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Abstract
Let f be an arithmetic function satisfying certain growth conditions. This paper
establishes an asymptotic formula for the hyperbolic sum

> ==l

ning- N, <

where r > 2 is an integer, |-| denotes the integer part function, and 7,.(n) counts the
number of ways to write n as a product of r positive integers. Under the assumptions
f(n) < n®forsomea € [0,1)and Y, .. f(n) < z(loglogz)? with 3 > 0, we obtain
a main term expressed as x times a polynomial in log x of degree r — 1 with explic-
itly described coefficients, together with an error term O(x(log 7)"2(log log x)B)
Several applications to additive arithmetic functions are provided.

1. Introduction

Let |t] denote the integer part of a real number ¢, and let f be an arithmetic
function satisfying certain conditions. Define the sum

s =Y f(|5])- (1)

n<x
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This sum has attracted considerable attention in recent literature. For instance,
Bordelles and others [1] investigated various properties of (1). Independently, Wu
[12] and Zhai [13] established that for an arithmetic function f satisfying f(n) <
n®(logn)? with a € [0,1) and 6 > 0, one has

Sy(x) == Z:l n(J;(Z)l) + O(ﬂc(1+a)/2(log )?).

For the divisor function f = 7, Ma and Sun [9] proved the refined estimate

st = Sr(([7]) = o Ty -0,

n<x

For additive functions, such as w(n) denoting the number of distinct prime di-
visors of n, different techniques are required. Bouderbala and Karras [3] showed

that .
Z wQﬁJ) = Cz + O(z'/?log ),

n<lzx

where C' = ">, w(n)/(n(n + 1)) ~ 0.5918. Bordelles [2] subsequently improved
the error term to 0(1455/914 log x) with 455/914 ~ 0.4978.
In the general hyperbolic setting with r > 2 variables, we consider sums of the

= 8 amw))

ning-n,.<x

form

This can be rewritten as

Spr@) =Y F(|5]) ml),

n<zx

where 7,.(n) counts the number of ways to express n as a product of r positive
integers, with 7o (n) = 7(n) being the usual divisor function. For r = 2, Karras, Li,
and Stucky [8] established the asymptotic formula

2 fqnfnzD = C1(f)zlogz + Co(f)x + O(z4H3)/ 7<),
nin2<x

where C(f) and Cy(f) are explicit constants depending on f.
We now present our main results concerning the general case r > 2.
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2. Main Results

Theorem 1. Let r > 2 be an integer, and let f be an arithmetic function. Assume
there exists a € [0,1) such that f(n) < n® and

Z f(n) < z(loglog z)”

n<z
for some B> 0. Then
r—1 J .
Sra(0) =233 ( ) Cilog2) = + Ox(log x)" ~2(loglog x)°),
7j=0 i=

where a; (0 < j < r —1) are the coefficients of the polynomial P.(t) = Zr.:é a;ti
appearing in the asymptotic formula for the r-fold divisor sum, and C; (0 <i <r—1)
are real constants defined by the convergent series

i": ( logn)’ (logT(Ln—’_Jrll))i) .

To establish Theorem 1, we require the following auxiliary result.

Lemma 1. Let f be an arithmetic function such that f(n) < n® for some constant
a €10,1). Then for any fized integer i > 0, the series

Z fn (logn (10g7(1n++11))i)

n=1

converges absolutely.

Proof. As n — oo, we have the expansion

1 1 1 1
log(n+1) =logn+log(1+ =) =logn+ — — — + O — | .
n n  2n? n3

Consequently,

log(n + 1) = logn (1 + — Y
oBin T osn nlogn 2n2logn n3logn /) )’

For any fixed integer i > 0, applying the binomial theorem yields

(log(n + 1))* = (logn)" +Z.(1ogz)i—1 N O((]Og;;)i—2> |
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Therefore,
(ogn)’ _(log(n +1))' _ (logn)' _(ogn)’ __(logm)~"  (logn)"~
n n+1 oon n+1 nn+1) n3
, 1 (logn)i—1
= (logn) [ ———— 05
e () o5
< (10g2n)i.
n

Hence,

o (Lot fesn 1) ogny

n n+1 n2-a ’

