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Abstract
In this paper, we prove an extended version of the p-adic mean value theorem, then
apply it several times to refine Wolstenholme’s theorem up to modulo p7. We also
introduce a new family of congruences among binomial coefficients.

1. Introduction and Preliminaries

Wolstenholme’s well-known theorem states that for any prime p ≥ 5, we have(
2p− 1

p− 1

)
=

1

2

(
2p

p

)
≡ 1 (mod p3).

This theorem has been generalized in a variety of ways (see [8] for a survey). We
recall here only some relatively recent generalizations. J. Zhao [18] demonstrated
that (

np

mp

)/(n

m

)
≡ 1 + wpnm(n−m)p3 (mod p5),

where Hm(n) =
∑m

i=1
1
in denotes the m-th generalized harmonic number of order

n, and wp < p2 is the unique nonnegative integer such that wp ≡ Hp−1(1)
p2 (mod p2).

C. Helou and G. Terjanian [4] established that for p ≥ 5,(
np

mp

)
≡
(
n

m

)(
1−mn(n−m)

(
p3

2
Bp3−p2−2 −

p5

6
Bp−3

+
1

5
(m2 −mn+ n2)p5Bp−5

))
(mod p6+vp

(
(n−m)(n

m)
)
),

where Bn denotes the n-th Bernoulli number and vp is the normalized p-adic valu-
ation with |p|p = p−vp(p) = p−1. R. Meštrović [7] showed that(

2p− 1

p− 1

)
≡ 1− 2pHp−1(1) + 4p2Hp−1(1, 1) (mod p7),
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where Hm(1, 1) =
∑

1≤i<j≤m
1
ij , which is an example of a multiple harmonic sum.

More generally, for a k-tuple (n1, . . . , nk) ∈ Nk and a positive integer m, these sums
are defined by

Hm(n1, . . . , nk) :=
∑

1≤j1<j2<···<jk≤m

1

jn1
1 · · · jnk

k

,

and Hm(n1, . . . , nk) = 0 if m < k. J. Rosen [15] extended and optimized congru-
ences for

(
kp−1
p−1

)
modulo p2n+3 and gave a general family of polynomials

{bj,n(k)}0≤j≤n (called extremal polynomials) such that(
kp− 1

p− 1

)
≡

n∑
j=0

bj,n(k)p
jHp−1({1}j) (mod p2n+3),

where Hp−1({1}j) = Hp−1(1, . . . , 1︸ ︷︷ ︸
j times

).

Most of these extensions add extra terms to the congruence, typically involving
multiple harmonic sums or Bernoulli numbers. However, in this paper, we expand
these congruences in terms of binomial coefficients of the form

(
ap
bp

)
up to modulo

p7. The general method remains applicable for higher orders, but the computations
become increasingly intricate. In the course of the proof, we uncover a new family
of congruences among binomial coefficients.

There are numerous congruences that arise from p-adic analysis or p-adic related
functions, such as the p-adic L-function and the p-adic gamma function (see, for
example, [12, 14, 17]). Many of these congruences are concerned with multiple
harmonic sums and (generalized) Bernoulli numbers.

We briefly recall some basic facts about p-adic numbers (for comprehensive treat-
ments see [2, 10, 12, 16]). The field Qp of p-adic numbers is the completion of Q
with respect to the p-adic norm. Since Qp is not algebraically closed, one considers
its algebraic closure Qp, whose completion is denoted by Cp. The field Cp is both
algebraically closed and complete. Moreover,

vp(Q×
p ) = {vp(x) : x ∈ Q×

p } = Z and vp(C×
p ) = {vp(x) : x ∈ C×

p } = Q.

The set

Zp := {x ∈ Qp : vp(x) ≥ 0} = {x ∈ Qp : |x|p ≤ 1} = B(0, 1)

is a subring of Qp, known as the ring of p-adic integers. We write | · | for | · |p when
the choice of prime is clear from the context. Each x ∈ Zp admits a unique p-adic
expansion x =

∑∞
k=0 akp

k, where ak ∈ {0, 1, . . . , p−1}. Define xn =
∑n−1

k=0 akp
k ∈ N.

Then |x−xn|p ≤ p−n → 0 as n → ∞, so xn → x in Zp. Hence, every p-adic integer
is the limit of a sequence of natural numbers. In other words, N is dense in Zp.
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Throughout this paper, we take K to be either Qp, Cp, or any intermediate
extension. For v ∈ Q, we generalize the notion of congruence in K by declaring

x ≡ y (mod pv) if and only if x− y ∈ pvOK if and only if |x− y| ≤ p−v,

where OK = {x ∈ K : |x| ≤ 1} is the valuation ring of K.
For a power series f =

∑
n≥0 anx

n ∈ K[[x]], we define its sup norm to be
||f || = supn≥0 |an|. When |t| ≤ 1, we clearly have ||f(t)|| ≤ ||f ||. The subspace

K {x} =

f =
∑
n≥0

anx
n ∈ K[[x]] : an → 0


is the completion of the polynomial space under the sup norm, and we have K[x] ⊂
K {x} ⊂ K[[x]] (see [12, p. 233] for further details).

1.1. Higher p-adic Mean Value Theorem

The Mean Value Theorem is a fundamental result in real analysis; however, it does
not generally hold in p-adic analysis, even for polynomial functions (consider, for
example, f(t) = tp). Nevertheless, A. Robert [12, 13] demonstrated that there exists
a universal bound rp = |p|

1
p−1 such that for all |h| ≤ |p|

1
p−1 and f a vector-valued

function over a complete field K, the following inequality is satisfied:

||f(t+ h)− f(t)|| ≤ |h| ||f
′
||.

For p ≥ 3 and |h| ≤ |p|
1

p−2 , he gave a second-order estimate as∣∣∣∣∣∣f(t+ h)− f(t)− hf
′
(t)
∣∣∣∣∣∣ ≤ ∣∣∣∣h2

2

∣∣∣∣ ∣∣∣∣∣∣f ′′
∣∣∣∣∣∣ .

In [5, 12, 13, 19], the authors gave many applications of this theorem. Following
A. Robert’s approach and introducing a minor modification that produces a higher
order estimate, we establish an improved version of the theorem and then apply it
several times to binomial coefficients.

Lemma 1. Let (B, || · ||) be an ultrametric Banach space over K. Let

B{t} =

f =
∑
n≥0

ant
n ∈ B[[t]] : an → 0


be equipped with the sup norm ||f || := supk≥0 ||ak||. Let D be the formal differenti-
ation operator Df = f ′. Then, for every n ∈ N, we have∣∣∣∣∣∣∣∣Dn

n!

∣∣∣∣∣∣∣∣ ≤ 1.
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Proof. Let f(t) =
∑

k≥0 akt
k ∈ B{t}. Then

Dnf(t) = f (n)(t) =
∑
k≥n

k(k − 1) · · · (k − n+ 1)akt
k−n.

By definition of the norm operator, we get∣∣∣∣∣∣∣∣Dnf

n!

∣∣∣∣∣∣∣∣ = ∣∣∣∣∣∣∣∣f (n)

n!

∣∣∣∣∣∣∣∣ = sup
k≥n

∣∣∣∣∣∣∣∣k(k − 1) · · · (k − n+ 1)

n!
ak

∣∣∣∣∣∣∣∣
= sup

k≥n

∣∣∣∣∣∣∣∣(kn
)
ak

∣∣∣∣∣∣∣∣ ≤ sup
k≥n

||ak|| ≤ sup
k≥0

||ak|| = ||f || ,

which means that
∣∣∣∣∣∣Dnf

n!

∣∣∣∣∣∣ ≤ ||f || and
∣∣∣∣Dn

n!

∣∣∣∣ ≤ 1.

