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Abstract
Letting w denote a finite, nonempty word, let red(w) denote the word obtained from
w by replacing every subword s of w of the form cc- - - ¢ for a given character ¢ (such
that there is no character immediately to the left or right of s equal to ¢) with c.
Complexity functions for infinite words play important roles within combinatorics
on words and the study of automatic sequences, and this leads us to introduce
and investigate variants of the factor and abelian complexity functions using the
given reduction operation. By enumerating words v and w of a given length n > 0
and associated with an infinite sequence over a finite alphabet such that red(v)
and red(w) are equal or otherwise equivalent in some specified way, by analogy
with the factor and abelian complexity functions, this may be seen as producing
simplified versions of existing complexity functions. We prove a recursion for the
reduced factor complexity function pi°d for the Thue-Morse sequence t, giving us
that (pi*d(n) : n € N) is a 2-regular sequence, and we prove an explicit evaluation for

the reduced factor complexity function pi*d for the (regular) paperfolding sequence

f, together with an evaluation for the reduced abelian complexity function p?b’red

for f. We conclude with open problems concerning pi™**?.
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1. Introduction

For an infinite sequence x over a finite alphabet, the factor complezity function
px: No = N (1)

maps n > 0 to the number of distinct factors of x of length n. Similarly, the abelian

complezity function
PNy —» N (2)

maps n > 0 to the number of distinct factors of x of length n, up to equivalence
by rearrangements of characters (possibly by an identity permutation) in words of
the same length. To construct simplified versions of the complexity functions in (1)
and (2) and of other existing complexity functions, we introduce counting functions
based on factors that are reduced according to a function on nonempty, finite words
defined below.

We henceforth adopt the convention whereby infinite sequences are denoted in
boldface and whereby finite sequences may be referred to as (finite) words and are
denoted without boldface. For a nonempty and finite word w, let w be written as

W=C1-""C1Cy---Co""+Cp-""Cp

for some positive integer n, where ¢y, ca, ..., ¢, are characters such that ¢; # ¢;11
for all possible indices i. A maximal block of identical characters ¢; - - - ¢; is called a
run. We then define the reduction red(w) of w so that

red(w) = cica -+ - Cp.

For finite words w and v, we say that w and v are reduced-equivalent, writing
W ~ped U, if red(w) = red(v). In the particular case when w is over the binary
alphabet {0,1}, we see that red(w) must consist of alternating 0’s and 1’s and
hence that the ~..q equivalence class of w is uniquely determined by the first letter
of w and the number of runs in w. For example, if w = 0010110 and v = 0111010
then red(w) = red(v) = 01010 and w ~yeq v.

For an infinite sequence x over a finite alphabet, we then define the reduced factor

complezity function
pd:No =N (3)

by analogy with (1) so that (3) maps n > 0 to the number of distinct factors of
x of length n, up to equivalence by ~.q. Similarly, we define the reduced abelian

complezity function
pired: Ng — N (4)

by analogy with (2) so that (4) maps n > 0 to the number of distinct factors of
x of length n, where two factors v and w are considered to be equivalent if red(v)
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is of the same length as red(w), and red(v) can be obtained by rearranging the
characters of red(w) (possibly by an identity permutation).

Informally, given a complexity function p defined on x, a reduced complexity
function associated with p may be defined by counting length-n factors of x, up to
an equivalence relation such that factors v and w of equal length are equivalent if
red(v) and red(w) are equivalent according to how finite words are enumerated in
the definition of p. The reduced abelian complexity function defined above provides
a prototypical instance of this.

