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Abstract

The set RG(h, k) consists of all possible sizes for the h-fold sumset of sets containing
k elements from an additive abelian group G. The exact makeup of this set is
still unknown, but there has been progress towards determining which integers are

present. We know that RG(h, k) ⊆
[
hk − h+ 1,

(
h+k−1

h

)]
, where the right side is

an interval of integers that includes the endpoints. These endpoints are known to
be attained. We will prove that the integers in [hk − h+ 2, hk − 1] are not possible
sizes for the h-fold sumset of a set containing k ≥ 4 elements of a torsion-free
additive abelian group G. Furthermore, we will confirm that this interval cannot
be made larger by exhibiting a subset of G whose h-fold sumset has size hk.

1. Introduction

In a paper by Nathanson [5], he posed a problem, labeled Problem 1, about com-

puting RG(h, k) for an additive abelian group G for a fixed k as h increases. Of

course, the most important case is the additive abelian group of the integers, but

many results for the integers use only their ordering and generalize to all ordered

abelian groups. In Nathanson’s Theorem 7, he confirmed that hk − h + 1 is the

minimum element of RG(h, k) and that hk − h + 2 is not in RG(h, k), where G

is an ordered additive abelian group. Moreover, from Nathanson’s Theorem 2, it

follows that the maximum of RG(h, k) is
(
h+k−1

h

)
. In this paper, we will provide

more insight about the structure of RG(h, k) in a step towards solving Nathanson’s

Problem 1 for a torsion-free additive abelian group G. As motivation for the results,

G = Z was examined first. Data retrieved from a computer program appeared to

show that the result hk − h + 2 is not in RZ(h, k) could be extended to the result

that the inclusive interval of integers [hk − h+ 2, hk − 1] is not in RZ(h, k), for all

h > 1 and k ≥ 4. This was proven in the first version of this paper.1 From that

DOI: 10.5281/zenodo.18714443
1For an alternate method of proving this result, see the papers by Mohan and Pandey [3], and

Tang and Xing [7].
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proof, it seemed that the result could be extended further to any torsion-free ad-

ditive abelian group G by using the same method. To do this, we will define all

the necessary terminology and then build up some useful preliminary results that

will allow us to confirm this observation. Lastly, we will conclude that this interval

cannot be enlarged by showing that hk ∈ RG(h, k). For the construction of explicit

elements of the sumset size set RZ(h, k), see Nathanson [4].

2. Terminology

We will begin by introducing definitions and notation that will be used throughout

this paper. The knowledge of groups, group properties, and total orders will be

assumed throughout the paper. We denote some common number systems with the

following symbols.

Natural Numbers: N = {1, 2, 3, 4, 5, . . . } ,
Natural Numbers with 0: N0 = {0, 1, 2, 3, 4, . . . } ,

Integers: Z = {. . . ,−2,−1, 0, 1, 2, . . . } .

Also, we write [a, b] to denote the inclusive interval of integers between a and b.

That is,

[a, b] =
{
c ∈ Z | a ≤ c ≤ b

}
.

Definition 1. A group G with binary operation ∗ is ordered if it has a total order

⪯ satisfying the condition that if a ≺ b, then a ∗ c ≺ b ∗ c and c ∗ a ≺ c ∗ b, for all
a, b, c ∈ G. Note that any subset A of G inherits this property.

Remark 1. Every ordered abelian group is torsion-free. Furthermore, Levi [2] and

[1] proved that an abelian group is ordered if and only if it is torsion-free.

For an ordered group G with identity e and total order ⪯, we use the following

symbols to denote some important subsets of G.

Positive Elements of G: G+ =
{
g ∈ G | e ≺ g

}
,

Nonnegative Elements of G: Ge =
{
g ∈ G | e ⪯ g

}
,

Negative Elements of G: G− =
{
g ∈ G | g ≺ e

}
.

Definition 2. Let h ∈ N with h > 1. The h-fold sumset of a subset A of an

additive abelian group G is

hA =
{
a1 + · · ·+ ah | a1, . . . , ah ∈ A

}
.

Note that a1, . . . , ah ∈ A do not need to be distinct. For a set A = {a1, . . . , ak} ⊆ G,

we may also say

hA =
{
x1a1 + · · ·+ xkak

∣∣ x1, . . . , xk ∈ N0 and x1 + · · ·+ xk = h
}
.
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Remark 2. Sumset addition is translation invariant:
∣∣h (A+ t)

∣∣ = |hA|, for all

A ⊆ G and t ∈ G.

The set of h-fold sumset sizes for finite sets A with size k contained in an additive

abelian group G is denoted by

RG(h, k) =
{
|hA|

∣∣A ⊆ G, |A| = k
}
.