Theorem 1. Let (B, ||·||) be an ultrametric Banach space over K, and let f(t) ∈ B[t]
be a polynomial with coefficients in B. Suppose that t, h ∈ K with |t| ≤ 1. Then∣∣∣∣∣

∣∣∣∣∣f(t+ h)−
m−1∑
k=0

f (k)(t)

k!
hk

∣∣∣∣∣
∣∣∣∣∣ ≤

∣∣∣∣hm

m

∣∣∣∣ ∣∣∣∣∣∣f (m)
∣∣∣∣∣∣ ,

provided that

|h| ≤ |p|
1

p−m if 1 ≤ m < p, and |h| ≤ |p|
1
p if m = p.

Proof. We first consider the case 1 ≤ m < p. Using the Taylor expansion, we can
write

f(t+ h)−
m−1∑
k=0

f (k)(t)

k!
hk = hm

∑
k≥m

hk−m

k(k − 1) · · · (k −m+ 1)

Dk−mf (m)(t)

(k −m)!
.

As |t| ≤ 1, the ultrametric inequality implies∣∣∣∣∣
∣∣∣∣∣f(t+ h)−

m−1∑
k=0

f (k)(t)

k!
hk

∣∣∣∣∣
∣∣∣∣∣ ≤ |hm| sup

k≥m

∣∣∣∣ hk−m

k(k − 1) · · · (k −m+ 1)

∣∣∣∣ ∣∣∣∣∣∣∣∣Dk−mf (m)

(k −m)!

∣∣∣∣∣∣∣∣ .
Since gcd(m, p) = 1, we have |m| = 1 and therefore

∣∣hm

m

∣∣ = |hm|. Thus, this
inequality can be written as∣∣∣∣∣
∣∣∣∣∣f(t+ h)−

m−1∑
k=0

f (k)(t)

k!
hk

∣∣∣∣∣
∣∣∣∣∣ ≤

∣∣∣∣hm

m

∣∣∣∣ sup
k≥m

∣∣∣∣ hk−m

k(k − 1) · · · (k −m+ 1)

∣∣∣∣ ∣∣∣∣∣∣∣∣Dk−mf (m)

(k −m)!

∣∣∣∣∣∣∣∣ .
Now, according to Lemma 1,∣∣∣∣∣∣∣∣Dk−mf (m)

(k −m)!

∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣f (m)
∣∣∣∣∣∣ and

∣∣∣∣∣∣∣∣Dk−mf (m)

(k −m)!

∣∣∣∣∣∣∣∣→ 0 (when k → ∞).
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To establish the expected statement, it suffices to show that∣∣∣∣ hk−m

k(k − 1) · · · (k −m+ 1)

∣∣∣∣ ≤ 1 (for k ≥ m).

Notice that the prime number p divides at most one of the m consecutive positive
integers k, k − 1, . . . , k −m + 1. If vp(k − l) = v ≥ 1 for some l ∈ {0, . . . ,m− 1},
then for all l′ ̸= l, one has vp(k − l′) = 0. Hence,

vp(k(k − 1) · · · (k −m+ 1)) = v, |k(k − 1) · · · (k −m+ 1)| = |p|v.

Since pv | (k− l), we have k ≥ pv + l ≥ pv. Hence, using the condition |h| ≤ |p|
1

p−m

we obtain ∣∣∣∣ hk−m

k(k − 1) · · · (k −m+ 1)

∣∣∣∣ ≤ |p|
k−m
p−m

|p|v
= |p|

pv−m
p−m −v

.

Define e = pv−m
p−m − v. The function s 7→ pv−s

p−s is increasing on the interval [0, p), so

e ≥ pv − 1

p− 1
− v = (1 + p+ · · ·+ pv−1)− v ≥ 0,

and thus ∣∣∣∣ hk−m

k(k − 1) · · · (k −m+ 1)

∣∣∣∣ ≤ |p|e ≤ 1.

Now, we consider the case m = p. We write

f(t+ h)−
p−1∑
k=0

f (k)(t)

k!
hk =

hp

p

∑
k≥p

phk−p

k(k − 1) · · · (k − p+ 1)

Dk−pf (p)(t)

(k − p)!
,

and as in the previous case, it suffices to show that∣∣∣∣ phk−p

k(k − 1) · · · (k − p+ 1)

∣∣∣∣ ≤ 1.

Among the consecutive integers k, k− 1, . . . , k− p+1, exactly one is divisible by p.
If vp(k− l) = v ≥ 1 for some l ∈ {0, . . . , p− 1}, then |k(k − 1) · · · (k − p+ 1)| = |p|v

and k ≥ pv + l ≥ pv. Under the condition |h| ≤ |p|
1
p , we obtain

|phk−p|
|p|v

=
|h|k−p

|p|v−1
≤ |p|

pv−p
p

|p|v−1
= |p|p

v−1−v.

Since pv−1 − v ≥ 0 for all v ≥ 1, the claim follows.

In terms of valuations, this theorem can be stated as follows.
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Theorem 2 (Congruence form). Let f(t) =
∑

k≥0 akt
k ∈ B[t]. Then

f(t+ h) ≡
m−1∑
k=0

f (k)(t)

k!
hk (mod pmvp(h)+vp(∥f(m)∥)) if 1 ≤ m < p,

f(t+ h) ≡
p−1∑
k=0

f (k)(t)

k!
hk (mod ppvp(h)+vp(∥f(p)∥)−1) if m = p,

for all t, h ∈ K such that vp(t) ≥ 0, and

vp(h) ≥
1

p−m
if 1 ≤ m < p and vp(h) ≥

1

p
if m = p.

Remark 1. To avoid ambiguity, we recall what is meant by congruences between
coefficients in an ultrametric Banach space. Denote by

B◦ := B(0, 1) = {x ∈ B : ∥x∥ ≤ 1 }

the closed unit ball of B. This is naturally an OK-module. For any v ∈ Q, we set

pvB◦ := { pvx : x ∈ B◦} = B(0, p−v),

which is again an OK-module. For x, y ∈ B, we write

x ≡ y (mod pv) if and only if x− y ∈ pvB◦ if and only if ∥x− y∥ ≤ p−v.

As a concrete example, take B = Qp[x] endowed with the sup norm
∥∥∥∑m

k=0 akx
k
∥∥∥ =

sup0≤k≤m |ak|. By definition, we have Qp[x]
◦ = Zp[x]. Now, for A(t) =

∑
k≥0 ak(x) t

k

and B(t) =
∑

k≥0 bk(x) t
k in Qp[x][t], the congruence A(t) ≡ B(t) (mod pv) means

precisely that ak(x) ≡ bk(x) (mod pvZp[x]) for all k ≥ 0. In turn, this induces
congruences in Zp between the coefficients of ak(x) and bk(x), as will be illustrated
below.

2. Application to Binomial Coefficients

Before presenting the proof of the general formula which involves lengthy and intri-
cate expressions, we first review an application of the second-order estimate treated
by A. Junod (see [5, pp. 6–7]). In this setting, with m = 2 and p ≥ 3, the higher
mean value theorem of order two is applied with the following ingredients. Define

f(t) = (r(x)t+ xp + 1)n where r(x) =
(x+ 1)p − (xp + 1)

p
.

It is clear that every coefficient of f(t) belongs to

B = {g(x) ∈ Qp [x] : deg(g(x)) ≤ np} .
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This ultrametric Banach space is also endowed with the sup norm defined by∥∥∑
k akx

k
∥∥ = supk |ak|. Note that for 1 ≤ i ≤ p − 1, the prime p divides

(
p
i

)
exactly once. Using the equality

r(x) =
(x+ 1)p − (xp + 1)

p
=

∑p
i=0

(
p
i

)
xi − xp − 1

p
=

1

p

p−1∑
i=1

(
p

i

)
xi,

we find that ||r(x)|| = 1. Setting t = 0 and h = p yields f(p) = (x + 1)np and
f(0) = (xp+1)n. Differentiating with respect to t, we get f ′(0) = nr(x)(xp+1)n−1.
Because ||r(x)|| = 1 and ||xp+1|| = 1, differentiating twice gives

∣∣∣∣f (2)
∣∣∣∣ ≤ |n(n−1)|.