For an infinite sequence denoted as an infinite word, let the index of the initial
term be 1. For n € N, set t,, to be equal to the number of 1’s, modulo 2, in the
base-2 expansion of n — 1. This produces the famous Thue—Morse sequence

t =011010011001011010010110011010011001011001101001011010 - - - (5)

with reference to the work of Allouche and Shallit [4] on the ubiquitous nature of
the sequence in (5). For a positive integer n, we write n = n'2F for an odd integer
n', and we then set f, =0 if n’ =1 (mod 4) and f,, = 1 otherwise. This allows us
to define the ordinary (or regular) paperfolding sequence

f=0010011000110110001001110011011000100110001101110010011 - - - . (6)

The sequences in (5) and (6) may be seen as fundamentally important and proto-
typical instances of automatic sequences, with reference to the standard monograph
on automatic sequences [3]. Past research on the evaluation of the factor complexity
function pg [5, 7, 10] together with the work of Allouche [2] on the evaluation of p¢
and together with the work of Madill and Rampersad [13] on the evaluation of p3P
motivate problems concerning the evaluation of reduced complexity functions for
both t and f.

As noted earlier, the reduced complexity function of an infinite sequence is closely
related to the structure of the runs in the sequence. The sequence of run lengths of
both t and f have previously been studied. For instance, Allouche, Allouche, and
Shallit [1] showed that the run length sequence of t, given by the fixed point of the
map 1 — 121,2 — 12221, is not an automatic sequence. The run length sequence of
f has also been studied by Bunder, Bates, and Arnold [8] as well as by Shallit [16].

2. Main Results

We begin by considering the reduced factor complexity functions for t and f, and
then consider the reduced abelian complexity function for f. We conclude in Section
3 with open problems concerning the reduced abelian complexity function for t.
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2.1. Reduced Factor Complexity Functions

For convenience, we typically disregard the trivial case whereby a complexity func-
tion may or may not count the unique word of length 0, i.e., the empty or null word.
The integer sequence

(pe(n) :n € N) = (2,4,6,10,12,16,20, 22,24, 28,32, 36,40,42,44,...)  (7)

is indexed in the On-Line Encyclopedia of Integer Sequences (OEIS) [17] as A005942
and satisfies the recursion

Dt (g) + pt (g+1) if n is even,
Pt (n) = n+1 :
2p¢ (7) otherwise,
for n > 1. In constrast to (7), we find that the integer sequence

(pied(n) :n € N) = (2,4,4,6,4,6,6,6,4,6,6,8,6,8,6,6,4,6,6,8,6,8,8,...)

is not currently included in the OEIS, and this suggests that the concept of “reduced
complexity” functions has not been considered previously, and this motivates the
recurrence introduced below.

Theorem 1. For every positive integer n, we have that

red(n) _ pied (%—‘rl) an ZS Odd7
Pr pied(m+1)+2 ifn=4m orn=4m+2.

In order to prove this theorem, we recall that the Thue-Morse word t can also
be defined as a fixed point of the morphism p that maps 0 — 01 and 1 — 10; i.e.,
we have t = 4¥(0). Let F be the set of factors of t. For a word v, we denote by ~v
(resp., v~, “v7) the result of deleting the first letter (resp., last letter, first and last
letters) of v. If w € F and |w| > 4 then the index t(w) of w in t is fixed modulo 2,
and w can be parsed uniquely as one of

(), some u € F,

w— “u(u)”, somewu € F,
) op(w)T, some u € F, or

~u(u), some u € F

with these cases corresponding, in order, to the situations where (Jw/|, ¢(w)) modulo
2 is (0,0),(0,1),(1,0), or (1,1).

Call 01 and 10 alternations. By the number of alternations in a word w we mean
wyo1,10}, the total number of occurrences of 01 and 10 in w.

Lemma 1. Ifw € {0,1}* contains a alternations, then u(w) contains 2jw|—1—«
alternations.
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Proof. From the definition of u, each letter of w maps to an alternation. For each
of the |w| — 1 length 2 factors ab of w there is an alternation in p(w) formed from
the last letter of u(a) and the first letter of u(b) exactly when ab is not itself an
alternation. Thus p(w) has |w| 4+ (Jw| — 1 — ) = 2|w| — 1 — « alternations. O

For a nonnegative integer n, let m,, (resp., M, ) be the minimum (resp., maxi-
mum) number of alternations in any w € F with |w| = n.