Definition 3. Let A = {a1, a2, . . . , ak} be a subset of an ordered additive abelian

group G with total order ⪯ such that a1 ≺ a2 ≺ · · · ≺ ak. An element of hA is

called trivial if it appears on the increasing list (uses the ordered assumption)

ha1 ≺ (h− 1)a1 + a2 ≺ · · · ≺ a1 + (h− 1)a2 ≺ ha2

≺ (h− 1)a2 + a3 ≺ · · · ≺ a2 + (h− 1)a3 ≺ ha3

...

≺ (h− 1)ak−1 + ak ≺ · · · ≺ ak−1 + (h− 1)ak ≺ hak.

Otherwise, the element is called nontrivial. Note that the above list contains hk −
h+ 1 elements of hA.

3. A Missing Interval from RG(h, k)

Before we can prove that the integers in [hk − h+ 2, hk − 1] are missing from

RG(h, k), we will need to confirm some useful preliminary results.

Lemma 1. Let A = {a1, a2, . . . , ak} and B = {a1, a2, . . . , ak−1} be subsets of an

ordered additive abelian group G, for some k ∈ N with k > 1 and a1 ≺ · · · ≺ ak.

Then, hB ⊆ hA. Furthermore, if c is a nontrivial element of hB, then c is also a

nontrivial element of hA.

Proof. Let c ∈ hB. Then, by Definition 2,

c = x1a1 + x2a2 + · · ·+ xk−1ak−1,

where x1, . . . , xk−1 ∈ N0 and x1 + · · · + xk−1 = h. Since B ⊆ A, then this also

satisfies the definition of hA. Hence, c ∈ hA, and we have that hB ⊆ hA.

To prove the last statement, we will prove its contrapositive. Let c ∈ hB. Sup-

pose that c is a trivial element of hA, which makes sense because hB ⊆ hA, as we

just showed. Then, by Definition 3,

c = (h− i)aj + iaj+1,
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for some 0 ≤ i ≤ h and 1 ≤ j ≤ k − 1. If j = k − 1 and 1 ≤ i ≤ h, then, using the

ordered property,

hak−1 = (h− i)ak−1 + iak−1 ≺ (h− i)ak−1 + iak = c,

where strict inequality is always ensured because i ̸= 0 and ak−1 ≺ ak. Since the

largest element of hB is hak−1, then this implies c ̸∈ hB, which is a contradiction.

Otherwise, c is a trivial element of hB, by Definition 3, which proves the contra-

positive. Therefore, if c is a nontrivial element of hB, then c is also a nontrivial

element of hA.

Theorem 1. Let k ≥ 4 and let G be an ordered additive abelian group with respect

to ⪯. Suppose 0 ≺ a1 ≺ a2 ≺ · · · ≺ ak−3 for ai ∈ G+. If

A = {0, a1, a2, . . . , ak−3, ak−3 + b, ak−3 + b+ c} ,

for some b, c ∈ G+, and c ̸= db, for all d ∈ N, then hA has at least h− 1 nontrivial

elements.

Proof. As in Definition 3, we can write out the hk − h + 1 trivial elements of hA.

With simplifications, we are left with

0 ≺ a1 ≺ · · · ≺ (h− 1)a1 ≺ ha1

≺ (h− 1)a1 + a2 ≺ · · · < a1 + (h− 1)a2 ≺ ha2

...

≺ hak−3 + b ≺ · · · ≺ hak−3 + (h− 1)b ≺ h (ak−3 + b)

≺ h (ak−3 + b) + c ≺ · · · ≺ h (ak−3 + b) + (h− 1)c ≺ h (ak−3 + b+ c) .

(1)

Observe that for all e ∈ [1, h− 1],

hak−3 ≺ hak−3 + eb+ c ≺ h (ak−3 + b) + c

and

hak−3 + eb+ c = (h− e)ak−3 + (e− 1) (ak−3 + b) + (ak−3 + b+ c) .

Hence, hak−3 + eb + c ∈ hA, for all e ∈ [1, h− 1], and they are among or between

the elements seen in the second to last line of inequalities in Equation (1). These

are h− 1 nontrivial elements of hA, otherwise

hak−3 + eb+ c = hak−3 + fb,

for some f ∈ [1, h], will contradict the assumption that c ̸= db, for all d ∈ N.
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Theorem 2. Let k ≥ 4 and let G be an ordered additive abelian group with respect

to ⪯. Suppose 0 ≺ a1 ≺ a2 ≺ · · · ≺ ak−3 for ai ∈ G+. If

A = {0, a1, a2, . . . , ak−3, ak−3 + b, ak−3 + b+ c}

and c = db, for some b, c ∈ G+ and d ∈ N with d > 1, then hA has at least h − 1

nontrivial elements.