Since a € [0,1), we have 2—a > 1, and the series >~ (logn)’/n®~“ converges for
any integer i > 0. This establishes absolute convergence of the series in question. [

Proof of Theorem 1. We begin by rewriting the sum Sy, (z) as

Spe@) = S A([3]) 00 =2 X f@nm =3 5@ 3w,

n<x n<z d=|z/n] d<z d«TH <n<

a8

Using the identity

Soonm= 3w - Y nm),

gir<n<§ n<e/d n<z/(d+1)

and the classical asymptotic formula for the r-fold divisor sum (see Titchmarsh [11])

Z 7+(n) = yPr(logy) + O(y* /" (logy)"~2), (2)

n<y

where P.(t) = Zg;é a;jt’ is a polynomial of degree 7 — 1, we obtain

X X
Spa(@) =2 1(d) [ (1oe ) - cmﬂ(logdﬂﬂ

d<z

o 1) <(2)11/T(logx)r_2 + (dil)l_maogxy*)

d<z

Expanding P, (log(z/d)) = Z;;é aj(logz —logd)? and applying the binomial the-

orem gives
r—1

(1og ) aji(') log )7~ (— log ).

7=0 =0
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Consequently,

Str(x :x“ ZJ: ) )a;(logz)’ ™" " f(d ( loid)i - (logc(id:ll))i)

d<z

d<zx

1-1/r( —2
( logay 2 Y .
By Lemma 1, the inner sum converges to C; with error O(z®~1). Thus,

(logd)®  (log(d+ 1)) .
dg;f ( g ( g((i++1 )) ) :Ci+0(wa )

For the error term, we apply Abel’s summation formula to estimate

f(d)
Z di=1/r’

d<z

Let F(t) = Y4« f(d) < t(loglogt)”. Then
TOF(t
Z di- 1/7“ ! (:f/)r +(1- 1/7")/1 t27(1/)7“ dt

d<zx
* (log 1 B
< (loglog )P + (1 — 1/7«)/ (loglogt)” ,,
1

ti—1/r
< (log )" (log log z)”.

Therefore,
- ks r— f d T
2" (log ) QZ dlflzr < x(logz)"%(loglog x)®.
d<zx
Combining all estimates yields the desired asymptotic formula. O

Proposition 1. Let f be an arithmetic function defined by

fn) =" g(a),

p*|In

where g is an arithmetic function satisfying g(0) = 0, g(1) # 0, and g(n) = O(2"/?).
Then

Sir(z) =2 Z Z < > Ci(log )’ ™" + O(z(log z)"*loglog z).

7=0 =0



INTEGERS: 26 (2026) 6

Proof. For n. = p{* ---pp*, we have o; < logn/log2. Hence,
f(n) = Z g(a) < Z 292 < nt/? Z 1 < n'/?loglogn = O(n'/**%)
p*[In pIn p|n

for any € > 0. Thus the first condition of Theorem 1 holds with & = 1/24¢ < 1. The

second condition follows from Duncan [5, Theorem 1], which gives > _ f(n) <
xloglogx, corresponding to S = 1. Substituting 8 = 1 into the error term of
Theorem 1 completes the proof. O

3. Examples

We now present several applications of our main theorem.

Example 1. For a fixed integer k > 0, let g(n) = n* and define

f(n) =Q(n) = > ok,

p*|ln

Notably, Qy(n) = w(n) and Q4 (n) = Q(n). Using results from Duncan [4] or Hassani
[6], we have

Z Qi (n) < xloglog x.

n<z

Therefore, by Proposition 1,

r—1 7
Sq, r(7) = Z Z < > ‘a;C;(logz)? ™" + O(z(log )"~ * loglog x).

7=0 =0

Example 2. The same asymptotic formula holds when f(n) is replaced by 7(7(n))
or 2(7(n)), as shown by Heppner [7]. Similarly, the formula applies to the functions
w(n)/p(n) and Q(n)/p(n), where p(n) denotes the smallest prime divisor of n (see
Zhang [14]).

Example 3. For the function f(n) = w?(n), Shapiro [10, p. 347] established that

Z w?(n) < z(loglog x)%.

n<zc

Hence, by Theorem 1 with g = 2,

=z i Z ( > Ci(logz)"~" + O(z(log z)"~?(log log z)?).

] 1=
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