It follows that∥∥∥∥f(p)− f(0)− f ′(0)

1!
p

∥∥∥∥ =
∥∥(x+ 1)np − (xp + 1)n − npr(x)(xp + 1)n−1

∥∥
=
∥∥(x+ 1)np − (xp + 1)n − n(xp + 1)n−1(x+ 1)p

+ n(xp + 1)n∥

≤
∣∣∣∣p22
∣∣∣∣ ∣∣∣∣∣∣f (2)

∣∣∣∣∣∣ ≤ |p2||n(n− 1)| = |p2|
∣∣∣∣(n2

)∣∣∣∣ .
In other words,

(x+1)np − (xp +1)n ≡ n(xp +1)n−1(x+1)p −n(xp +1)n (mod p2+vp

(
(n2)
)
Zp[x]).

Hence, the coefficients of xkp on both sides must be congruent modulo p2+vp

(
(n2)
)
.

The coefficient of xkp in n(xp+1)n−1(x+1)p−n(xp+1)n is n(
(
n−1
k

)
+
(
n−1
k−1

)
−
(
n
k

)
) = 0.

Therefore (
np

kp

)
≡
(
n

k

)
(mod p2+vp

(
(n2)
)
Zp).

We now apply the mean value theorem of order m+ 1 < p. Differentiating f(t)

l times with respect to t gives

f (l)(t) = (n(n− 1) · · · (n− l + 1))r(x)l(r(x)t+ xp + 1)n−l.

Thus, ||f (m+1)|| ≤ |n(n−1) · · · (n−m+1)(n−m)| =
∣∣∣( n

m+1

)∣∣∣ (because gcd(m+1, p) =

1). Evaluating at t = 0 yields

pl

l!
f (l)(0) = pl

(
n

l

)
r(x)l(xp + 1)n−l =

(
n

l

)
((x+ 1)p − (xp + 1))

l
(xp + 1)n−l.

When applying Theorem 1, we obtain∣∣∣∣∣
∣∣∣∣∣f(p)−

m∑
l=0

pl

l!
f (l)(0)

∣∣∣∣∣
∣∣∣∣∣ ≤ |pm+1|||f (m+1)|| ≤ |pm+1|

∣∣∣∣( n

m+ 1

)∣∣∣∣ .
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In congruence form, we can write

f(p)− f(0) ≡
m∑
l=1

pl

l!
f (l)(0) (mod pm+1+vp

(
( n
m+1)

)
Zp[x]).

To extend Wolstenholme’s congruence to a higher modulus, we need to find a
way to extract the coefficient of xkp from the terms pl

l! f
(l)(0). To achieve this,

we introduce in Theorem 3 the sequence d(m,n, k), which computes precisely the
coefficient of xkp from pl

l! f
(l)(0). After determining these coefficients for the different

values l = 0, . . . ,m, we then collect and combine them to find a closed formula
for the coefficients of

(
jp
ip

)
that might arise in the congruence, as established in

Theorem 4 and Corollary 1.

Lemma 2. The coefficient of xkp in the product (x+ 1)jp(xp + 1)n−j is

cj(n, k) :=

j∑
s=0

(
jp

sp

)(
n− j

k − s

)
.

Proof. Expanding the product using the binomial theorem gives

(x+ 1)jp(xp + 1)n−j =

(
jp∑
i=0

(
jp

i

)
xi

)(
n−j∑
r=0

(
n− j

r

)
xrp

)
.

Extracting the coefficient of xkp requires collecting terms where the exponent of x
in the first sum is a multiple of p. This immediately yields

cj(n, k) =

j∑
s=0

(
jp

sp

)(
n− j

k − s

)
.

Theorem 3. For m, k ≥ 0 and n ∈ Z, we introduce the sequence

d(m,n, k) :=

(
n

m

) m∑
j=0

(−1)m−j

(
m

j

)
cj(n, k).

With this notation, the following congruence holds:(
np

kp

)
−
(
n

k

)
≡ d(1, n, k)+d(2, n, k)+· · ·+d(m,n, k) (mod pm+1+vp

(
( n
m+1)

)
). (1)
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Proof. From the foregoing discussion, we have

pl

l!
f (l)(0) =

(
n

l

)
((x+ 1)p − (xp + 1))l(xp + 1)n−l

=

(
n

l

)( l∑
j=0

(
l

j

)
(x+ 1)jp(−1)l−j(xp + 1)l−j

)
(xp + 1)n−l

=

(
n

l

) l∑
j=0

(−1)l−j

(
l

j

)
(x+ 1)jp(xp + 1)n−j .

By the previous lemma, the coefficient of xkp in pl

l! f
(l)(0) must be exactly the

expression (
n

l

) l∑
j=0

(−1)l−j

(
l

j

)
cj(n, k).

From

f(p)− f(0) ≡
m∑
l=1

pl

l!
f (l)(0) (mod pm+1+vp(( n

m+1))Zp[x]),

we identify the coefficient of xkp in each term and obtain(
np

kp

)
−
(
n

k

)
≡

m∑
l=1

(
n

l

) l∑
j=0

(−1)l−j

(
l

j

)
cj(n, k)

=

m∑
l=1

d(l, n, k) (mod pm+1+vp

(
( n
m+1)

)
).

Remark 2. Note that the expressions for d(m,n, k) are rather lengthy, and the
computations become increasingly involved as m grows. Therefore, it is convenient
to use a computer algebra system such as Maple to implement d(m,n, k).
Example 1. With a straightforward implementation of d(m,n, k) and simplifica-
tion using Vandermonde’s convolution identity (see [11, p. 50]),(
n

k

)
=

k∑
j=0

(
m

j

)(
n−m

k − j

)
=

min(k,m)∑
j=0

(
m

j

)(
n−m

k − j

)
=

m∑
j=0

(
m

j

)(
n−m

k − j

)
, 0 ≤ m ≤ n.

We obtain for m = 1, 2, 3:

d(1, n, k) =

(
n

1

)((
n

k

)
−
(
n

k

))
= 0,

d(2, n, k) =

(
n

2

)(
n− 2

k − 1

)((
2p

p

)
− 2

)
,

d(3, n, k) =

(
n

3

)(
n− 2

k − 1

)((
3p

p

)
− 3

(
2p

p

)
+ 3

)
.
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From (1), we deduce that d(m,n, k) ≡ 0 (mod pm). For example, when (m,n, k) =

(3, 3, 1), (4, 4, 1), (4, 4, 2), we find

d(3, 3, 1) =

(
3p

p

)
− 3

(
2p

p

)
+ 3 ≡ 0 (mod p3),

d(4, 4, 1) =

(
4p

p

)
− 4

(
3p

p

)
+ 6

(
2p

p

)
− 4 ≡ 0 (mod p4),

d(4, 4, 2) =

(
4p

2p

)
− 8

(
3p

p

)
+ 12

(
2p

p

)
− 6 ≡ 0 (mod p4).

It can also be noted that d(m,n, k) = 0 if m > n or k > n.

Before deriving the closed formula for the coefficient of
(
np
kp

)
, we introduce the fol-

lowing technical lemma. For background on binomial coefficients, falling factorials,
and related identities, we refer the reader to [3, 9, 11].