Proof. As in Definition 3, we can write out the hk − h + 1 trivial elements of hA

using c = db. With simplifications, we have

0 ≺ a1 ≺ · · · ≺ (h− 1)a1 ≺ ha1

≺ (h− 1)a1 + a2 ≺ · · · ≺ a1 + (h− 1)a2 ≺ ha2

...

≺ hak−3 + b ≺ · · · ≺ hak−3 + (h− 1)b ≺ h (ak−3 + b)

≺ h (ak−3 + b) + db ≺ · · · ≺ h (ak−3 + b) + (h− 1)db ≺ h (ak−3 + b+ db) .

(2)

Observe that for all e ∈ [1, h− 1],

h (ak−3 + b) ≺ h (ak−3 + b) + (ed− 1)b ≺ h (ak−3 + b+ db) , (3)

where the first inequality needs the fact that d > 1. Notice that h (ak−3 + b)+(ed−
1)b ∈ hA, for all e ∈ [1, h− 1] because

h (ak−3 + b) + (ed− 1)b = ak−3 + (h− e− 1) (ak−3 + b) + e (ak−3 + b+ db) ∈ hA,

where we used db in place of c as allowed by the assumption that c = db.

From the inequality in Equation (3), these elements are among or between the

elements in the last line of Equation (2). These are h−1 nontrivial elements of hA,

otherwise

h (ak−3 + b) + (ed− 1)b = h (ak−3 + b) + fdb,

for some f ∈ [1, h− 1], will imply that d = 1, which contradicts d > 1.

Theorem 3. Let G be an ordered additive abelian group with respect to ⪯. For

every k ≥ 4, if A = {0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−2} ⊆ G with a, b1, . . . , bk−2 ∈
G+ and bk−2 = bk−3, then either A is a k-term arithmetic progression or the set

B = {0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−3} ⊆ G produces the sumset hB that has at

least h− 1 nontrivial elements.

Proof. We will proceed by induction on k. For the base case, suppose k = 4. Then,

we assume A = {0, a, a+ b1, a+ b1 + b2} with a, b1, b2 ∈ G+ and b2 = b1. This

means we are working with A = {0, a, a+ b1, a+ 2b1} and B = {0, a, a+ b1}. We
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can list the 2h+1 trivial elements of hB as seen in Definition 3. With simplifications,

we obtain

0 ≺ a ≺ 2a ≺ · · · ≺ ha

≺ ha+ b1 ≺ ha+ 2b1 ≺ · · · ≺ ha+ (h− 1)b1 ≺ h (a+ b1) .
(4)

Now, we will split this into two cases.

Case 1: b1 ̸= ea, for all e ∈ N. Observe that for all f ∈ [1, h− 1],

a ≺ fa+ b1 ≺ ha+ b1 and fa+ b1 = (h− f)0 + (f − 1)a+ (a+ b1).

So, we have that fa+ b1 ∈ hB and they are among or between the elements in the

first line of Equation (4). These are h− 1 nontrivial elements of hB, otherwise

fa+ b1 = ga,

for some g ∈ [2, h], will contradict the Case 1 assumption.

Case 2: b1 = ea, for some e ∈ N. If e = 1, then we have that b1 = a and

A = {0, a, a+ b1, a+ 2b1} becomes A = {0, a, 2a, 3a}, which means A is a 4-term

arithmetic progression. Otherwise, e > 1, which means A = {0, a, a+ b1, a+ 2b1}
becomes A =

{
0, a, (e+ 1)a, (2e+ 1)a

}
, and B =

{
0, a, (e+ 1)a

}
. Rewriting Equa-

tion (4), we have

0 ≺ a ≺ 2a ≺ · · · ≺ ha

≺ (h+ e)a ≺ (h+ 2e)a ≺ · · · ≺
[
h+ (h− 1)e

]
a ≺ (h+ he)a.

(5)

Observe that for all f ∈ [1, h− 1],

ha ≺ (h+ ef − 1) a ≺ (h+ he)a, (6)

where the first inequality needs the assumption that e > 1. So, (h+ ef − 1) a ∈ hB

for all f ∈ [1, h− 1] because

(h+ ef − 1) a = 0 + (h− f − 1)a+ f(e+ 1)a ∈ hB.

From the inequality in Equation (6), we know that these elements are among or

between the elements in the second line of Equation (5). These are h− 1 nontrivial

elements of hB, otherwise

(h+ ef − 1) a = (h+ ge)a,

for some g ∈ [1, h− 1], will imply that e = 1, which contradicts e > 1.

