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Abstract
We introduce a newly discovered path on a grid and explore the sequence of numbers
associated with it. These numbers reveal interesting properties and are deeply linked
to binomial coefficients, Fine numbers, and generalized Catalan numbers.

1. Introduction

Grids serve as the basis for many well-known sequences in combinatorics. The path
we study in this work follows a distinctive movement across the grid, producing a
new triangle of numbers that exhibits surprising properties. Unlike a traditional
Delannoy path, which is a lattice path in which only north, east, and northeast
steps are allowed (i.e.,7— ), our path obeys a specific set of rules that lead to
a novel numerical pattern. Before defining our paths, we would like to recall two
exemplary numbers in combinatorics.

The classical Catalan numbers (this is sequence A001008 in the OEIS [4]) are

given by
1 2n
C = > 1.
(n) n+1<n>’ "=

Their ordinary generating function is

1—+v1—4x

Clo) = 2z

To avoid confusion with the famous Fibonacci sequence, we will denote the n” Fine
number by f,. They are related to Catalan numbers by

Cn= an +fn—17n > 1

The Fine numbers (this is sequence A000957 in the OEIS [4]), as defined in [1], are
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given by their generating function

=1+ 2%+ 223+ 62% + 182° + ...

—+/1—4x

One combinatorial interpretation of the Fine numbers is Dyck paths. These are
paths starting and ending on the horizontal axis using (1,1) and (1, —1) steps and
not going below the ground.

N, . 11—/1T—4x
F:F(x):anw =23
n=0

2. New Paths and Their Triangle of Numbers

In odd columns, the following rules apply.
e Up steps are allowed in two forms: straight (S) and twisted (T).
e If you start straight, you remain straight along that column.
e If you start twisted, you can:

— stay twisted,

— make a right turn,

— be straightened up; once straight, you cannot return to twisted.
Example 1. The following sequences illustrate possible behaviors of a path in an

odd column. Each sequence begins with twisted up steps and shows the possible
transitions allowed by the rules above.

T...TT
T...TR1
T...TSS

T...TSR1

e From the starting point, one step to the right is not allowed; two steps to the
right are.

In even columns, the following rules apply.

e Only twisted up steps are allowed.
e Right steps are always allowed.

e If you go to the right, the next step cannot be twisted.
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5 10 25 45 81

4 6 14 21 35

3 3 7 8 13

2 1 3 2 4

1 0 1 0 1
® ®

Figure 1: All possible paths on a 5 x 5 lattice grid.

The allowed paths are illustrated in Figure 1 and the triangle of numbers asso-
ciated with these paths is shown in Table 1.
The number of possible paths is given by

()= 2 ()

The triangle <s (n)) is sequence A341091 in the OEIS [4]. The following
v/) Jo<i<n—1

7

n n—1 n—1 n—itl
= -1
(1) = o(on) () e
() = () (")
. = s|{.]|+s . 5
) ) )
() = =)+ ()
sl . = s . + 1 . .
) ) 1 —1
The first two identities combined can be written as

2@ = (?) “(?_11) + (=1

identities follow directly from the definition of s <n) and the Pascal identity:



INTEGERS: 26 (2026) 4

n\i |0 1 2 3 4 5 6 7T 8 9
1|1

2 10 2

3|1 1 3

4 |0 3 3 4

51 2 7 6 5)

6 |0 4 8 14 10 6

7|1 3 13 21 25 15 7

8 |0 5 15 35 45 41 21 8

9 |1 4 21 49 81 8 63 28 9
10 |0 6 24 71 129 167 147 92 36 10

Table 1: Triangle of numbers associated with the allowed paths.

Before stating the main theorem of this section, we remind the reader of the Gauss
hypergeometric function, defined by

k

z
H7

k=0

where (a); denotes the Pochhammer symbol, also known as the rising factorial. For
k > 1, it is defined by

(@)p=ala+1) --(a+k—1),

with the convention that (a)g = 1.