Lemma 2. For n > 2 we have
Mmap =2n — 1 — My,
Mz, = 2n — 1 —my,
mon4+1 = 2n — Mn+17 and

M2n+1 =2n — Mp+1-

Proof. We begin by showing that ms, = 2n — 1 — M,, 1. Suppose that n > 2 and
w is a word of length 2n with the fewest alternations. Suppose w has even index
t. Sliding one place to the right, consider the word w’ of length 2n and odd index
t + 1. Comparing the count of alternations in w’ with that in w, we see that w’
omits the alternation formed by the first two letters of w, and may contain at most
one new alternation, as a suffix. Thus w’ can contain no more alternations than w.
Thus w’ must be a word of length 2n with the fewest alternations.

Write w’ = ~p(u)~ for some u € F with |u]| = n+1. Let u contain « alternations.
Thus w’ contains 2|u|—1—« alternations. We claim that « has the maximum number
of alternations for a word of length n + 1, so that M,,;1 = a.

To get a contradiction, suppose that ' € F with |u/| = n + 1 contains 3 alter-
nations where S > «. Then p(u') contains 2|u/| — 1 — 8 = 2n + 1 — (3 alternations.
The word ~p(u’)” omits the first and last alternations in p(u'), and thus contains
2n —1— f < 2n — 1 — « alternations, i.e., fewer than w’. Since |~ u(u')~| = 2n,
this contradicts the choice of w’. We conclude that M, +; = «, which means that
Moy, = 2n — 1 — M, 41, as claimed.

Next we show that Ms,, = 2n — 1 — m,,. Suppose that n > 2 and w is a word of
length 2n with the most alternations. Suppose w has odd index ¢. Sliding one place
to the right, consider the word w’ of length 2n and even index ¢+ 1. Comparing the
count of alternations in w’ with that in w, we see that w’ may possibly have lost
an alternation formed by the first two letters of w, but definitely contains a new
alternation, as a suffix. Thus w’ contains at least as many alternations as w. Thus
w’ must also be a word of length 2n with the most alternations.

Write w’ = p(u) for some uw € F with |u| = n. Let u contain « alternations.
Thus w’ contains 2|u| — 1 — a = 2n — 1 — « alternations. We claim that u has the
minimum number of alternations for a word of length n, so that m,, = a.

To get a contradiction, suppose that v’ € F with |u'| = n contains /3 alternations
where 8 < a. Then p(u') has length 2n and contains 2ju/| =1 - =2n—-1—-5 >
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2n — 1 — « alternations, i.e., more than w’. This contradicts the choice of w’. We
conclude that m,, = «a, which means that Ms,, = 2n — 1 — m,,, as claimed.

The third equality is proved analogously. Suppose that n > 2 and w is a word
of length 2n + 1 with the fewest alternations. Write w = p(u)~ or w = ~pu(u) for
some u € F with |u| = n + 1. Let u contain « alternations. Since w is obtained
by deleting a letter from one end of p(u), it has one fewer alternation than p(u).
Thus w contains 2|u| — 1 — o — 1 = 2n — «a alternations. We claim that u has the
maximum number of alternations for a word of length n + 1, so that M,,.1 = a.

To get a contradiction, suppose that v’ € F with |u’| = n contains 8 alternations
where 8 > «. Then p(u')™ is a word of length 2n+1 that contains 2|u'|—1—F—1 =
2n — 3 < 2n — « alternations. This contradicts the choice of w’. We thus conclude
that M, 11 = o, which means that mo,4+1 = 2n — M, 41, as claimed.