Lemma 3. Let m,n ∈ N. Then, we have the following identities:

m∑
s=j

(−1)s−j

(
n

s

)(
s

j

)
= (−1)m−j

(
n

j

)(
n− j − 1

m− j

)
=

(
n

j

)(
m− n

m− j

)
. (2)

m∑
j=0

(−1)m−j

(
n

j

)(
n− j − 1

m− j

)(
n− j

k

)
=

(
n

k

)(
m− k

m

)
. (3)

m∑
j=0

(−1)m−j

(
n

j

)(
n− j − 1

m− j

)(
n− j

k − j

)
=

(
n

k

)(
k +m− n

m

)
. (4)

Proof. 1. Using the identity
∑m

j=0(−1)j
(
n
j

)
= (−1)m

(
n−1
m

)
(see [3, p. 165]), we

have
m∑
s=j

(−1)s−j

(
n

s

)(
s

j

)
=

m∑
s=j

(−1)s−j n!

s!(n− s)!

s!

j!(s− j)!

=

m∑
s=j

(−1)s−j n!

j!(n− j)!

(n− j)!

(s− j)!(n− s)!

=

(
n

j

) m∑
s=j

(−1)s−j

(
n− j

s− j

)
=

(
n

j

)m−j∑
l=0

(−1)l
(
n− j

l

)

= (−1)m−j

(
n

j

)(
n− j − 1

m− j

)
=

(
n

j

)(
m− n

m− j

)
.

In the last line, we used the formula
(
y
l

)
= (−1)l

(
l−y−1

l

)
(see [3, p. 164]) with

y = n− j − 1 and l = m− j.
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2. By Vandermonde’s identity
(
x+y
m

)
=
∑m

j=0

(
x
j

)(
y

m−j

)
, we find

m∑
j=0

(−1)m−j

(
n

j

)(
n− j − 1

m− j

)(
n− j

k

)

=

m∑
j=0

(−1)m−j n!(n− j)!

j!(n− j)!k!(n− k − j)!

(
n− j − 1

m− j

)

=

m∑
j=0

(−1)m−j n!

k!(n− k)!

(n− k)!

j!(n− k − j)!

(
n− j − 1

m− j

)

=

(
n

k

) m∑
j=0

(−1)m−j

(
n− k

j

)(
n− j − 1

m− j

)

=

(
n

k

) m∑
j=0

(−1)m−j

(
n− k

j

)
(−1)m−j

(
m− n

m− j

)

=

(
n

k

)(
m− k

m

)
.

3. Again by Vandermonde’s identity, we have

m∑
j=0

(−1)m−j

(
n

j

)(
n− j − 1

m− j

)(
n− j

k − j

)

=

m∑
j=0

(−1)m−j n!(n− j)!

j!(n− j)!(k − j)!(n− k)!

(
n− j − 1

m− j

)

=

m∑
j=0

(−1)m−j n!

k!(n− k)!

k!

j!(k − j)!

(
n− j − 1

m− j

)

=

(
n

k

) m∑
j=0

(−1)m−j

(
k

j

)(
n− j − 1

m− j

)

=

(
n

k

) m∑
j=0

(−1)m−j

(
k

j

)
(−1)m−j

(
m− n

m− j

)

=

(
n

k

)(
k +m− n

m

)
.

Lemma 4. For m, k ≥ 0 with m+ 1 < p and n ∈ Zp, we have(
np

kp

)
−
(
n

k

)
≡ C00(m,n, k)+

∑
1≤i<j≤m

Cji(m,n, k)

(
jp

ip

)
(mod pm+1+vp

(
( n
m+1)

)
),
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where

C00(m,n, k) =

((
m− k

m

)
+

(
k +m− n

m

)
+ (−1)m+1

(
n− 1

m

)
− 1

)(
n

k

)
,

Cji(m,n, k) =

(
n

j

)(
m− n

m− j

)(
n− j

k − i

)
=

(n− k)j−i(k)i
j!

(
m− n

m− j

)(
n

k

)
.

Proof. From d(s, n, k) where 2 ≤ s ≤ m, we extract the coefficient of
(
jp
ip

)
which is

equal to

d(s, n, k) =

(
n

s

) s∑
j=0

(−1)s−j

(
s

j

)
cj(n, k) =

(
n

s

) s∑
j=0

(−1)s−j

(
s

j

) j∑
i=0

(
jp

ip

)(
n− j

k − i

)

=

(
n

s

) s∑
i=0

s∑
j=i

(−1)s−j

(
s

j

)(
n− j

k − i

)(
jp

ip

)
.

For 1 ≤ i < j ≤ m, the coefficient of
(
jp
ip

)
from d(s, n, k) is equal to

(−1)s−j

(
n

s

)(
s

j

)(
n− j

k − i

)
.

Summing over s from j to m using (2), we find Cji(m,n, k) =
(
n
j

)(
m−n
m−j

)(
n−j
k−i

)
. For

the rightmost equality, we have(
n

j

)(
m− n

m− j

)(
n− j

k − i

)
=

n!

j!(n− j)!
· (n− j)!

(k − i)!(n− j − k + i)!

(
m− n

m− j

)
=

n!

k!(n− k)!
· k!(n− k)!

j!(k − i)!(n− k − j + i)!

(
m− n

m− j

)
=

(n− k)j−i(k)i
j!

(
m− n

m− j

)(
n

k

)
.

The coefficient of the constant term occurs only in the cases i = 0 and i = j.
Collecting these contributions and correcting for the overlap at j = 0 (where i = 0

and i = j coincide) gives

(
n

s

) s∑
j=0

(−1)s−j

(
s

j

)[(
n− j

k

)
+

(
n− j

k − j

)]
− (−1)s

(
n

k

) .

Summing s from 2 to m and observing that
∑m

s=2(−1)s
(
n
s

)
= (−1)m

(
n−1
m

)
+ n− 1,
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we find

C00(m,n, k) =

m∑
s=2

(
n

s

) s∑
j=0

(−1)s−j

(
s

j

)[(
n− j

k

)
+

(
n− j

k − j

)]
− (−1)s

(
n

k

)
=

m∑
j=0

m∑
s=j

(−1)s−j

(
n

s

)(
s

j

)(
n− j

k

)

+

m∑
j=0

m∑
s=j

(−1)s−j

(
n

s

)(
s

j

)(
n− j

k − j

)

− (2− n)

(
n

k

)
−
(
(−1)m

(
n− 1

m

)
+ n− 1

)(
n

k

)
.

Using (2), (3), and (4), we obtain

C00(m,n, k) =

m∑
j=0

(−1)m−j

(
n

j

)(
n− j − 1

m− j

)(
n− j

k

)

+

m∑
j=0

(−1)m−j

(
n

j

)(
n− j − 1

m− j

)(
n− j

k − j

)

− (2− n)

(
n

k

)
−
(
(−1)m

(
n− 1

m

)
+ n− 1

)(
n

k

)
=

((
m− k

m

)
+

(
k +m− n

m

)
+ (−1)m+1

(
n− 1

m

)
− 1

)(
n

k

)
.

Theorem 4. For m, k ≥ 0 with m+ 1 < p and n ∈ Zp, we have(
np

kp

)
−
(
n

k

)
≡ C ′

00(m,n, k) +
∑

2≤j≤m, 1≤i≤⌊j/2⌋

C ′
ji(m,n, k)

(
jp

ip

)
(mod pm+1+vp

(
( n
m+1)

)
),

where

C ′
00(m,n, k) =

((
m− k

m

)
+

(
k +m− n

m

)
+ (−1)m+1

(
n− 1

m

)
− 1

)(
n

k

)
,

C ′
ji(m,n, k) =

(n− k)j−i(k)i + (n− k)i(k)j−i

j!

(
m− n

m− j

)(
n

k

)
,

for j ̸= 2i and i ≥ 1. For the case j = 2i, i ≥ 1, the calculated value should be
divided by 2.
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Proof. Since
(
jp
ip

)
=
(

jp
(j−i)p

)
, the terms corresponding to i and j−i in the summation

combine, reducing the range of i to 1 ≤ i ≤ ⌊j/2⌋. We define C ′
ji(m,n, k) :=

Cji(m,n, k)+Cj j−i(m,n, k), so that the coefficient of
(
jp
ip

)
equals C ′

ji(m,n, k) when
i ̸= j− i. If j = 2i, then i = j− i; in this case, the two summands are identical and
must not be double-counted, leading to the division by 2.

