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Abstract
We present new proofs of two theta function identities equivalent to Ramanujan’s
modular equations of degree five by employing some identities involving Ramanu-
jan’s function k(q) due to Cooper, Chern, and Tang.

1. Introduction

Throughout this paper, we define (a;¢)oo = [],— (1 — ag™) for complex numbers
a and g with |¢| < 1 and
(a17 ag,...,Qm; Q)oo = (a1§ Q)OC(GQ; Q)oo T (am§ Q)oo~
Recall that Ramanujan’s general theta function is defined by
f(a,b) — Z an(n—&-l)/2b7z(n—1)/2 _ (_a, —b, ab; ab)oo
n=-—oo

for all complex numbers a and b with |ab| < 1, where the last equality is the Jacobi
triple product identity. Three special cases of f(a,b) are given by

(4% 4%)5
(; 0% (¢* aM)%

o) = flaq)= Y. ¢" =

— 3y = n(n+1)/2 _ (q2;q2)go
¥(q) = f(a,q") ;q T
fa) = f(=a,=a") = D (~1"¢"*" D2 = ().
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For |z| < 1, we also recall the Gaussian hypergeometric function 3 Fy given by

2F1(Cl7b, C; Z) = Z NN E

n=0 :

where (a), :=a(a+1)---(a+n—1) for n > 1 and (a)g = 1. Following Ramanujan

[7], we define a modular equation of degree n € N by a relation involving « and
such that

in this case, we say that 8 has degree n over a. In his second notebook [7, pp.
236-237, Entry 13(i), (ii)], Ramanujan recorded the following modular equations of
degree five without proof:

(@®)'? +{(1 - a)(1 - A} +2{16a(1 — a)(1 - )}/ =1, (1)

()" () ()"

In the third volume of his remarkable edition on Ramanujan’s notebooks, Berndt
[2] proved (1) and (2) by employing the method of parametrization. Applying
the transformation formulas found in [2, pp. 122-124, Entry 10, Entry 11, Entry
12], Berndt showed that these modular equations are equivalent to the following
respective theta function identities.

Theorem 1. We have the identities
©°(q) | ¢*(=¢*) |l ¢’ (9)
=4
o) T ea®) )~ o) ®
* ()9 (¢°) — &* (=) > (—¢°) — 164°¢Y*(¢*)¥?(¢"%) = 8af*(—=a®) f*(—4'").  (4)
Berndt [2, p. 285] remarked that no direct proofs of (3) and (4) have been

constructed. Baruah, Bora, and Ojah [1] proved Equation (4) using certain theta
function identities.

In this note, we present a new proof of Theorem 1 by applying certain identities
involving the Ramanujan’s function k(q) := 7(q)r?(¢?) due to Cooper [4] and Chern
and Tang [3], where 7(¢) is the Rogers-Ramanujan continued fraction

r(q) = q1/5q _ /5 (‘127 q43; qss)oc '
+—a (6% ¢°)
1+ —5—
-

14---
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We then see that k(q) has the infinite product representation given by

k(q) = (a.4°,¢% % 4"%) o
(€% 4% 4% 47 ¢")oo

The function k(q) first appears in the second notebook [7, p. 326] of Ramanujan,
who recorded the identities

2
r°(q) = k(q) G;ZEZ;) . () = K (g) <i:8)

In his lost notebook [8, p. 56], Ramanujan also recorded the identities

EY10q) (1 + k(q)Y° (1 — k(q))'/®
VE@Q) + 1+ E(q) — k2(q)

r(gh) = (1—’@(‘1))”10 2k*%(q)
1+ k(q) V1 =F2(q) + /1T~ 4k(q) — k*(q)

which were established by Kang [5] using theta function identities. We refer the
reader to [4, 5, 9] for a list of identities involving k(g). We remark that the afore-
mentioned proof relies on a certain polynomial relation between k(q) and k(g?) (see
Theorem 4).

r(¢"/?) =

)

2. A New Proof of Theorem 1

We provide a new proof of Theorem 1 in this section. We start with listing the
following important identities involving k(g) found by Cooper [4, Theorem 3.5] and
Chern and Tang [3, Theorem 3.3].

Lemma 2. We have the identities

[P 1
SO0 Mg O ®

PP (=) 1 N
PP —q) kg Fa), ©
fC (=) _ 1 k(q). (7)

af (=¢*) f3(=q'°) ~ k(q)
Lemma 3. We have the identity
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A consequence of Lemma 3 is the following polynomial relation between k(q) and
k(q?), which will play a key role in the proof of Theorem 1. We remark that Lee
and Park [6] recently obtained this relation using the theory of modular functions.