Finally, suppose that n > 2 and w is a word of length 2n + 1 with the most
alternations. Write w = pu(u)™ or w = ~pu(u) for some v € F with |u| =n+ 1. Let
u contain « alternations. Since w is obtained by deleting a letter from one end of
(), it has one fewer alternation than u(u). Thus w contains 2|u|—1—a—1 = 2n—«
alternations. We claim that v has the minimum number of alternations for a word
of length n + 1, so that m,+1 = a.

To get a contradiction, suppose that v’ € F with |u/| = n contains 3 alternations
where 8 < a. Then p(u')~ is a word of length 2n+1 that contains 2|u/|—1—-8—1 =
2n — 8 > 2n — « alternations. This contradicts the choice of w’. Consequently,
we may conclude that m,; = «, which means that Ms,11 = 2n — m,41, as
claimed. O

Lemma 3. Forn > 1 we have

Map =20 — 1+ My,

Myy, =2n+ My 41,
Mypt2 = 20+ Mpy1, and
Mypio=2n+14 My,11.

Proof. To get each identity, we apply Lemma 2 twice. We have

Myp =4n — 1 — Moy 1
=4n—1—(2n—mp41)

=2n—14+mpq1,

M4n:4n—1—m2n
=dn—1-—2n—1— M,11)
:27L+Mn+1,
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Many2 =4n+2 —1— Mo, o
=4dn+1—-—2n+2—-1—myy1)

=2n+ Mpq1,
and

M4n+2 =4n+2-1- man+1
=4n+1—(2n— Mpy41)
=2n+1+ M,4;.

We can now give the proof of Theorem 1.

Proof of Theorem 1. Recall that the ~,.q equivalence class of a binary word w is
determined by the first letter of w and the number of runs in w. Moreover, the
number of runs in w is one greater than the number of alternations in w. Now let
w be a factor of length n of t with ¢ runs. Then i € [m,, + 1, M,, + 1]. Furthermore,
for every 7 in this interval, there is such a w in t (sliding w to the left or right in t
can only increase or decrease the number of runs by at most 1). Since t is closed
under complementation, we see that

pied(n) = Q(Mn+1 — My — 1+1) — 2(Mn —my, + 1)

We now consider different cases for n and apply Lemmas 2 and 3.
If n is odd, say n = 2m + 1, we have
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If n =4m + 2, we have

pet(n) =

O

From Theorem 1, we thus have that the integer sequence (pid(n) : n € N) is a
2-regular sequence. The reader is referred to Allouche and Shallit’s text [3, §16] for
background on k-regular sequences.

The integer sequence

(pf(n) in € N) = (2,4,8,12,18,23,28, 32,36, 40,44, 48, 52, 56, 60, . . .)
is indexed in the OEIS as A337120 and is such that
pg(n) = 4n (3)

for all integers n greater than 6, as proved in 1992 by Allouche [2]. The integer
sequence

(Pid(n) :n € N) = (2,4,6,4,6,4,6,4,4,4,6,4,6,4,6,4,4,4,6,4,6,4,6,...)

is not currently given in the OEIS, further suggesting that our notion of reduced

complexity functions is original. In contrast to (8), we find that p§8d is eventually

periodic, as shown below.
Theorem 2. For every positive integer n, we have that
red 4 ifn=1{0,1,2,4,6} (mod 8),
pe(n) = v
6 ifn={3,5,7F (mod 8).

The proof is an application of several lemmas given below that treat different
cases for the value of n modulo 8. We also make use of the following alternative
construction of the paperfolding sequence, which is known as the Toeplitz construc-
tion:

e Start with an infinite sequence of gaps, denoted by 7.

O S O S O O O Y O O Y

e Fill every other gap with alternating 0’s and 1’s.

o 7?1?2071 707?170 71
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e Repeat.
001?01 1?0017011

001 001170011011
00100110001 1O011

In the limit, one obtains the paperfolding word f.

Lemma 4. Let a,b € {0,1}, a # b, and let w be a length-(2n+ 1) factor of £ of the
form
w = a?b?a?b?---a?h or w = a?bh?a?b? - --bla.

