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Abstract
Suppose k,z, and b are positive integers, and a is a nonnegative integer such that
k = a+b. In this paper, we will prove (Qkk) = (2a) (It%) if and only if z = a = 1.

a

We do this by looking at different cases depending on the values of x and k. We
use various techniques to prove the cases, such as direct proof, verification through
Maple software, and a proof technique found in Moser’s paper. Previous results
from Hanson, Stanica, Shanta, Nair, and Shorey are also used.

1. Introduction

It was discovered by Moser in [4] that the equation

£)-6)

has no solutions. This result was further extended by P. Erdds in [1], where he

proved that
2m f 2n
m n

for 2m > n. Following the line investigated by Moser in [4] and Erdés in [1], the
purpose of this paper is to prove the following result.

Theorem 1. Let k,xz,b be positive integers and a be a monnegative integer such
that k =a+b. Then

(%f) = (2:) (m —; Qb) if and only if r=a=1.

To prove this result, we need to overcome the difficulty that integers a and b are

no longer symmetric in the equation (%) = (*%) (*%?"), unlike the case discussed in

DOLI: 10.5281/zenodo.18714373



INTEGERS: 26 (2026) 2

[1] and [4]. The key tool used in our proof is an analysis of the existence of prime
numbers in the product of consecutive integers, which was extensively investigated
in [3] and [5].

2. Proof of Main Result

To prove our main result, we will break the proof up into different cases. We will
state these cases as propositions, and prove them throughout the paper by proving
smaller lemmas. First, we will prove the result when z > a.

Proposition 1. Let k,z,b be positive integers and a be a nonnegative integer such
that k = a+b. Assume that x > a. Then

2k < 2a\ [z +2b .
k)~ \a b
Moreover, the equality holds if and only if t = a = 1.

Proof. Note that
C(5) — (2a) (a+2b)! Kkl R!

a

CH al-al bl(a+b) (2k)!
 (20)(2a—1)---(a+1) k(k—1)---(b+1)
B ala—1)---1 C(2k)2k—1)---(a+2b+1)
_ g 20—-12—2 atl1 1 k=1 k-2 k—a+l
a—1 a—2 1 2 2k—12k—-2 2k—a+1
:(2a—1k—1><2a—2 k—2).“(a+lk—a+1)
a—12k—1/\a—22k—2 1 2k—a+1

>1 forl<a<k
=1 fora=0,1

Now, if > a, then

B3 G)CE) )

Furthermore, if x = a > 1, then

B2 ()

When z = a = 1, we have

B -(0)-)
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Next, we will prove the result for 1 < k£ < 10.

Lemma 1. Let k,xz,a,b be positive integers such that k = a + b. Assume that
1 <k<10. Then

2k\  (2a\ [z +2b

k) \a b

Proof. By Proposition 1, we may assume that x < a. All cases for 1 < k < 10 and
x < a are verified by direct computation with Maple software. O

if and only if x = a = 1.

In the following three lemmas, we will prove the result for a — x = 1,2,3 when
4 < 2a < k. We will fully prove Lemma 2, and omit the proofs of Lemma 3 and
Lemma 4 since they are similar.

Lemma 2. Let k,x,a,b be positive integers such that k = a+b. Then

<2k) + (Qa) <a+2b—1)7 for 4 <2a<k.
k a b

Proof. Let k,x,a,b be positive integers such that £k = a + b. Assume that

(if) - (2;) <“ * be - 1) for 4 < 2a < k. (1)

2k)!  (2a)!  (2k —a—1)!

k)2~ (@)? (k—a)(k—1)

So,

Thus,

2k(2k —1)(2k —2)---(2k—a)  (2a)(2a—1)---(a+2)(a+1)
k-k-(k—1)--(k—a+1) ala—1)---2-1
We have, for k > a,

2k—1<2 2k—2<2a—1 2k—3<2a—2 2k—a+1<a+2
k k-1 a—1" k-2 a—2" T k—a+2 2

and
2k —a a—2

.k—a—&—l: ( +k—a—|—1
Thus, if a > 5, then

2k < 2a\ fa+2b—1 for b — a+b.
k a b

><6§a+1 for a > 5.