At this point, we exhausted all necessary cases. Collecting all the results, we see

that either A is a 4-term arithmetic progression or hB has at least h− 1 nontrivial

elements. Thus, the base case holds.
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For the inductive hypothesis, assume if A = {0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−2}
with a, b1, . . . , bk−2 ∈ G+ and bk−2 = bk−3, then either A is k-term arithmetic

progression or the set B = {0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−3} produces a sumset

hB that has at least h−1 nontrivial elements. The inductive step requires us to show

that if A = {0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−1} with a, b1, . . . , bk−1 ∈ G+ and

bk−1 = bk−2, then either A is a (k + 1)-term arithmetic progression or the set B =

{0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−2} produces a sumset hB that has at least h− 1

nontrivial elements. Start by assuming A = {0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−1}
with a, b1, . . . , bk−1 ∈ G+ and bk−1 = bk−2. Then, we are working with

A = {0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−2, a+ b1 + · · ·+ 2bk−2} ,
B = {0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−2} .

We will need two cases.

Case 1: bk−2 ̸= ebk−3, for all e ∈ N. By Theorem 1 on B, we have that there are

at least h− 1 nontrivial elements in hB.

Case 2: bk−2 = ebk−3, for some e ∈ N. If e > 1, then, by Theorem 2 on B, there

are at least h − 1 nontrivial elements in hB. Otherwise, e = 1 and this means

bk−2 = bk−3. Therefore, by the inductive hypothesis, either B is a k-term arith-

metic progression or the set C = {0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−3} produces the

sumset hC that has at least h − 1 nontrivial elements. In the case that B is a

k-term arithmetic progression, then it follows that bi = a, for all 1 ≤ i ≤ k − 2.

Substituting bi = a into the elements in A, for all 1 ≤ i ≤ k − 2, gives us

A =
{
0, a, 2a, . . . , (k − 1)a, ka

}
,

which indicates that A is a (k + 1)-term arithmetic progression. In the case that

hC has at least h − 1 nontrivial elements, then, by Lemma 1, these elements are

also nontrivial in hB.

At this point, we considered all the necessary cases and it can be seen that

either A is a (k+1)-term arithmetic progression or hB has at least h− 1 nontrivial

elements. This completes the inductive step.

Thus, we have that for every k ≥ 4, if A = {0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−2}
with a, b1, . . . , bk−2 ∈ N and bk−2 = bk−3, then either A is a k-term arithmetic pro-

gression or the set B = {0, a, a+ b1, . . . , a+ b1 + · · ·+ bk−3} produces the sumset

hB that has at least h− 1 nontrivial elements.

The next theorem is the main result. Most of the heavy lifting occurred in the

preceding lemmas and theorems.

Theorem 4. Let G be a torsion-free additive abelian group. For all k ≥ 4,

RG(h, k) ∩ [hk − h+ 2, hk − 1] = ∅.
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Proof. Let k ≥ 4 be given. By assumption, G is torsion-free. This means that

G can be ordered and we will say that it is ordered with respect to ⪯. Since a

translation does not change the size of the sumset, it suffices to consider the set

A = {0, a1, . . . , ak−1} ⊆ G with 0 ≺ a1 ≺ · · · ≺ ak−1. Based on this inequality, we

have that

ak−2 = ak−3 + b and ak−1 = ak−3 + b+ c

for some unique b, c ∈ G+. This leaves us with

A = {0, a1, a2, . . . , ak−3, ak−3 + b, ak−3 + b+ c} .

We will need two cases.

Case 1: c ̸= db, for all d ∈ N. By Theorem 1, it follows that hA has at least h− 1

nontrivial elements. As noted in Definition 3, hA has hk − h + 1 trivial elements.

So, we must have that

|hA| ≥ (hk − h+ 1) + (h− 1) = hk.

Case 2: c = db, for all d ∈ N. If d > 1, then, by Theorem 2, we know that hA

has at least h− 1 nontrivial elements. As noted in Definition 3, hA has hk − h+ 1

trivial elements. So, we must have that

|hA| ≥ (hk − h+ 1) + (h− 1) = hk.

If d = 1, then we have that c = b. By Theorem 3, we know that either A is a k-term

arithmetic progression or that the set

B = {0, a1, a2, . . . , ak−3, ak−3 + b}

produces the sumset hB with at least h− 1 nontrivial elements. In the case that A

is a k-term arithmetic progression, then we know from Theorem 2 in Nathanson’s

paper [5] that |hA| = hk − h+ 1. In the case that hB has at least h− 1 nontrivial

elements, it follows by Lemma 1 that hA has at least h− 1 nontrivial elements. As

noted in Definition 3, hA has hk − h+ 1 trivial elements. Therefore, we must have

that

|hA| ≥ (hk − h+ 1) + (h− 1) = hk.