Then w has n + 1 runs.

Proof. The number of runs in w is one more than the number of occurrences of ab
and ba in w. It is clear that there are n such occurrences. O

Lemma 5. For every positive integer n, we have that p§°d(2n) =4.
Proof. Let w be a factor of f of length 2n. Then w has one of the forms

w = a?b?a?b?---a?bxr, w = a?b?a?b? - -blax,
w = za?h?a?b?---a?bh, w = xa?h?a?b?---bla,

for some a, b,z € {0,1} with a # b.

Suppose w = a?h?a?h?---a?bx. By Lemma 4, the word w has n runs if z = b
and n + 1 runs if £ = a. We need to show that all four choices for a,z € {0,1}
occur. Let ¢ be the position of the x in some occurrence of w in f.

If a = 0 then ¢ = 0 (mod 4). Choose ¢ = 4 (mod 16) to get = 0 and choose
i =12 (mod 16) to get z = 1.

If @ = 1 then ¢ = 2 (mod 4). Choose i = 2 (mod 8) to get x = 0 and choose
i =6 (mod 8) to get x = 1.

Hence w has four possible ~..q equivalence classes and all occur in f. A similar
analysis applies to the other cases for w and yields four equivalence classes in every
case. O

Lemma 6. For every positive integer n, we have that pi*d(8n + 1) = 4.
Proof. Let w be a factor of f of length 8n + 1. Then w has one of the forms
w = a?b?a?b?---b?a, w = xa?b?a?b?---a’lby,

for some a,b, z,y € {0,1} with a # b.
Suppose that w = a?b?a?b? - - - b?a. By Lemma 4, the word w has 4n + 1 runs;
the two possibilities for a € {0, 1} give two equivalence classes.
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Now suppose that w = xa?b?a?bh? - - - a?by and let ¢ and j be the positions of the
x and y, respectively, in some occurrence of w in f. Note that j —¢ = 8n. If we
write w = xzw'y, we can apply Lemma 4 to w’ to conclude that w’ has 4n runs.
Note that if x = y then w has 4n + 1 runs, but we have already accounted for
these equivalence classes in the previous case. We therefore consider the case where

If a = 0 then i = 0 (mod 4). Write 8n = (2n’ + 1)2*. To get xy = 01, choose
i = 2F=1 which gives j = (4n/+3)2*~!. In this case w has 4n runs. To get zy = 10,
choose i = 3 - 2¥~1 which gives j = (4n’ + 5)2*~!. In this case w has 4n + 2 runs.

If @ =1 then i = 2 (mod 4). We therefore have either ¢ = j = 2 (mod 8) or
i =7 =6 (mod 8). Both cases give x = y, a contradiction.

In total then, w has four possible ~,.q equivalence classes and all occur in f. [

For the remaining equivalence classes modulo 8, we make use of the software
Walnut [15] in the proofs of the following lemmas. Note that, while we have been
indexing the terms of the paperfolding word starting with 1, Walnut expects all
automatic sequences to be indexed starting with 0. The indices in the Walnut
formulas used in the proofs below therefore are 1 less than you would expect from
the surrounding analysis.

Lemma 7. For every nonnegative integer n, we have that p?ed(Sn +3)=6.

Proof. Let w be a factor of f of length 8n + 3. Then w has one of the forms
w=a?h?a?h?---a?h, w = xa?h?a?b?---blay,

for some a,b, z,y € {0,1} with a # b.

Suppose that w = a?b?a?b? - - - a?h. By Lemma 4, the word w has 4n + 2 runs;
the two possibilities for a € {0, 1} give two equivalence classes.

