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Abstract

The sum of digital sum functions has been studied extensively, asymptotically and
in terms of error terms. Some variations of the sum of digital sum functions were
also studied previously—for example, the moments (the sum of powers) of the
binary digital sum functions. In 2018, Srichan studied another variation: the partial
sums of the Dirichlet convolution of the binary digital sum function. He found an
asymptotic approximation and its error term. Srichan further extended his results
to arbitrary k-th convolutions. In this paper, we generalize his results to digital sum
functions in arbitrary bases. In contrast to previous work in the binary case, our
analysis corrects a reliance on integer-only versions of the Trollope-Delange formula
and establishes uniform asymptotic results for Dirichlet convolutions of digital sum
functions in arbitrary bases.

1. Introduction

For integers ¢ > 1 and n > 0, we define the digital sum function in base ¢, denoted
5q(n), by

m
where n = Zaiqi is the base-q expansion of n with integers m > 0, 0 < a; < g,

=0

and a,, > 0. We also set s4(0) = 0.
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Bush [3] first showed in 1940 that

qg—1
Z sq(n) ~ 2logqmlogm.

n<x

In 1948, Bellman and Shapiro [2] proved that when ¢ = 2,

1
Z sa(n) = §x10g2 x4+ O(zloglog ).

n<x

Their method was also revisited in an undergraduate project by Gadd and the
second author [9], who obtained the same error term for arbitrary bases, although
the optimal bound had already been established. In 1949, Mirsky [11] proved that

1
Z sq(n) = q 5 zlog, z + O(x),

n<z

where O(x) is the best possible error term. This result has since been reproved by
various authors using different methods (see [1], [4], and [12]). In 1968, Trollope [14]
derived an explicit formula for the error term in the case ¢ = 2. In 1975, Delange
[7] extended Trollope’s results to all bases, using a simpler method. His theorem
can be stated as follows:

Theorem 1. Let F : R — R be the continuous, 1-periodic, nowhere differentiable
function defined by

Fl) = L2 (14 L] = )+ gt om0,
where
= gg"x)
h(z) = ;) R
and . 1
g(x) = /0 (thJ —qlt] - q;) dt.
Then

5 san) = i Latog o (152 ) < he)+ (14 o] - sy (LoD, (1)

et 2logq ogq

There is another version of the formula due to Cooper and Kennedy [5], who
extended Trollope’s method from base 2 to arbitrary bases. Their expression for
the error term, however, is valid only for natural numbers x. In a recent paper
[8], the present authors proved directly that the error-term expressions obtained by
Trollope’s method, as extended by Cooper and Kennedy, and by Delange’s analytic
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approach coincide for all natural numbers . This confirms the consistency of the
two approaches in the integer case.

As noted by Srichan [13], the Trollope-Delange formula is a powerful tool for
studying problems involving digital sum functions. For example, the moments of
the binary digital sum function were studied by Coquet [6] and later refined by
Grabner, Kirschenhofer, Prodinger and Tichy [10]:

, log, ) 2 S .
Z s2(n)* = (g;) T+ xZ(Ing z)’v;(log, ),

n<x j=1

where v;(x) are continuous nowhere differentiable functions of period 1.

As a variation, Srichan [13] studied the sum of the Dirichlet convolution of the
binary digital sum function and derived asymptotics for both the second convolution
and its higher-order analogues. In this paper, we generalize his results to arbitrary
bases. Section 2 states our main theorems, Section 3 develops the necessary lemmas,
and Section 4 contains the proofs of the main theorems. As a note, the function F’
in our paper when ¢ = 2 is equal to Srichan’s g in his paper. Thus, you may notice
that the coefficient % is gone in all the results here.

While Srichan’s analysis of Dirichlet convolutions of the binary digital sum func-
tion yields correct leading-order asymptotics, it relies on a version of the Trol-
lope-Delange formula that applies only to integer arguments. In this paper, we
address this issue by working systematically with the full real-variable version of
the formula and by extending the analysis to digital sum functions in arbitrary
bases. This allows us to derive uniform asymptotic formulas for k-fold Dirichlet
convolutions and to clarify the role of error terms in the general setting.