INTEGERS: 26 (2026) 4
When a = 4, the assumption (1) becomes
2k 8\ (2k—5
= >
()= () G) ewes

(2k)(2k — 1)(2k — 2)(2k — 3)(2k — 4) (8
k-k(k—1)(k—2)(k—3) B (4)'

A simple computation shows that

or

8(2k — 1)(2k — 3) = T0k(k — 3),

which has a unique integer solution & = 4. Thus

2k 8\ (2k—5
REI e T

When @ = 3, the assumption (1) becomes

B, e

Equivalently, we have,

(2k)(2k — 1)(2k — 2)(2k — 3) _ (6
k-k(k—1)(k—2) N <3)

It implies that
4(2k — 1)(2k — 3) = 20k(k — 2),

where k = —1, 3 are integer solutions. Thus,
2k 6\ [2k —4
for k > 6.
() # () (0os).  mrezo
The proof is complete. O

Lemma 3. Let k,x,a,b be positive integers such that k = a +b. Then

(Qk) £ <2a> (a+2b—2)’ for4 <2a <k.
k a b

Lemma 4. Let k,x,a,b be positive integers such that k = a +b. Then

<2k) y (2a> <a+2b?>)7 for 4<2a<k.
k a b

Next, we will prove the main result in the case that a > %k and b > 3. To do so,
we will need the following results from Hanson [2] and Stanica [6].
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Lemma 5 ([2]). The product of m consecutive integers n(n + 1)---(n +m — 1)
greater than m contains a prime divisor greater than %m with the exceptions of
3-4,8-9,and6-7-8-9-10.

Lemma 6 ([6]). Let m,n,r be positive integers, with m >r > 1 andn > 1. Then

e 8wn 2 n

1 1 mmnts _ (mn 1 1 mmnts
2
Vor (m — r)(m=rIntgprntsy V2 (m — r)(m=r)nt g prnts

Using the previous two results, we can prove the following Lemma.

™™m

Lemma 7. Let k,x,a,b be positive integers such that k =a+b. If a > %k, b >3,

then 2k 2 2b
a\ (x+
()G 0)
Proof. We follow the strategy used in [4]. Suppose that a > %k Since b > 3, we

know that k& > 6. Assume (2kk) = (2;‘) (I‘Z%). Then

(G @k)(2k—1)---(2a+1) <:c + Zb)
(2;) (k(k—=1)---(a+1))2 b

is an integer. By Lemma 5, there exists a prime divisor p of the product (2k)(2k —
1)-+-(2a + 1) such that p > 2(2k — 2a) = 3b > 2. We claim that p is not a divisor
of k(k—1)---(a+1). In fact assume that p divides & — i for some 0 < i <b—1
and « is the largest positive integer such that p® divides k& — ¢. Then « is also
the largest positive integer such that p® divides 2(k — i), and p is not a divisor of
other terms 2k — j, with j # 24, in the numerator. In other words, « is the largest
positive integer such that p® divides (2k)(2k — 1) -+ - (2a + 1). However, p?® divides

2

k
(k(k—1)---(a+1))2. This contradicts the assumption that % is an integer. Hence
p does not divide the denominator k(k —1)---(a + 1).
So, we have found that p divides (mt%). Since p is prime, we have x+2b > p > 3b.

By Lemma 6, we obtain, for b > 3,

z+2b 3b 1 . 1330 3 1 21N\ b
> “Eh i = (= — (=) | 4> 4
( b >> (b) =Vt Tt T \Nar Vpes (16) >

However,
() _ @REE-1) - Qat+1) _,, Ck-1)@k-3)(2a+1) _,
(G~ (k(k—1)-(a+1))2 k(k—1)(a+1) '

This is a contradiction. Thus, for b > 3,

) )6
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Using the previous lemma, we can now prove our main result when a > %k and
T > 2.

Lemma 8. Let k,x,a,b be positive integers such that k = a+b. If a > %k and

x > 2, then
2k 2a\ (x+2b
()G 07)

Proof. By Lemma 7, we may assume that 1 < b < 3. When b =1, for x > 2,

) e

When b = 2, we have

(Y= (3 _ @+ @ +3) K2 (k — 1)?
(%) N 2 (2k)(2k — 1)(2k — 2)(2k — 3)°
If z >3,
(z+4)(z+3) k*(k—1)2 _(@+4@+3) k(k—1)
2 2k(2k — 1)(2k — 2)(2k — 3) 8 (2k —1)(2k — 3)
S (x+4)(z +3)
32

> 1.

If £ =2,

(2+4)(2+3) k2 (k —1)? _
2 2k(2k —1)(2k —2)(2k — 3)

has no integer solution. Thus, when b = 2, for all x > 2,
2(k—=2)\ [z +4 y 2k
k—2 2 k)

We will now prove our main result when z = 1.