The next result relates our coefficients to hypergeometric functions. It is the
best “closed form” that we have found so far. Out of scientific integrity, we should
mention that a similar result was stated a year ago, without proof (as the sequence
A341091 in the OEIS [4]). We have refined this result and provided a proof.

Theorem 1. For 0 <i < n,

n n+1 ; —itl 1
(D) = (1) ot 2o in o (1)

i
n , n—itl 1
= 2R (I,n+1,n+1—4,-1)]+(-1) 1_2i+1 .

7

Proof. We proceed by induction on n. We now need to show that

1+1 142 1
= coF1 (1,14 3,3,—1 1———
S( i ) ( i ) 2 1(aZ+ )9y )+ 2z+1’
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i+ 1
but we know that s (Z + ) =14+ 1, so what we need to prove is
i
i427!
i+2\
i

From the third Euler transformation formula, we get

2F1 (1,7'—’_3737_1) =

oF (1,0 43,3, —-1) =271 .y Fy (2, —4,3,—1).

By definition, we have

o0 — vk
2F1 (27—1;3;—1):ZW( 1)

Kl
k=0
where
, (—DF(R, if k<, (k+2)!
(=) = ) and (2)r = (k+1)! and (3); = )
0, otherwise, 2
We get
)
2 F1 (2, —i;3;,-1) =2 Z %2
P
We have '
i
(k> ! lk“d— 1 1+z)'d
m_z & Ox ;z:_oz( + )" dx.

B

= k=0
The substitutio

/12 (t—1)t'dt

=]

t =1+ z gives the following integral:

4i+2 2 i1 2 9i+2 _ 1  gi+l _q
[Hz]l_{iﬂ]l: it2 it
20t + 1

G+1)(i+2)

We obtain

; 2 41 P42
Fi(1,i4+3,3,-1)=2""12 : = .
21 ( ) (i+1)(i+2) (z+2>

7

Thus, the base case for the induction is proved; we now need to show that

n—+1 n+2 . 1
= <o F (1 —17,—1 D" (1 - — ).
s( ; ) < ; ) oF1 (1,n+3,n+3—1i,—1)+ (1) ( 21+1)
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<n + 1) (n + 1) <n>
=8 ) +sl L),
i i i
n—+1 () _ (n +1
i i) T\

n+1 . n—i 1
_( . >-2F1(17n+2,n—|—2—z,—1)+(—1) (1—2i+1>

= <"J_“1> 1— oF (L,n+2,n+2—i,—1)]+(-1)"" (121“)

Using the identity

we get

(")

7

Now, from Gauss’ contiguous relations we learn that

oF1 (a,b+1,c+1,2) = E(gFl (a,byc,z) — oF (a—1,b,¢,2)).

(=l

We set

a=1,b=n+2¢c=n+2—1i, z=—-1, and 2 F1(a —1,b,¢,2) = 1.

Thus,
9_
P (Ln43n+3—i,-1) =" 2" 1 R (Lnt2,n42—i,—1)].
n -+ 2
Therefore,
n+1 n+2 n—i 1
= o Fy (1 3 3—4,—1 )" 1 - = .
s< ; > < ; > oFt (I,n+3,n+3—1i,—1)+ (1) < 2Z+1)
Hence, we obtain the desired result. O

As the exploration of our coefficients continued, we derived certain summation
formulae relating them to harmonic numbers and to sums of inverses of binomial
coefficients. Furthermore, a direct connection with Fine numbers and also the so-
called Generalized Catalan numbers was discovered. Hence, a new formula is found
that links Fine and generalized Catalan.

3. Weighted Sums of Sabar’s Numbers

Let H,, denote the n'® harmonic number and define

n—1 1
2 =y

i

C,, =

S|
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These two classic sums are extensively studied in the literature. However, little is
known about their connection. We now claim that H,, and C,, are related by means
of a simple weighted sum of our coefficients.

