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Abstract
Ballantine, Beck, and Merca defined a map pre,, which sends an integer partition
A= (A1,..., A¢) to the multiset {A;A; : 1 < i < j < £} consisting of the pairwise
products of parts of A\. These three authors conjectured that for each n, the map
pre, is injective on the set of integer partitions of n. In this note, we prove their
conjecture.

1. Background

An integer partition A = (A1, ..., \¢) of a positive integer n is a weakly decreasing
sequence of positive integers whose sum is n. We refer to the \;’s as the parts of a
partition, |A\| = n as the size, and ¢(\) = £ as the length.

The jth elementary symmetric polynomial e; is defined by

e.(xl z ) o Zl§i1<i2<m<ij§nxi1 ""Z'ij ifj Sn;

AR n - . .

! 0 if j >n.

We are interested in the partition whose parts are the summands of e;(A1,. .., Ag).

Definition 1 ([1]). Given a partition A = (A1,...,A¢), we define pre, () to be the
partition whose multiset of parts is N\, --- N\, 1 <4y < dg < -+ < ip <A}
where {} denotes multiset. If £(\) < j, then pre,()) is the empty partition (. We
call pre, () an elementary symmetric partition.

For example, consider the partition A = (4,2,1,1) and k = 2. We can evaluate
e2(4,2,1,1) as

€2(4,2,1,1) =4-244-144-142-142-141-1,

and by looking at the summands, we get that pre,(A) = (8,4,4,2,2,1).
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The main conjecture, which first appeared in [1] and was noted again in [2], is
that the map pre, is injective on the set of partitions of n for each n. Our main
result is a proof of this conjecture.

Theorem 1. If A and p are partitions of a positive integer n, then pre,(\) =
pres(p) if and only if A = p.

In fact, our proof establishes a stronger statement where we replace partitions of
n by finite nonincreasing sequences of positive real numbers summing to n.

2. Proof

We start with an auxiliary lemma.
Lemma 1. Let A\ and p be integer partitions of a positive integer n. If A\ =
and preq(A) = preg(p), then A = p.

Proof. Observe that £(A) = £(u) because £(prey(N)) = (Z(Q)‘)) = (é(é‘)) = {(prey(p)).
We want to show A\; = p; for all 1 < ¢ < ¢(A\) = ¢(u), and we proceed by strong
induction on 7. For the base case, we know A\; = p1 by assumption.
For the inductive step, observe that
A, = max (preg(A) \ {1 <i<j<k—-1})
= max (preg(p) \ fpip; 1< i <j <k —1}) = papu.
Since A\; = 1, we conclude that Ay = pg. O

With Lemma 1 established, we have the necessary tool to prove our main result.

Proof of Theorem 1. Tt suffices to show the identity 3", ;o, A2" =Y, .., 2" for
all positive integers m because then
1/2™ 1/2™
L gm L gm _
At N DU B LN IR I
1<i<e 1<i<e
and we can apply Lemma 1.
We prove the identity by strong induction on m. For the base case, >, \; =
>_; i = n by assumption. For the inductive step, observe that
2

SN = ZA?WH -2 > arg)?

1<i<e 1<i<e Ai)jEpreg(A)
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INTEGERS: 26 (2026) 3

as desired. O

We remark that a classical result of Selfridge and Straus [3] states that the
multiset X = {z1,...,2¢} C C is uniquely determined by the multiset of pairwise
sums of elements of X if and only if £ is not a power of 2. An immediate consequence
of this theorem is that pre, is injective on partitions with lengths that are not powers
of 2, regardless of the sizes of the partitions. The strength of our result is that we
can also handle partitions with lengths that are powers of 2 if we fix their sizes.
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