Proposition 2. Let k,a,b be positive integers such that k = a+b. Then

(2:) = (2aa> (1 _;2b> if and only if a = 1.
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Proof. First, assume a = 1. Then,

CH @k b (b+1)!

(H2) T (L+20)! KL !
(2+2b)(1+2b)...(b+2)  bb—1)...1

(1+20)(20)...(b+2) (b+1)b(b—1)...1
_2(1+b)
1 +0b
2

(=)
2k) _ (2@) (1+2b

Next, assume (k . A ) By Lemma 1, we may assume that & > 10.
Lemma 7 implies that, if a > %k‘ and b > 3, then (Zkk) =+ (2a) (H%). Moreover,

a b
when b = 1,2, the equation
2k\  (2a\ (1+2b
k) \a b

has no integer solution for & > 10. Therefore, we may assume that a < %k‘, SO
b > %k For the purpose of the contradiction, we further assume that a > 1.
Then

(%) (2K)(2k — 1)+ (2b+ 2)
(32 k(e =1)- b+ D)) (k(k—1) - (b+2))
(2h)(2k — 1)+ (2b+3) 2

2

(k(k=1)---(b+2))

-(4)

is an integer. By Lemma 5, there exists a prime divisor p of the product (2k)(2k —
1)---(2b + 3) such that p > 2(2k — 2b — 2) = 3a — 3 > 2. We claim that p is
not a divisor of k(k —1)---(b+ 2). In fact, assume that p divides k — ¢ for some
0 <i<a-—1and «is the largest positive integer such that p® divides k — i. Then
« is also the largest positive integer such that p® divides 2(k — ¢), and p is not a
divisor of other terms 2k — j, with j # 2i, in the numerator. In other words, « is the

largest positive integer such that p® divides (2k)(2k — 1)---(2b+ 3) - 2. However,
2k

p?® divides (k(k —1)---(b+2))2. This contradicts the assumption that % is an
b

integer. Hence p does not divide the denominator k(k — 1) --- (b + 2).
So, we must have p divides (2;), whence 2a > p > 3a — 3. So a < 3. From
the assumption that a > 1, we have a = 2. Now the equation (Qk) = (2") (1+2b)

k a b
becomes
2K\ (4N (2k-3 b _ 9
r )= k_o ) when a = 2.
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Equivalently, we have,
(2k)(2k — 1)(2k — 2)
k-k(k—1)

which has no integer solution when k£ > 10, a contradiction.

= 6,

Therefore, a < 1. Since a is a positive integer, it follows that ¢ = 1. This
completes the proof of the result. O

For the next Lemma we will prove, we need the following results from [3] and [5].

Lemma 9 ([3]). The product of m consecutive integers n(n + 1)---(n +m — 1)
contains a prime divisor greater than 1.8m if n > m > 2 and n + m > 150.

Lemma 10 ([5]). The product of m consecutive integers n(n +1)---(n+m — 1)
contains a prime divisor greater than 4.42m if n > 4m, m > 3 and n +m > 150.

Lemma 11. Let k,z,a,b be positive integers such that k =a+b > 75 and © > 2.
If a < 0.9k and 1 < b < 0.8k, then

2k 2a\ [z + 2b
(o) G 07)
Proof. Assume that a < 0.9k and 1 < b < 0.8k. Assume, by means of contradiction,
that (2:) = (2;) ("Hb%). By Lemma 9, there exists a prime divisor of the product
(2k)(2k—1) - -- (k+1) such that p > 1.8k. Obviously, p is also a divisor of (Qkk), thus
a divisor of () (*1?"). It follows that 2a > 1.8k or z + 2b > 1.8k. By Proposition
1, we may assume that z < a. Thus, if x +2b > 1.8k, then b=a+2b— (a +b) >
x + 2b — k > 0.8k. Therefore, we conclude that either a > 0.9k or b > 0.8k, a
contradiction to a < 0.9k and 1 < b < 0.8k. Thus,

2k 2a\ (x + 2b
(i) ()0)
Lemma 12. Let k,x,a,b be positive integers such that x > 2 and k = a + b > 150.