Theorem 2. Forn > 2,

Proof. We prove the statement by induction on n. Assume that the formula is true
for n, and prove it for n + 1:
n
n—1 S ( . >
n—i+1 ¢

H7z+1 = GrL-i—l + Z(_l) n+1—i .
1=0

We have

"i(_l)n—(i—l)s(g = (—1)’#18(78> + S(_l)n_(i_l)r:?

P n—(i—1) n+1 — (i—1)
n n
o) &2 s
= (—1)nt1 i N/
(=) n+1+§( ) n—1
(o) (1)
n—2
0 1 \i+1
1n+1 - lnz
(=1) n+1+21:0( ) n—1
S(n—l)
n—2 n—2
1 ) 1 1
- 1)t -
+21=0( ) n—1 +2; n—1
(5) (1)
S n—2
0 1 L\t +1
= (-1 n+1 - —1)n—t
(=1) n+1+2;( ) n—i1
1 1 1
+§(Hn—Cn)+§Hn 5

On the other hand, using the result from [5], we obtain



INTEGERS: 26 (2026)

Therefore,

— n—(@G—-1) n+1 2\n4+1
1 1 1
+§(Hn—C’n)+§Hn—§
1
:Hn_fcn
2
- n+1_Cn+1-

The last equalities follow from the following identities:

n 0 for even n 1 1
= ’ d Chy1==C, +——.
S(O) {1 for odd n, a T n+1

This completes the induction.

Corollary 1. Forn > 2,

n—2 n—1
Cn+1:1+2(_1)n_7: ( 8( : )
=0
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Proof. For n > 2,

n n—1
n—1 ) $ i n—2 ‘S i
Hn+1 - Hn = n+1 — Cn + Z(*l)nilili - Z(*l)n717
i=0

n+1—1 n—i
7

e (7)) )
_Cnﬂ_anr;LJrZ(_l)nil[_( N i . i ]

n+1—1 n+1—14 n—1

1=0

n—1 (n)
n=2 R W n i n
= Chg1 — Cn + Z(_l)n—z—li [_ (_1)n—1 + 1— 7:|
1=0

(n—1)(n+1—1) + nt+l—: 2
=0

n—1
S .
— n—i—1 v 1
= n+1_Cn+Z(—1) - +1
i=0

(n—4)(n+1-4) n+1

()
S .

. 1
n—i—1

n—2
1
= —CUn — 1 -1 — -
Jr1+n—|—1+ +;( ) (n—9)(n+1-—1)

Here we used the last result from [5], together with

1 1
Cpat = -C,, .
1= 50t T

O

Now we write the harmonic number as an alternating weighted sum of our coef-
ficients.

Theorem 3. Forn > 2,
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Proof. We have

2n+1
ZTf:Q(l)is(i) - 2§2(,1)i87

t+1

o Sld)

Here we used the basic fact that

(=) ()

Finally, applying formula (1.47) from [2] with j = 0 and = = 2, we obtain

i+2  2(n+1)2n+1)

Sy () 1

=0

This completes the proof. O
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4. Central Coefficients and Fine Numbers

In this section, we present the relationship between Fine numbers and our central
coeflicients.

Theorem 4. Forn > 2,

Proof. We have
2n + 2 2n+2
s —s 4+ fn=a-0,
n+2 n
2 2 2 2 2 2
a=s n +s " and b=s nt + s " .
n+2 n+1 n n—1
From the basic facts, we learn that
2n + 2 1/2n+2 1 2n+1 1 n
= = - — (-1 d
s<n+2> 2<n+2>+28(n+1>+2( )" an