Now, suppose that w = za?b?a?b? - - - b?ay and let i be the position of the = in
some occurrence of w in f. Note that if a = 0, then ¢ = 0 (mod 4), and if a = 1,
then 4 = 2 (mod 4). Also, if z # y, then w has 4n + 2 runs, and we have already
accounted for these equivalence classes above. We therefore consider = y. There
are two possibilities for a and two for z; if these all occur in f we get four additional
equivalence classes. We verify this with the following Walnut commands, which all
return TRUE:

eval pf_red_3mod8a "?msd_2 An Er P[4*r+3]=00 & P[4*r+4]=00 &
P[4*r+8*n+5]=00":
eval pf_red_3mod8b "7msd_2 An Er P[4xr+3]=01 & P[4*r+4]=00 &
P[4*r+8*n+5]=01":
eval pf_red_3mod8c "7msd_2 An Er P[4xr+1]=00 & P[4*r+2]=01 &
P[4*r+8*n+3]=00":
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eval pf_red_3mod8d "?msd_2 An Er P[4*xr+1]=01 & P[4*r+2]=01 &
P[4*r+8*n+3]=Q1":

Lemma 8. For every nonnegative integer n, we have that p§Cd(8n +5)=6.
Proof. Let w be a factor of f of length 8n + 5. Then w has one of the forms
w = a?b?a?h?---b?a, w = xa?h?a?b?---a’lby,

for some a, b, z,y € {0,1} with a # b.

Suppose that w = a?b?a?b?---b?a. By Lemma 4, the word w has 4n + 3 runs;
the two possibilities for a € {0,1} give two equivalence classes.

Now suppose that w = za?b7a?b? - - - a?by. In this case we get our four additional
equivalence classes when x # y. We verify their existence for all n with the following
Walnut commands, which all return TRUE:

eval pf_red_5mod8a "?msd_2 An Er P[4*r+3]=00 & P[4*r+4]=00 &
P[4*r+8*n+7]=01":
eval pf_red_5mod8b "?msd_2 An Er P[4*r+3]=01 & P[4*r+4]=00 &
P[4*r+8%n+7]=00":
eval pf_red_5mod8c "?msd_2 An Er P[4*r+1]=00 & P[4*r+2]=01 &
P[4*r+8%n+5]=01":
eval pf_red_5mod8d "?msd_2 An Er P[4*r+1]=01 & P[4*r+2]=01 &
P [4*r+8%n+5]=00":

Lemma 9. For every nonnegative integer n, we have that p?d (8n+7) =6.

Proof. Let w be a factor of f of length 8n + 7. Then w has one of the forms
w=a?h?a?h?---a?h, w = xa?b?a?b?---blay,

for some a,b, z,y € {0,1} with a # b.

Suppose that w = a?b?a?b? - --a?h. By Lemma 4, the word w has 4n + 4 runs;
the two possibilities for a € {0,1} give two equivalence classes.

Now suppose that w = za?b?a?b? - - - b?ay. In this case we get our four additional
equivalence classes when = = y. We verify their existence for all n with the following
Walnut commands, which all return TRUE:

eval pf_red_7mod8a "7msd_2 An Er P[4xr+3]=00 & P[4*r+4]=00 &
P [4*r+8*n+9]=00":
eval pf_red_7mod8b "7msd_2 An Er P[4xr+3]=01 & P[4*r+4]=00 &
P[4*r+8*n+9]=01":
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eval pf_red_7mod8c "?msd_2 An Er P[4*r+1]=00 & P[4*r+2]=01 &
P [4*r+8*n+7]=Q0" :
eval pf_red_7mod8d "7msd_2 An Er P[4*r+1]=0@1 & P[4*r+2]=01 &
P[4*r+8*n+7]=Q1":

Proof of Theorem 2. The statement immediately follows from Lemmas 5-9. O

2.2. Reduced Abelian Complexity Functions

Relative to our proof of Theorem 2, a similar approach can be used to evaluate
the reduced abelian complexity function for f. We later consider the problem of
determining a recurrence for the reduced abelian complexity function for t.