At this point, we considered all the required cases and saw that either

|hA| = hk − h+ 1 or |hA| ≥ hk.

Thus, for all k ≥ 4,

RG(h, k) ∩ [hk − h+ 2, hk − 1] = ∅,

as desired.
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An immediate question to ask is: can this interval be enlarged? We know from

Theorem 2 in Nathanson’s paper [5] that a k-term arithmetic progression produces

an h-fold sumset with size hk − h + 1. So, the interval cannot be extended to the

left. As for extending it to the right, we prove the following result.

Theorem 5. Let G be an ordered additive abelian group with respect to ⪯ and let

a ∈ G+. For k ≥ 3, if A =
{
0, a, 2a, . . . , (k − 2)a, ka

}
, then |hA| = hk.

Proof. We will prove that hA =
{
ja

∣∣ j ∈ [0, hk]− {hk − 1}
}
. By assumption,

a ∈ G+, which means that hA ⊆
{
ja

∣∣ j ∈ [0, hk]
}
. For all c ∈ hA with c ̸= h(ka),

c = x1(0) + x2(a) + x3(2a) + · · ·+ xk−1

[
(k − 2)a

]
+ xk(ka),

where x1, . . . , xk ∈ N0 with x1 + · · · + xk = h, by Definition 2. Since c ̸= h(ka),

then xi, for some 1 ≤ i ≤ k−1, must be nonzero. Since a ∈ G+, then 0 ≺ a ≺ 2a ≺
· · · ≺ (k − 2)a ≺ ka. It follows that

c ⪯ (k − 2)a+ (h− 1)(ka) = (hk − 2)a.

Hence, (hk − 1)a /∈ hA, which means hA ⊆
{
ja

∣∣ j ∈ [0, hk]− {hk − 1}
}
. Now, we

will confirm that
{
ja

∣∣ j ∈ [0, hk]− {hk − 1}
}
⊆ hA. Observe that

(hk)a = h(ka) ∈ hA and (hk − i)a = (k − i)a+ (h− 1)(ka) ∈ hA,

for all 2 ≤ i ≤ k. It remains to show that{
ja

∣∣ j ∈ [
0, hk − (k + 1)

]}
=

{
ja

∣∣ j ∈ [
0, (h− 2)k + (k − 1)

]}
⊆ hA.

Let c ∈
{
ja

∣∣ j ∈ [
0, (h− 2)k + (k − 1)

]}
. By the division algorithm, there exists

q ∈ [0, h− 2] and r ∈ [0, k − 1] such that

j = qk + r.

For all r, we get

c = ja =

{
(h− q − 1)0 + ra+ q(ka) if 0 ≤ r ≤ k − 2,

(h− q − 2)0 + a+ (k − 2)a+ q(ka) if r = k − 1.

It now follows that
{
ja

∣∣ j ∈ [0, hk]− {hk − 1}
}
⊆ hA.

Therefore, with both inclusions, we have that hA =
{
ja

∣∣ j ∈ [0, hk]− {hk − 1}
}

which has size hk as desired.
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As a consequence of this result, we see that the missing interval cannot be ex-

tended to the right. Thus, we obtain the following.

Corollary 1. Let G be a torsion-free additive abelian group. For all k ≥ 4,

RG(h, k) ∩ [hk − h+ 1, hk] = {hk − h+ 1, hk}.

Proof. By a previous remark, we know thatG is a torsion-free additive abelian group

if and only if G is ordered. By Theorem 2 in Nathanson’s paper [5], Theorem 4,

and Theorem 5, it follows that

RG(h, k) ∩ [hk − h+ 1, hk] = {hk − h+ 1, hk} ,

for all k ≥ 4.

We conclude by sharing that Isaac Rajagopal generalized Theorem 4 a few months

after the original submission of this paper. For the sake of clarity, we provide a

modified statement of Theorem 1.3 from Rajagopal’s paper [6] below.

Theorem 6 ([6]). For all h, k ∈ N, we have

RG(h, k) ∩

min(h,k)−3⋃
ℓ=0

[
hk − h+ 1 + ℓh+ 1, hk − h+ 1 + ℓh+ (h− 2− ℓ)

] = ∅.

We note that Theorem 4 is a special case of Theorem 6 at ℓ = 0. See Rajagopal’s

paper [6] for more details.
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