2n+1 2n+1 s 2n
s = — .
n+1 n+1 n+1

with

Thus,
2n +2 2n+1 1 2n 1 n
“© = <n+2> (n+1)+28(n—|—1>+2(1) and
2n + 2 2n+1 1 2n 1 n
b= ( ) (n—1)+25<n—1> 5(_1)'
Therefore,
a_b:1[<2n+2> <2n+1>_<2n+2>_<2n+1>}+1fn'
2 n—+2 n+1 n n—1 2
And since
<2n—|—2> _ n+1<2n—|—2> (2n+1):1<2n—|—2> and
n+ 2 n+2\n+1/) \n+1 2\ n+1
2n+ 2 n+1/2n+2 2n+1 n 2n+ 2
( ) - n+2<n+1)’ (nl)ZQ.(n+2)(n+1>’
we get

b 2n+ 2 2n + 2 bt
@ -0 n—+2 5 n "

11 (2n+2 +1f
T o 2n42\n+1 27m

1 1
= = 1 —fn-
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The formula 1 1

-C 1) = n 5Jn

5 (n+1)=f +1+'2f
completes the proof. O

As a direct result, we get the following nice new formula.

Corollary 2. Forn > 2,

i k n n+k
. k+1 I, A e _
Z::( 1) (1 2n+1+k+1>< k ) -

k=1
Proof. In [1], f, is defined by

- k n+k
L= (D)1 - :
=y (-25) ()
Moreover, we have

() Erm (1) () -Em ()

k=2 k=0

Thus,

" k n+k " n+k
_1 n _1 TL*k 1_ — _1 n _1 nfk
e e (1= A (M) = e e (0

k=1 k=1

_ -1 n—k([T —(=1)"
S0 (3 E) o

This is the desired formula. O

Another immediate consequence is an alternative expression of f,.

Corollary 3. Forn > 2,

g () (1)

k=0

Now, we give an expression of our central coefficients in terms of Fine numbers.

Theorem 5. Forn > 1,

) -
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Consequently,

Proof. We have

2n + 2 1/2n+2\ 1 (2n+1\ 1 .,
= = = Z (-1
S(n+1> 2(n+1)+28< n )3l
_ L2\ 12041\ (20 +1(_1)n
2\ n+1 2 n n 2
1/2n+2\ 1/2n+1 1 (2n+2) 1 n
= 3 +5 - fo+(=1)
n+1 2 n 12\ n+1 3
o l/m+2\ 1241\ 1 (2n+2
2\ n+1 2\ n 12\ n+1
1 1 [2n42\ 2 n
__ Zf. -1
3n+2<n+1> gl + (1)
12(2n+3) (2n+2 2 n
= _ —In —]_
6 n+2 <n+1> glnrt (=D
1/2n+4) 2 n
= = Zfn —1)".
6<n+2)+3f+1+( )

Hence, the induction is complete.

As a result, the generating function of our central coefficients is given by

= [2n Lo~ 2(n+1)\ i 2 T
= nzi n 7F
S (@) ZS(n)x 6x < n+1 )x Jr3 er—l—l
n=0 n=0
1 2 T
= —(C-1)+-F
61:( )+3 +ﬂc—l—l

422 + 2 + 2+ 321 — 4z
(z+1)(3-V1—dz)V1—4dz

Before leaving this section, we would like to mention that the number

O (n) = s<2” - 1) T ;(2” - 1) +3h

n n

is also studied in the context of [1].

13



INTEGERS: 26 (2026) 14

5. Connection with the Generalized Catalan Numbers

The generalized Catalan numbers (this is sequence A064062 in the OEIS [4]), as
defined in [6], are given explicitly by

Cla,n+1) ::zn:(1_ni1) (n—]:k)ak.

k=0
In the same paper, the authors proposed the following sequence:
n+k\
Vi = ,
@=3 ("3 ")

with « as a positive integer in both definitions. However, we are only interested in
the case v = 2 in this article.

It is also mentioned in [6] that Equation (5.137) of [3] gives the following recur-
rence relation:

Vi (@) + (@ = 1) Vipq (@) = (2a — 1) ™1V, (1).