2. Main Results

Define
5(52) (n) := 84 % 54(n) = qu(d)sq(n/d).

d|n

To derive a formula for ) 8%2) (n), for z > 1, Srichan first derived an upper bound
and a lower bound for the sum. However, he mistakenly used the natural number
version of the Trollope-Delange formula instead of the more general version that
holds for real numbers. Although the missing component in the error term did not
affect the final result, several intermediate formulas should be corrected. However,
the upper and lower bounds for the sum are too long to present if we add back the
missing terms. Instead, we will prove the asymptotic formula for arbitrary bases

directly by estimating the growth of each term in this paper.
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Theorem 2. As x — oo, we have

— 1)z log®
S Oy = VTR | 0
241og? ¢

n<x

Remark 1. When ¢ = 2, Theorem 2 recovers Srichan’s main asymptotic result.
The proof given here avoids reliance on intermediate bounds that depend on integer-
only formulas and extends without modification to arbitrary bases.

Srichan extended his result to the k-th convolution of the binary digital sum for
any integer k > 2. Here we will extend our result to the k-convolution as well. For
k > 2, we define the k-convolution for an arbitrary base digital sum as

(k)( )= sq*s(k b Zs k D(n/d).

Now, we have the following result.

Theorem 3. For any integer k > 2,

Z st (n) = ﬂx log?* ™1z + O(z1og?* 2 ), (2)

q
n<z

where

2k—3 j
o) = (a1 = P b Y (P70 S,

3. Lemmas

Throughout this section, we repeatedly use Abel’s summation formula (partial sum-
mation). For an arithmetic function a(n) with A(z) = > _, a(n) and a continu-
ously differentiable function ¢(z) on [1,x], Abel’s summation formula states that

> aln)otn) = A2)ofa) - [ " A(w)é () du. (3)

We apply (3) with suitable choices of ¢(x) to derive asymptotic formulas for weighted
sums involving sq(n).

Lemma 1. As z — oo,

sq(n) (g — 1)108;255 (g—1)logx IOﬂ . M .
Z no 4log q + 2log q JrF(lqu)JrG( )+ - +K(z), (4)

n<lz
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Z sq(n)logn  (¢—1) logz  (q¢—1)log?z
n
n<zx

log x
logz - F
6logq 4logq Tloes <k%q>

+ (log — 1)G(x) — H(x) + 105 L)
+ (logzx — 1)K (x) — L(

z),

where

J(@) = (1 + 2] = 2)sq([2]) = h(2),

o) — /le <logU> d7u’

logg /) u

mJ(u)ﬁ, o[ og v\ dvdu
fro o= e ()

log q

and  L(z) = /1 ’ /1 " (o) dudu

v2y
Proof. Applying (3) with ¢(z) = 1 and A(z) = Z s4(n), together with (1), we get
n<zx
sq(n v
2 aw)oe) — [ A ) du
n<zx 1
1 ((q— lzlogx aF <logx> N J(x))
x 2logq log q
“((g—1ulogu log u du
+1[ < 2logq tul log g ) u?

- 1)1 1 -1
_lg=Dloga . (logz) J@) (¢-1)
2logq log q

/wlogu
du
x 2logq J1 u
v 1 d v d
+/ F<Og“>“+/ J(w) =
1 1

K(z) =

)
U

logq /) w

—1)1 1 —1)log?
_ (q )ogw+F og T +J(x)+(q ) log x—i—G(m)—&—K(m)
2logq log q T 4logq
(¢g—1) log2 T log x J(x)
K(z).
Tlog g log g + G(x) + - + K(x)

2logq

+(q—1)logx+F(

n<zc

Applying (3) again with ¢(x) = logx and A(x) = Z M, together with (4),
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we get
1 —1)log® - 1)1 1
3 sq(n) logn ~log (¢=Dlog”z  (¢—Dlogz . (logz G
N n 4logq 2log q log q

+JSU)+K($)>

*((g—1)log’u  (q—1)logu log u
— + +F[—= | +Gu
/1 < 4logq 2logq log q (u)
+J(u)+K(u)>du
U U

_ (q—1)log®z (q_l)log2x+logx~F log z
4logq 2logq log q

log x

+logz - G(z) + J(x) +logx - K(x)

T

. T 2 o T
(g 1)/ log"u (g 1)/ logu
1 1

4logq U 2logq u
r logu\ du r du v du
- F — — G(u) — — J(u) —
/1 (logq) u /1 (w) u /1 (w) u?
o du
_ K(uw) 22
| kS
. 3 . 2
_ (g—Dlog>z  (¢g—1)log”x Flogz - F log x
4logq 2logq log q
1 — 1) log®
+logz-G(z)+ OimJ(x)—i—logm-K(a:)—W
(¢—1)log’z
S s S ~H(z) - K(z)— L
T~ 6la) ~ H(x) = K(x) ~ Liz)
— 1) log® — 1) log? 1
:(q Yog”x  (¢—1)log x+logm~F ogx
6logq 4logq log q

+ (logz — 1)G(z) — H(z) + 1O§xJ

— L(x).