Proposition 1. 1. For all m, k ∈ N and n ∈ Z, the polynomial part of
C ′

00(m,n, k) is divisible by k(n−k)
2 in Q[k].

2. For all m, k ∈ N and n ∈ Z, the polynomial part of C ′
ji(m,n, k) is divisible by

k(n−k)
2 in Q[k].

Proof. When k = n, replacing in the polynomial part of C ′
00(m,n, k), we find(

m− n

m

)
+

(
n+m− n

m

)
+ (−1)m+1

(
n− 1

m

)
− 1

=

(
m− n

m

)
+ 1 + (−1)m+1

(
n− 1

m

)
− 1

=

(
m− n

m

)
−
(
m− n

m

)
= 0.

Also, when k = 0, the value in the polynomial part is 0. As gcd(k, (n−k)
2 ) =

1 (viewed as elements of the ring Q[k]), the polynomial k(n−k)
2 must divide the

polynomial part of C ′
00(m,n, k). For the second statement, the result follows by the

same reasoning as in the proof of Statement 1.

This proposition motivates the following definition.

Definition 1. We define the reduced coefficients Cji(m,n, k) and C00(m,n, k) by
the relation

k(n− k)

2

(
n

k

)
Cji(m,n, k) = C ′

ji(m,n, k).

Corollary 1. For integers m, k ≥ 0 such that m+ 1 < p, and for n ∈ Zp, we have

(
np

kp

)
−
(
n

k

)
≡ k(n− k)

2

(
n

k

)C00(m,n, k) +
∑

2≤j≤m, 1≤i≤⌊j/2⌋

Cji(m,n, k)

(
jp

ip

)
(mod pm+1+vp

(
( n
m+1)

)
).

Remark 3. As previously noted, the explicit expressions for the coefficients Cji or
C ′

ji are quite involved. For this reason, we suggest that the reader compute them
with the help of a computer algebra system such as Maple or Mathematica,
where a straightforward implementation suffices, particularly for the more demand-
ing cases of congruences modulo p6 and p7.



INTEGERS: 26 (2026) 15

2.1. Modulo p3 Congruence

Before applying our theorems, we introduce a convenient expression for
(−np

kp

)
, which

we will use repeatedly.

Lemma 5. For n ∈ N and integer k ≥ 1, we have(
−np

kp

)
= (−1)kp

n

k

(
(n+ k)p− 1

kp− 1

)
= (−1)kp

n

n+ k

(
(n+ k)p

kp

)
. (5)

Proof. We recall the identity(
−x

m

)
=

(−x)(−x− 1) · · · (−x−m+ 1)

m!
= (−1)m

(
x+m− 1

m

)
.

By the elementary relation
(
y
m

)
= y−m+1

m

(
y

m−1

)
, taking y = x+m− 1, we obtain

(−1)m
(
x+m− 1

m

)
= (−1)m

x

m

(
x+m− 1

m− 1

)
.

Next, using
(
y−1
m−1

)
= m

y

(
y
m

)
with y = x+m, it follows that(

x+m− 1

m− 1

)
=

m

x+m

(
x+m

m

)
.

Combining these formulas yields(
−x

m

)
= (−1)m

x

m

(
x+m− 1

m− 1

)
= (−1)m

x

x+m

(
x+m

m

)
.

Finally, substituting x = np and m = kp gives the desired result.

Proposition 2. For n ∈ Zp, k ∈ N, and p ≥ 5,(
np

kp

)
−
(
n

k

)
≡ k(n− k)

2

(
n

k

)((
2p

p

)
− 2

)
(mod p3+vp

(
(n3)
)
). (6)

Proof. Applying Theorem 4, we find after simplification

C ′
00(2, n, k) = k(k − n)

(
n

k

)
=

k(n− k)

2

(
n

k

)
(−2),

C ′
21(2, n, k) =

k(n− k)

2

(
n

k

)
.

Corollary 2. For p ≥ 5 and n, k ∈ N, the following assertions are equivalent:
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1.
(
2p
p

)
≡ 2 (mod p3),

2.
(
np
p

)
≡ n (mod p3),

3.
(
np
kp

)
≡
(
n
k

)
(mod p3).

Theorem 5. For n ∈ Zp, k ∈ N, and p ≥ 5,(
np

kp

)
≡
(
n

k

)
(mod p3+vp

(
(n3)
)
). (7)

Proof. Setting n = −1 and k = 1 in (6), we find(
−p

p

)
−
(
−1

1

)
= −1

2

(
2p

p

)
−
(
−1

1

)
≡ −

(
−1

1

)((
2p

p

)
− 2

)
(mod p3).

Simplifying yields
3

2

(
2p

p

)
≡ 3 (mod p3).

Hence, when p > 3,

k(n− k)

2

(
n

k

)((
2p

p

)
− 2

)
≡ 0 (mod p3+vp

(
(n3)
)
).

It is worth noting that Congruence (7) represents a slight variation of a result
established by W. Ljunggren and E. Jacobsthal (1952); see [8].

2.2. Modulo p4 Congruence

Proposition 3. For n ∈ Zp, k ∈ N, and p ≥ 7, we have(
np

kp

)
−
(
n

k

)
≡ k(n− k)

2

(
n

k

)(
(n− 4) + (3− n)

(
2p

p

)
+

n− 2

3

(
3p

p

))
(mod p4+vp

(
(n4)
)
).

(8)

Proof. Applying Theorem 4, we find

C ′
00(3, n, k) =

k(n− k)

2

(
n

k

)
(n− 4),

C ′
21(3, n, k) =

k(n− k)

2

(
n

k

)
(3− n),

C ′
31(3, n, k) =

k(n− k)

2

(
n

k

)
(n− 2)

3
.
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Theorem 6. For n ∈ Zp, k ∈ N, and p ≥ 7,(
np

kp

)
−
(
n

k

)
≡ nk(n− k)

4

(
n

k

)((
2p

p

)
− 2

)
(mod p4+vp

(
(n4)
)
).

Proof. Substituting n = −2 and k = 1 into (1) or (8) and performing some calcu-
lations, we find that (

3p

p

)
≡ 9

2

(
2p

p

)
− 6 (mod p4).

Using the value of
(
3p
p

)
in (8) gives the desired result.

Corollary 3. For p ≥ 7 and n, k ∈ N, the following assertions are equivalent:

1.
(
2p
p

)
≡ 2 (mod p4) (i.e., p is a Wolstenholme prime; see [8]),

2.
(
np
p

)
≡ n (mod p4),

3.
(
np
kp

)
≡
(
n
k

)
(mod p4).

2.3. Modulo p5 Congruence

Proposition 4. For n ∈ Zp, k ∈ N, and p ≥ 11, we have(
np

kp

)
−
(
n

k

)
≡ k(n− k)

2

(
n

k

)C00(4, n, k) +
∑

2≤j≤4, 1≤i≤⌊j/2⌋

Cji(4, n, k)

(
jp

ip

)
(mod p5+vp

(
(n5)
)
),

(9)

where

C00(4, n, k) = −k2 − kn+ 2n2 − 15n+ 35

6
,

C21(4, n, k) =
(n− 4)(n− 3)

2
,

C31(4, n, k) =
(n− 2)(4− n)

3
,

C41(4, n, k) =
2k2 − 2kn+ n2 − 3n+ 4

12
,

C42(4, n, k) =
(n− k − 1)(k − 1)

12
.

Proof. Apply Corollary 1 and simplify.