If a > Yy then
2k 2a\ [+ 2b
()= () C7)

121
Proof. Assume that z > 2, a > %x and k > 150. Assume, by means of contra-
diction, that (zkk) = (*9 (ng%) for some b > 1. By Lemma 8, we can assume that
a < %k‘ By Lemma 11, we can assume that b > 0.8k, thus a = k — b < 0.2k. In
particular, b > 4a. By Lemma 2, Lemma 3, and Lemma 4 we can assume that

a—x>3. So,

O

G (2k)(2k —1) -+ (z +2b+1)

2a
<a> - (52 (ke (k=1)- 0+ 1) (k- (k=1)---(z+b+1))
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Then
(2k)(2k—1)---(z+2b+1)

2a
(k- (k—1)-(x+b+1)2 <a> (b+1)---(b+x)

is an integer. Let n = b4+ x+ 1 and m = a—z. Since k — (x +b) = m > 3, we
have, n > b > 4a > 4m, and n+m = k + 1 > 150. So, by Lemma 10, there exists
a prime divisor p of k- (k—1)---(x + b+ 1) such that p > 4.42(a — ). Thus, for
some 0 < i < a —z, p divides k — ¢ in the denominator k- (k —1)---(x + b+ 1)
of Q. Let a be the largest positive integer such that p® divides k — i. Then « is
also the largest positive integer such that p® divides 2(k — i), and no other term
(2k —t), for t # 2i, in the numerator (2k)(2k —1)---(x + 20+ 1) of Q is divisible
by p as a > 18z and p > 4.42(a — z) > (2a — ). However, p** is a divisor of the
denominator (k- (k—1)---(z +b+1))? of Q. That contradicts the fact that Q is

an integer. Therefore, if x > 2, a > %m, and k > 150, then

@)-C)C)

Using the previous lemmas, we can prove our main result when z > 2 and
k > 150.

Q=

O

Proposition 3. Let k,x,a,b be positive integers such that x > 2 and k =a+b >

150. Then
2k 2 2a\ (x+2b
k a b )’
Proof. Assume, by means of contradiction, that (Qkk) = (2“) (w':%) for some b > 1.

a
By Proposition 1 and Lemma 12, we may assume that x < a < %x < %l‘ By

Lemma 11, we assume that b > 0.8k, which gives us a < 0.2k. Note that

B (z+b)! b6 b+ Db+2)(bta)

(x+2b): (x+20)!  (20)] (264 1)(2b+2)---(2b+ )
b

By Lemma 6 and the assumption that a < %x,

(Qk) 12 k—%22k+%
k T
2a\ (20 = 1 L _Tooal 1 __ 1 1 _op11
(a)(b) ?e saq” 22 2 ﬁe s85h 22 2
_ oditds, |9
k
14 [ 37T
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On the other hand,

(26 +1)(26+2)---(2b + ) T
2(b111)((2bj22)...(b2+—;) :(Q_lerl)(Q_bJQrQ)m(Q_ber)

= (Q_bix>:c> (Q_bj—cz>aCZ (2_%)x'

Note that (%)m — e!/*\/3rz/2 is an increasing function for z > 2 and (%)3 >
61/4\/97T/2. So, for £ > 3 and k > 150,

(2b+1)(2b+2) - (2b+) _ (9\® 1y [3mz
b+1)(b+2)-(b+a) - (5) =5 T EeEy
which gives us

(J;—i—?b)_(21))'(2b+1)(2b—|—2)---(2b+1‘) ()
b ) \b) o0t (Y

G- ()

which is a contradiction to our assumption. Also, we know that < a < %x, S0
when x = 2, we must have 2 < a < 3, a contradiction to a an integer. Therefore,

for z > 2 and k£ > 150,
2k y 2a\ [(x + 2b
k a b ’

Finally, we will prove our main result when = > 2 and =z < k < 150.

Therefore,

Proposition 4. Let k,x,a,b be positive integers such that x > 2, k = a + b, and

x < k < 150. Then
2k 2 2a\ [(x +2b
k a b '

Proof. Using Maple software, we verified that, for z > 2 and x < k < 150,
2k 2a\ [z + 2b
(o) ()07)

Now, we can prove the following, main theorem of the paper.
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Theorem 1. Let k,x,b be positive integers and a be a nonnegative integer such
that k =a+b. Then

(2:> = (2aa> (m —Z Qb) if and only if x=a=1.

Proof. When x = 1, we obtain the result from Proposition 2. When =z > 2, and
k > 150, we obtain the result from Proposition 3. When x > 2, and x < k < 150,
we obtain the result from Proposition 4. When = > 2, and x > k, we obtain the
result from Proposition 1. O
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