We noticed that V1 (1) satisfies

Va1 (1) = Til(nJer) ”ii( n+1)<nzk>
+

=SS

o
_ (2:4:2)* ”O<n k>+§(n+1+k)
_ (2n+1) V(1) 4 Vi (1) — (2n+2)7

n+1 n+1

2n + 2 2n+1 1/2n+2
V., (1 == .
()= (n—|—1) (n—|—1) 2(n+1>

This, in turn, leads to the following interesting identity.

which implies

Lemma 1. Forn > 1,

Vi (2) + Viiy (2) = 3.2 (2" i 2).

n+1

We are now in a position to present the following new observation on the gener-
alized Catalan numbers.
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Theorem 6. Forn > 1,
C(2,n)+C(2,n+1)=2""C(n).

Proof. From the definition of C (2,n) and the previous lemma, we have the following
chain of equalities:

C(2,n) +C(2,n+1) :§(1— %) (”_;J’k)z’wi(l— nil)(”zk)ﬁ

k=0 k=0
n—1 n
—va@+n@ -3 (T (1)
k=1 k=1
n—2 n—1
2n n+k n+14+k
—3.9n1 9 2k — 2 2k
s () e ()2 ()

2 2 2 2n —1
=3. 2n—1 n _ 2|:3 .on n+ _ 2n—1 n
n n+1 n—1
_on 2n _on 2n+1 _gnitl 2n+2 ]
n n n+1
_ 7. gn1 2n _gntl 2n+2 4on 2n—1
n n+1 n—1
2n +1
2n+1
e ()

_ (27’L) [7 . 2n—1 _ 2n + 12n+2 4 2n—1 + 2n + 12n+1‘|

n n+1 n+1
_ 2n [2n+2_2n+12n+1]
n n—+1
_ gntl 2n [2_2n+1}.
n n+1
This is the desired result. ]

Next, we answer the main question of this section: how are our central coefficients
and the generalized Catalan numbers related?

Theorem 7. Forn > 1,

2n\ 2 (2n 1C(2,n) i1 (=D
5<n>_3(n>_3 on+1 +(=1) +2n+1'
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Proof. Again, we proceed with induction. We have
2n + 2 1/2n+2 2n+1 2n 1 "
= = — — (-1
(rid) = s G s (00) () w2
1 /2n+2 n 2n+1 1/2n
2\ n+1 n 3\ n

1
2
1
2
1C(2,n) 1
6 2
1
2

6 2ntl

_ 1/2n+2
T o2\n+1

Now it is left to show that
L(2n+2)  1(2n+1) 1(2n +1C(2n)_2 m+2\ 1C@2,n+1)
2\ n+1 2\ n ) 3 3 272 3\ n+1 3 2nt2
Notice that the following list of equations are equivalent:
4(2n+2 3/2n+2
6\n+1) 6\n+1 10(2,n)+10(27n+1)
(2n + 1) 1 <2n> T3 on+2 3 2nt2
—= + 5
2 n 3

1/2n4+2\ 1/2n+1 1C(2,n)+C(2,n+1)
n+1) 2 3 on+2

; ()
1/2n+2 1/2n+2 n 1C(2,n)+C(2,n+1)
6<n+1) 4(n+1) <) -3 2n+2
1/2n 2n + 1C(2,n)+C(2,n+1)
() -=(iy) - 7
2n 2n +2 C(2,n)+C((2,n+1)
) [
n C2,n)+C(2,n+1)
n—l—l < ) - 2n+l
"0 (n) = C(2,n)+C(2,n+1)
The last equation was shown right before the statement of this result. O

As an immediate consequence, we obtain a link between Fine numbers and gen-
eralized Catalan numbers.

Corollary 4. Forn > 1,

"2 =C(2,n+1)+3(-1)"
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Proof. Combine the two main results of the last two sections. O
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