Theorem 7. For n ∈ Zp, k ∈ N, and p ≥ 11,(
np

kp

)
−
(
n

k

)
≡ nk(n− k)

4

(
n

k

)((
2p

p

)
− 2

)
(mod p5+vp

(
(n5)
)
). (10)
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Proof. Substituting the pairs (n, k) = (−2, 2), (−1, 1), and (−2, 1) into (1) or (9),
we find, respectively,

9

(
4p

2p

)
≡ 360

(
2p

p

)
− 192

(
3p

p

)
+ 60

(
4p

p

)
− 330 (mod p5), (11)(

4p

p

)
≡ 5

(
3p

p

)
− 21

2

(
2p

p

)
+ 10 (mod p5), (12)(

4p

p

)
≡ 14

3

(
3p

p

)
− 9

(
2p

p

)
+ 8 (mod p5). (13)

Subtracting (12) from (13), we obtain(
3p

p

)
≡ 9

2

(
2p

p

)
− 6 (mod p5).

Hence, (
4p

p

)
≡ 12

(
2p

p

)
− 20 (mod p5).

Substituting the expressions for
(
4p
p

)
and

(
3p
p

)
into (11), we find(

4p

2p

)
≡ 24

(
2p

p

)
− 42 (mod p5).

The constant term and the coefficient of
(
2p
p

)
are extracted by evaluating the

following expressions:

C00 − 6C31 − 20C41 − 42C42 = −n,

C21 +
9

2
C31 + 12C41 + 24C42 =

n

2
.

2.4. Modulo p6 Congruence

Proposition 5. For n ∈ Zp, k ∈ N, and p ≥ 11, we have

(
np

kp

)
−
(
n

k

)
≡ k(n− k)

2

(
n

k

)C00(5, n, k) +
∑

2≤j≤5, 1≤i≤⌊j/2⌋

Cji(5, n, k)

(
jp

ip

)
(mod p6+vp

(
(n6)
)
),

(14)
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where

C00(5, n, k) =
(n− 6)(n2 − nk − 6n+ k2 + 15)

12
,

C21(5, n, k) =
(5− n)(4− n)(3− n)

6
,

C31(5, n, k) =
(n− 2)(n− 5)(n− 4)

6
,

C41(5, n, k) =
(2k2 − 2kn+ n2 − 3n+ 4)(5− n)

12
,

C42(5, n, k) =
(k + 1− n)(k − 1)(n− 5)

12
,

C51(5, n, k) =
(n− 4)(3k2 − 3kn+ n2 − 2n+ 3)

60
,

C52(5, n, k) =
(n− k − 1)(k − 1)(n− 4)

60
.

Proof. Apply Corollary 1 and simplify (a computer algebra system such as Maple
or Mathematica may be used for convenience).

Theorem 8. For n ∈ Zp, k ∈ N, and p ≥ 11, we have(
np

kp

)
−
(
n

k

)
≡ nk(n− k)

4

(
n

k

)(
a(n, k)

(
2p

p

)
+ b(n, k)

(
3p

p

)
+ ct(n, k)

)
(mod p6+vp

(
(n6)
)
),

(15)

where

a(n, k) = −k2 − kn+ n2 − 7

4
,

b(n, k) =
k2 − kn+ n2 − 3

18
,

ct(n, k) =
k2 − kn+ n2 − 9

3
.

Proof. Using (5) and substituting the pairs (n, k) = (−1, 1), (−2, 1) into (1) or (14),
we find the following:(

5p

p

)
≡ 41

2

(
2p

p

)
− 15

(
3p

p

)
+ 6

(
4p

p

)
− 15 (mod p6), (16)

6

(
5p

p

)
≡ 105

(
2p

p

)
− 250

3

(
3p

p

)
+ 35

(
4p

p

)
− 70 (mod p6). (17)

Computing (6 · (16) − (17)), we find(
4p

p

)
≡ −18

(
2p

p

)
+

20

3

(
3p

p

)
+ 20 (mod p6).
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Substituting in (16), we obtain(
5p

p

)
≡ −175

2

(
2p

p

)
+ 25

(
3p

p

)
+ 105 (mod p6).

Next, substituting (−1, 2) and (−2, 2) into (14), we obtain(
5p

2p

)
≡ −60

(
2p

p

)
+

134

3

(
3p

p

)
− 30

(
4p

p

)
+ 6

(
4p

2p

)
+ 6

(
5p

p

)
+ 50 (mod p6),(

5p

2p

)
≡ −70

(
2p

p

)
+ 56

(
3p

p

)
− 35

(
4p

p

)
+

23

4

(
4p

2p

)
+ 7

(
5p

p

)
+

105

2
(mod p6).

Therefore(
4p

2p

)
≡ −40

(
2p

p

)
+

136

3

(
3p

p

)
− 20

(
4p

p

)
+ 4

(
5p

p

)
+ 10 (mod p6).

Substituting the expressions for
(
4p
p

)
and

(
5p
p

)
into the above, we arrive at(

4p

2p

)
≡− 30

(
2p

p

)
+ 12

(
3p

p

)
+ 30 (mod p6),(

5p

2p

)
≡− 225

(
2p

p

)
+

200

3

(
3p

p

)
+ 260 (mod p6).

The coefficients ct(n, k), a(n, k), and b(n, k) are determined by the following linear
combinations:

ct(n, k) = C00 + 20C41 + 30C42 + 105C51 + 260C52,

a(n, k) = C21 − 18C41 − 30C42 −
175

2
C51 − 225C52,

b(n, k) = C31 +
20

3
C41 + 12C42 + 25C51 +

200

3
C52.

2.5. Modulo p7 Congruence

Proposition 6. For n ∈ Zp, k ∈ N, and p ≥ 11, we have

(
np

kp

)
−
(
n

k

)
≡ k(n− k)

2

(
n

k

)C00(6, n, k) +
∑

2≤j≤6, 1≤i≤⌊j/2⌋

Cji(6, n, k)

(
jp

ip

)
(mod p7+vp

(
(n7)
)
),

(18)
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where

C00(6, n, k) = − 1

720

(
2k4 − 4k3n+ 11k2n2 − 9kn3 + 6n4 − 105k2n+ 105kn2

− 105n3 + 350k2 − 350nk + 700n2 − 2205n+ 3248
)
,

C21(6, n, k) =
1

24
(6− n)(5− n)(4− n)(3− n),

C31(6, n, k) =
1

18
(n− 2)(6− n)(5− n)(4− n),

C41(6, n, k) =
1

24
(6− n)(5− n)(2k2 − 2kn+ n2 − 3n+ 4),

C42(6, n, k) =
1

24
(n− k − 1)(k − 1)(6− n)(5− n),

C51(6, n, k) =
1

60
(4− n)(n− 6)(3k2 − 3kn+ n2 − 2n+ 3),

C52(6, n, k) =
1

60
(−n+ k + 1)(k − 1)(n− 4)(n− 6),

C61(6, n, k) =
1

360

(
2k4 − 4k3n+ 6k2n2 − 4kn3 + n4 − 30k2n+ 30kn2

− 10n3 + 70k2 − 70kn+ 35n2 − 50n+ 48
)
,

C62(6, n, k) =
1

360
(n− k − 1)(k − 1)(2k2 − 2kn+ n2 − 5n+ 12),

C63(6, n, k) =
1

360
(k − n− 1)(k − n− 2)(k − 1)(k − 2).

Proof. The proof proceeds similarly to the case of the modulo p6 congruence.