The integer sequence

(P> (n) :n € N) = (2,3,4,3,4,5,4,3,4,5,6,5,4,5,4,3,4,5,6,5,6,...)  (9)

agrees with the OEIS entry A214613 and was first shown to be a 2-regular sequence
by Madill and Rampersad [13]. In contrast to (9), we find that

(P> n) :n € N) = (2,3,5,3,4,3,5,3,4,3,5,3,4,3,5,3,4,3,5,3,4,3,....)
is eventually periodic.

Theorem 3. For every positive integer n, we have that

3 ifn is even,
p?b,red(n) =44 ifn>landn=1 (mod4),
5 n=3 (mod4).

Proof. Suppose two binary words w and w’ begin with different letters but have the
same number of runs. If w and w’ have an even number of runs then red(w) and
red(w’) are abelian equivalent; whereas, if w and w’ have an odd number of runs
then red(w) and red(w) are not abelian equivalent.

To prove the result we go through the various lemmas covering the different cases
of the proof of Theorem 2 and examine the parity of the number of runs in each
~red €quivalence class.

If n = 2m then the proof of Lemma 5 gives:

e 2 ~..q equivalence classes with m runs, and
e 2 ~..q equivalence classes with m + 1 runs.

One of m and m + 1 is even and the two corresponding ~,.q equivalence classes

merge under the abelian reduced equivalence. Hence, we have p?b’red (n) =3.

If n=8m+ 1, m > 0, then the proof of Lemma 6 gives:
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e 1 ~.q equivalence class with 4m runs,
e 2 ~..q equivalence classes with 4m + 1 runs, and
e 1 ~,.q equivalence class with 4m + 2 runs.

Hence, we have pi>™%(n) = 4.
If n = 8m + 3 then the proof of Lemma 7 gives:

e 2 ~..q equivalence classes with 4m + 1 runs,
e 2 ~..q equivalence classes with 4m + 2 runs, and
e 2 ~..q equivalence classes with 4m + 3 runs.

Hence, we have pi"(n) = 5.
If n = 8m + 5 then the proof of Lemma 8 gives:

e 2 ~,.q equivalence classes with 4m + 2 runs,
e 2 ~..q equivalence classes with 4m + 3 runs, and
e 2 ~..q equivalence classes with 4m + 4 runs.

Hence, we have p?b’red(n) =4.
If n = 8m + 7 then the proof of Lemma 9 gives:

e 2 ~..q equivalence classes with 4m + 3 runs, and
e 2 ~..q equivalence classes with 4m + 4 runs, and
e 2 ~..q equivalence classes with 4m 4+ 5 runs.
Hence, we have pi>™%(n) = 5. O
The problem of determining a recursion for

(P> Y n) :n € N) = (2,3,3,4,3,5,4,5,3,4,5,6,4,6,5,4,3,5,4,...) (10)

appears to be much more challenging, relative to the above theorems. This problem
is motivated by past research on the abelian complexity functions for Thue-Morse-
like sequences [6, 9, 11, 12, 14], and leads us to provide, in the next section, open

. ab,red
problems concerning p; .



INTEGERS: 26 (2026) 14

3. Conclusion
Although it appears that

ab,red ab,red
pe " (2n+1)=pg " (n+1)

for nonnegative integers n, the problem of determining a full recursion for p2*"*(n)

seems to be challenging. It appears that

0 if toyy = tansts
p?b,red(4n+2) 7p:b,red(4n) _ 1 +1 3n+1 (11)

1 otherwise,

but it is unclear how the sign of p™(4n + 2) — p*™*%(4n) could be evaluated in
an explicit way for the nonzero case, and we leave this as an open problem. Also,
it is unclear as to how a suitable recursion could be determined for pib’red (4n), and
we leave this as an open problem. We also leave it as an open problem to prove
(11). Tt also appears that the integer sequence in (10) is not k-automatic, and we
leave it as an open problem to prove this.
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