0 < n < no(k), p be prime, and ¢, a; be integers such that p{a; for 1 <1i < n.
1
Set B = U%p) "J and define m = FOT(’C)—‘

If p is less than the implied constant in 1 < z; < p%, then the x; are any
elements of the complete residue system modulo p. By Lemma 2, we have that
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Equation (1) is solvable. Thus, we may assume that p is larger than any constant
depending only on k as needed. In particular, we may assume that p > [SOT(M—‘, S0
that B > 1.

We divide our variables into three sets, each with m elements. Define

m
A = ZaixerP:xiEA,lgiSm ,
i=1
and define A5 and Aj similarly for the variables x,, 41, ..., Zom and Zom41, .- -, T3m,
respectively. We now apply Lemma 1 with n replaced by m, checking that mB* < p
and 2m > so(k) by our definitions of B and m. Since mB* < p, it follows from
Lemma 1 that there exists a positive constant co(k,n) with |A;| > co(k,n)p for

1 < (3 < 3.
_ k
Co(k777)3

We set
and take p to be sufficiently large so that p > L. Furthermore, we set D =
{1%,2% 3% ... L*} C Z,. Note that there are at least L/k distinct values mod p in
the set D. Thus, |A1||As||A3]|D| > p?. Therefore, by Lemma 3, A1 D+As+As = Z,,.
It follows that for any integer ¢, there exists a solution to Equation (1) with
1<az; < LB < p*. |
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