Theorem 4. We have the identity
X2 Y +2XY + X?Y +Y? =0,
where X 1= k(q) and Y := k(q?).
Proof. We square the identity in Lemma 3 and use (5) and (7), so that

(X Y)Q_f2<—q>f6<—q5>_f(—q2>f5<—q5) F(=a*F(=¢?)
2 f5(—q'0)

Y X

T af (05 (=4")  af(—¢*) P (—q")
- ()1(—)() (}1(_4_;().

Expanding the above equation leads to

(X2+4+Y —2XY — XY +Y?2)(X2 - Y +2XY + X2V +Y?)

3y =0. (8

Using the ¢g-expansion
k() =q—4¢* - ¢*+2¢" —2¢° + 2¢" + O(¢%)

of k(q), we note that the second factor of the numerator of Equation (8) vanishes
while the first factor does not. Hence, the desired identity follows. O

We are now ready to prove Theorem 1.

Proof of Theorem 1. We begin with proving Equation (3). Replacing ¢ with —¢g
and noting that ¢(—q) = f(~q)f(~¢")/f(=¢?) and ¢(—q) = f*(=q)/f(~¢*), we
rewrite Equation (3) in terms of f(—¢) and multiply both sides by f(—¢°)/f?(—q)
so that

PPEaf (=) | A (), P (Ed) (=)
(=) (=) (=) f(=q*) f*(—q") 5(=a*) f(=¢*°)

From Lemma 2, we have

A D= 14X - X2
P (-8 1T+ X - X2

. LA (=) _1-4y - V2
T A T TRy v
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where X := k(g) and Y := k(g?). Then

5 1
- = - X+1 1
D (10)
5 1
Ci=——==-Y+1 11
1-B Y + (11)
In view of Theorem 4 and Equation (11), we deduce that
X2
1-2X - X2 = 7+Y:X2(O+Y—1)+Y=X2(C—1)+Y(X2+1),
and solving this equation for Y, we get
1-2X — X2
_1-2X-X°C (12)

Y =
X241
Substituting Equation (12) into Theorem 4 and clearing denominators, we obtain

X20% —(1-2X +2X3 + XHO+ (1+ X - X?)? =0,

or, in view of Equation (10),

12 25
2 (= - = f2x + x? — = —o. 1
C (X2 < F2X+ >C+(1_A)2 0 (13)

Observe from Equation (10) that
1 A% 42442
) Lo MATH2A4D) g,

i—3+2X+X2— 1 % 2—2 —-X
X2 X X X (1—-A)?
Thus, combining (11), (13), and (14), we obtain
25 5(A*4+24+2) 5 N 25 _,
(1 — B)2 (1— A)2 1-B (1-4)2 7
which, after clearing denominators, simplifies to
B%+ A’B+42AB —4A =0. (15)
Thus, we infer from Equation (15) that
5(_ _,l0 1002\ f(_ 5 £(_ 20 B A2 +2A+ B
f5( qu( q5) +f5 (=q )sf( Z)J;( qm) vo—arB o
=) f(=¢°)  FP(=a)f°(=¢") 2 (=¢") A A
_ 4 P(=a) (=)
B f(=a®)f(=¢*)
).

which is exactly Equation (9). This completes the proof of Equation (3
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We next establish Equation (4). We rewrite this in terms of f(—¢) and divide
both sides by qf?(—q?)f?(—q'°) so that

A=) 3 (—q"") =0 f (=" 2 S (=g (=

TCD PO PP R ' @) = 2-6)
Using Lemma 2, we set
P (x ) e
o gt () e
We see from the definitions of A and B that
S e (17)
R (18)

We rewrite Equation (17) as

1
P(Lot)-ars

Multiplying both sides of the above equation by B and invoking Equation (15), we
infer that

B 4
AB+4B=P(=-B|=P(—=-A-B-2

which yields

A 4P —2BP — B%(P +4)
N B(B+ P)

(19)

Plugging in Equation (19) into Equation (15) and clearing denominators, we deduce
that

B(B+4)(B—1)P?+8(B —1)(B? +2B +2)P + B*(B +4)> = 0. (20)
We note from Equation (18) that
B?>+2B+2 B?+4B
1-B 1-B
Thus, dividing both sides of Equation (20) by (1 — B)? and applying (18) and (21),
we arrive at

+2=Q+2. (21)

—P%2Q —8PQ —16P + Q* =0,
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which implies that

fA(=*) 1 (=4") =9 (=4%) 16 2f4( Y (—q
af () (=)= (=) af (=) f(=d"0) 7 A=) - 10)
_Q p, 16_Q@-PQ-16P
P Q PQ

as desired. This completes the proofs of (16) and (4).
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