Theorem 9. For n ∈ Zp, k ∈ N, and p ≥ 11, we have(
np

kp

)
−
(
n

k

)
≡ nk(n− k)

8

(
n

k

)(
a(n, k)

(
2p

p

)
+ b(n, k)

(
3p

p

)
+ d(n, k)

(
4p

2p

)
+ct(n, k)

)
(mod p7+vp

(
(n7)
)
),

where

a(n, k) = − (n+ 2) (k − 2) (−n+ k + 2)

2
,

b(n, k) =
9k2n− 9kn2 + 14k2 − 14kn+ 14n2 − 24

45
,

ct(n, k) =
3k2n− 3kn2 + 7k2 − 7kn+ 7n2 − 39

6
,

d(n, k) = − (−n+ k + 1) (n+ 1) (k − 1)

60
.
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Proof. Using (5), we substitute the pairs (n, k) = (−1, 1), (−2, 1), (−3, 1), and
(−4, 1) into (1) or (18) to obtain(

6p

p

)
≡ −71

2

(
2p

p

)
+ 35

(
3p

p

)
− 21

(
4p

p

)
+ 7

(
5p

p

)
+ 21 (mod p7),

7

(
6p

p

)
≡ −210

(
2p

p

)
+

670
(
3p
p

)
3

− 140

(
4p

p

)
+ 48

(
5p

p

)
+ 112 (mod p7),

28

(
6p

p

)
≡ −756

(
2p

p

)
+ 840

(
3p

p

)
− 2163

4

(
4p

p

)
+ 189

(
5p

p

)
+ 378 (mod p7),

84

(
6p

p

)
≡ −2100

(
2p

p

)
+ 2400

(
3p

p

)
− 1575

(
4p

p

)
+

2796

5

(
5p

p

)
+ 1008 (mod p7).

Now, solving the resulting linear system, we find(
4p

p

)
≡ −18

(
2p

p

)
+

20

3

(
3p

p

)
+ 20 (mod p7),(

5p

p

)
≡ −175

2

(
2p

p

)
+ 25

(
3p

p

)
+ 105 (mod p7),(

6p

p

)
≡ −270

(
2p

p

)
+ 70

(
3p

p

)
+ 336 (mod p7).

Substituting (n, k) = (−1, 2), (−2, 2), and (−3, 2) into (1), then simplifying by (5),
we obtain (

6p

2p

)
− 7

(
5p

2p

)
+ 21

(
4p

2p

)
− 7

(
6p

p

)
+ 42

(
5p

p

)
−105

(
4p

p

)
+

314

3

(
3p

p

)
− 105

(
2p

p

)
≡ −77 (mod p7),

7

(
6p

2p

)
− 48

(
5p

2p

)
+

279

2

(
4p

2p

)
− 56

(
6p

p

)
+ 336

(
5p

p

)
−840

(
4p

p

)
+ 896

(
3p

p

)
− 840

(
2p

p

)
≡ −546 (mod p7),

28

(
6p

2p

)
− 948

5

(
5p

2p

)
+ 540

(
4p

2p

)
− 252

(
6p

p

)
+ 1512

(
5p

p

)
−3780

(
4p

p

)
+ 4200

(
3p

p

)
− 3780

(
2p

p

)
≡ −2268 (mod p7).

Solving this system yields(
5p

2p

)
≡ 35− 70

3

(
3p

p

)
+

15

2

(
4p

2p

)
(mod p7),(

6p

2p

)
≡ 210− 128

(
3p

p

)
+

63

2

(
4p

2p

)
(mod p7).



INTEGERS: 26 (2026) 23

Substituting (n, k) = (−1, 3), (−2, 3), and (−3, 3) into (1) or (18), and simplifying,
we obtain

28

(
6p

p

)
− 147

(
5p

p

)
+

1345

4

(
4p

p

)
− 210

(
3p

p

)
+ 210

(
2p

p

)
+

(
6p

3p

)
−7

(
6p

2p

)
+ 35

(
5p

2p

)
− 105

(
4p

2p

)
≡ 203 (mod p7),

252

(
6p

p

)
− 1344

(
5p

p

)
+ 3080

(
4p

p

)
− 2240

(
3p

p

)
+ 2100

(
2p

p

)
+ 7

(
6p

3p

)
−56

(
6p

2p

)
+

1442

5

(
5p

2p

)
− 840

(
4p

2p

)
≡ 1736 (mod p7),

1260

(
6p

p

)
− 6804

(
5p

p

)
+ 15660

(
4p

p

)
− 12600

(
3p

p

)
+ 11340

(
2p

p

)
+

57

2

(
6p

3p

)
−252

(
6p

2p

)
+ 1323

(
5p

2p

)
− 3780

(
4p

2p

)
≡ 8400 (mod p7).

Solving, we find(
6p

3p

)
≡ 56−30

(
4p

p

)
+
42

5

(
5p

2p

)
≡ −250+540

(
2p

p

)
−396

(
3p

p

)
+63

(
4p

2p

)
(mod p7).

Finally, the coefficients ct(n, k), a(n, k), b(n, k), and d(n, k) are determined by
the following linear combinations:

ct(n, k) = C00 + 20C41 + 105C51 + 336C61 + 35C52 + 210C62 − 250C63,

a(n, k) = C21 − 18C41 −
175

2
C51 − 270C61 + 540C63,

b(n, k) = C31 +
20

3
C41 + 25C51 + 70C61 −

70

3
C52 − 128C62 − 396C63,

d(n, k) = C42 +
15

2
C52 +

63

2
C62 + 63C63.

2.6. Some Results in Terms of Generalized Harmonic Numbers

Theorem 10. For p ≥ 11 and t ∈ N, we have(
tp

p

)
≡ t+ (−t5 + 2t4 − t2)pHp−1(1) + t3(t− 1)2p2Hp−1(1, 1) (mod p7),(

tp

p

)
≡ t+ (−t5 + 2t4 − t2)pHp−1(1)−

t3(t− 1)2

2
p2Hp−1(2) (mod p6),(

tp

p

)
≡ t+ t2(t− 1)pHp−1(1) (mod p5).
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Proof. For the first statement, see [15]. For the second statement, we use the first
congruence, the identity Hp−1(1, 1) = 1

2 (Hp−1(1)
2 − Hp−1(2)) (see [6]), and the

fact that Hp−1(1) ≡ 0 (mod p2) and Hp−1(2) ≡ 0 (mod p) (see [1]). Therefore,
p2Hp−1(1)

2 ≡ 0 (mod p6), so this term can be omitted from the congruence. Fi-
nally, for the third statement, see [6, 15].

Theorem 11. We have the following congruences:

1. For n ∈ Zp, k ∈ N, and p ≥ 11, we have(
np

kp

)
−
(
n

k

)
≡ nk(n− k)

(
n

k

)
pHp−1(1) (mod p5+vp

(
(n5)
)
),

2. For n ∈ Zp, k ∈ N, and p ≥ 11, we have(
np

kp

)
−
(
n

k

)
≡ nk(n− k)

(
n

k

)(
a(n, k)pHp−1(1) + b(n, k)p2Hp−1(2)

)
(mod p6+vp

(
(n6)
)
),

where

a(n, k) = −k2 + kn− n2 + 2,

b(n, k) =
−k2 + kn− n2 + 1

2
.

Proof. 1. By the previous theorem, we find(
2p

p

)
≡ 2 + 4pHp−1(1) (mod p5).

Substituting this into (10), we get the desired result.

2. By setting t = 2 and t = 3 in the previous theorem, we find(
2p

p

)
≡ 2− 4pHp−1(1)− 4p2Hp−1(2) (mod p6),(

3p

p

)
≡ 3− 90pHp−1(1)− 54p2Hp−1(2) (mod p6).

Substituting these into (15) and simplifying yields the congruence.

Using Theorem 10, we determine
(
2p
p

)
,
(
3p
p

)
,
(
4p
p

)
,
(
5p
p

)
, and

(
6p
p

)
modulo p7 in

terms of generalized harmonic numbers. In the same vein, after routine computa-
tion, we obtain the following theorem.
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Theorem 12. For n ∈ Zp, k ∈ N, and p ≥ 11, we have(
np

kp

)
−
(
n

k

)
≡ nk(n− k)

(
n

k

)(
a(n, k)pHp−1(1) + b(n, k)p2Hp−1(1, 1)

+ c(n, k)

((
4p

2p

)
− 6

))
(mod p7+vp

(
(n7)
)
),

(19)

where

a(n, k) = −2k2n+ 2kn2 − 3k2 + 3kn− 3n2 + 4,

b(n, k) =
11k2n− 11kn2 + 16k2 − 16kn+ 16n2 − 16

5
,

c(n, k) = − (−n+ k + 1) (n+ 1) (k − 1)

240
.

In order to find a congruence that depends entirely on generalized harmonic
numbers, we must determine

(
4p
2p

)
modulo p7. This can be accomplished by the

following lemma.

Lemma 6. Let m,n ∈ N such that 1 ≤ m ≤ n and let p be a prime number. We
have (

np

mp

)
=

(
n

m

)∏m−1
j=0

(
(n−m+j+1)p−1

p−1

)∏m−1
j=0

(
(j+1)p−1

p−1

) =

∏m−1
j=0

(
(n−m+j+1)p

p

)∏m−1
j=0

(
(j+1)p

p

) .

Proof. From [4], we have that(
np

mp

)
=

(
n

m

)m−1∏
j=0

p−1∏
i=1

(
1 +

(n−m)p

jp+ i

)
.

Therefore, we obtain(
np

mp

)
=

(
n

m

)m−1∏
j=0

(
p−1∏
i=1

(n−m+ j)p+ i

jp+ i

)

=

(
n

m

)m−1∏
j=0

(
p−1∏
i=1

(n−m+ j)p+ i

i

i

jp+ i

)
=

(
n

m

)∏m−1
j=0

(
(n−m+j+1)p−1

p−1

)∏m−1
j=0

(
(j+1)p−1

p−1

)
=

(n)m
m!

∏m−1
j=0 (n−m+ j + 1)

(
(n−m+j+1)p−1

p−1

)∏m−1
j=0 (j + 1)

(
(j+1)p−1

p−1

) =

∏m−1
j=0

(
(n−m+j+1)p

p

)∏m−1
j=0

(
(j+1)p

p

) .
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For example, we have (
4p

2p

)
= 6

(
3p−1
p−1

)(
4p−1
p−1

)(
2p−1
p−1

) =

(
3p
p

)(
4p
p

)(
2p
p

) ,(
2p

p

)(
3p

p

)(
7p

3p

)
=

(
5p

p

)(
6p

p

)(
7p

p

)
.

This example shows that
(
4p
2p

)
is expressible in terms of binomial coefficients of the

form
(
ap−1
bp−1

)
with b = 1. Congruences for this type of binomial coefficient have been

studied extensively, and we can utilize some results to determine
(
4p
2p

)
modulo p7 in

terms of multiple harmonic sums.

Theorem 13. For p ≥ 11 and α ∈ Zp, we have(
αp− 1

p− 1

)(
(α+ 1)p− 1

p− 1

)
≡ 1− (αp)2Hp−1(2)

+
(αp)4

2
(Hp−1(2)

2 −Hp−1(4)) (mod p7),(
2p− 1

p− 1

)−1

≡ 1 + p2Hp−1(2) +
p4

2
(Hp−1(2)

2 +Hp−1(4)) (mod p7).

Proof. We refer the reader to [6].

From this, we find(
4p

2p

)
≡ 6

(
1− 9p2Hp−1(2) +

81p4

2
(Hp−1(2)

2 −Hp−1(4))

)
×
(
1 + p2Hp−1(2) +

p4

2
(Hp−1(2)

2 +Hp−1(4))

)
≡ 6− 48p2Hp−1(2) + p4(192Hp−1(2)

2 − 240Hp−1(4)) (mod p7).

Substituting this result into (19), we find the following congruence.

Theorem 14. For n ∈ Zp, k ∈ N, and p ≥ 11, we have(
np

kp

)
−
(
n

k

)
≡ nk(n− k)

(
n

k

)(
a(n, k)pHp−1(1) + b(n, k)p2Hp−1(1, 1)

+c(n, k)p2
(
Hp−1(2)− p2(4Hp−1(2)

2 + 5Hp−1(4))
))

(mod p7+vp

(
(n7)
)
),
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where

a(n, k) = −2k2n+ 2kn2 − 3k2 + 3kn− 3n2 + 4,

b(n, k) =
11k2n− 11kn2 + 16k2 − 16kn+ 16n2 − 16

5
,

c(n, k) =
(−n+ k + 1) (n+ 1) (k − 1)

5
.

References

[1] M. Bayat, A generalization of Wolstenholme’s theorem, Amer. Math. Monthly 104 (1997),
557–560.

[2] F. Q. Gouvêa, p-adic Numbers: An Introduction, 3rd ed., Springer International Publishing,
Cham, 2020.

[3] R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics: A Foundation for
Computer Science, 2nd ed., Addison-Wesley, Reading, MA, 1994.

[4] C. Helou and G. Terjanian, On Wolstenholme’s theorem and its converse, J. Number Theory
128 (2008), 475–499.

[5] A. Junod, Congruences par l’Analyse p-adique et le Calcul Symbolique, Ph.D. thesis, Neuchâtel
University, 2003.

[6] W. Kehila, Some congruences for generalized harmonic numbers and binomial coefficients with
roots of unity, Indian J. Pure Appl. Math. 52 (2021), 467–478.

[7] R. Meštrović, On the mod p7 determination of
(2p−1
p−1

)
, Rocky Mountain J. Math. 44 (2)

(2014), 633–648.

[8] R. Meštrović, Wolstenholme’s theorem: its generalizations and extensions in the last hundred
and fifty years (1862–2012), preprint, arXiv:1111.3057.

[9] V. H. Moll, Numbers and Functions: From a Classical-Experimental Mathematician’s Point
of View, American Mathematical Society, Providence, RI, 2012.

[10] M. R. Murty, Introduction to p-adic Analytic Number Theory, American Mathematical So-
ciety, Providence, RI, 2002.

[11] J. Quaintance and H. W. Gould, Combinatorial Identities for Stirling Numbers: The Unpub-
lished Notes of H. W. Gould, World Scientific, Singapore, 2015.

[12] A. Robert, A Course in p-adic Analysis, Springer, New York, 2000.

[13] A. Robert, Le théorème des accroissements finis p-adique, Ann. Math. Blaise Pascal 2 (1)
(1995), 245–258.

[14] J. Rosen, A general family of congruences for Bernoulli numbers, Int. J. Number Theory 14
(7) (2018), 1895–1902.

[15] J. Rosen, Multiple harmonic sums and Wolstenholme’s theorem, Int. J. Number Theory 9
(8) (2013), 2033–2052.



INTEGERS: 26 (2026) 28

[16] W. H. Schikhof, Ultrametric Calculus: An Introduction to p-adic Analysis, Cambridge Uni-
versity Press, Cambridge, 1984.

[17] J. Urbanowicz and K. S. Williams, Congruences for L-Functions, Kluwer Academic Publish-
ers, Dordrecht, 2000.

[18] J. Zhao, Bernoulli numbers, Wolstenholme’s theorem, and p5 variations of Lucas’ theorem,
J. Number Theory 123 (1) (2007), 18–26.

[19] M. Zuber, Propriétés p-adiques de Polynômes Classiques, Ph.D. thesis, Neuchâtel University,
2000.


	Introduction and Preliminaries
	Higher p-adic Mean Value Theorem

	Application to Binomial Coefficients 
	Modulo p3 Congruence
	Modulo p4 Congruence
	Modulo p5 Congruence
	Modulo p6 Congruence
	Modulo p7 Congruence
	Some Results in Terms of Generalized Harmonic Numbers