() + (logz — 1)K (x)

O

To find the asymptotic formula of the sum of Dirichlet convolutions of digital
sum functions, we need to evaluate the growth of the functions g, h, F,G, H, J, K,
and L.
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Lemma 2. Let {t} =t — |t] be the fractional part of t. Let

o) = [ (Lot = ale) - 5 o= [ (Lot - 15 ) .

Then, we have g(x) = O(1).

Proof. Let b = L%J In the authors’ previous paper [8], the integrand function in
g(x) was illustrated as a periodic step function. Thus, we can find the minimal
value of g(z) by calculating the net area of the integrand function from 0 to 2 by

the sum
b
-1 1 —q—1 1 —q—1 b(b+1 b2 — gb
Z(qu)_Z(q +z‘)_ ¢—1, bo+1) b -db
_ 2 q 2 q 2q 2q 2q

Thus, 0 > g(z) >

Lemma 3. We also have the following:

h(z) = O(1),F(x) = 0(1), J(z) = O(log x), G(x) = O(log x),
H(x) = O(log® z), K (z) = O(1), and L(z) = O(log z).

Proof. Clearly, b(q — b) < 2¢® as b < q. Thus, b*> — bqg > —2¢* and b22_qbq
Therefore, g(x) > —q. We then have

= —q.

o0

9(q") 1 g
0>hx:§ >f§f:f7
> h(x) > qT:Oq,.

r=0 qT q- 1 .

Thus, h(z) = O(1). Also, since 0 < 1+ |z] —x < 1 and h is a bounded function,
F(z) = 51+ 2] — 2) + ¢*F1#1=2h(¢®~[#]=1) is a bounded function as well, i.e.,
F(z) = O(1). Now, we know

0<J(z) =1+ 2] —2)sq(|z]) — h(x)

q2
< sylle)) + 5

long ) q>
<(¢g—1 +1]+ .
( )qlogq q—1

Since F(z) is a bounded function,

Glz) = /1F (log“) W _ Hog ).

Thus, J(z) = O(log z).

logq ) u
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I d
Since H(z) = / G(u)—u, we have H(z) = O(log®z). We can also see that since
1 u

K(z) = /1 J(u) i—g, we have K (z) = O(1). And finally, since L(z) = /: K (u) d%’
we have L(z) = O(log z). O
The following inequality will be needed to bound a sum with the function F:

Lemma 4. We have

5 sl <1og<x/n>>

= log q

< Fy Z Sq(n)7

where Fy := max{|F(t)|,t € R}.

Proof. Since |F| is continuous and periodic with period 1 by Theorem 1, it attains
a maximum on [0, 1] by the Extreme Value Theorem. O

For the k-th convolution, we will need the following formula which is the more
general version of (5).

Lemma 5. For any positive integer j, we have

§ 8000 s, _ (= Dlog™ .

SR POy R S A = S O(log? .

n<z BT G logg (log™" )

Proof. This follows from an application of (3) together with (5). O

4. Proofs

Proof of Theorem 2. Let © > 1. Following Srichan’s idea, we will use Dirichlet’s
hyperbolic method on the sum of the Dirichlet convolution:

D s ) =303 sy(@sg(nfd) =2 37 seln) D2 sqlm)— | D2 sq()

n<zx n<z d|n n<\x m<z/n n<\/x
Inserting (1) in the above formula, we have

-5 5 i (R 2 () 2)

n<x n<yx

(e () o)
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(¢g— Dzxlogx Z sq(n)  (¢—1)z Z sq(n)logn

log q log q

n<ya n<yx
1 —1)2zlog?
+22 Y 5a(n) ( Of(x/")) +2 Y s,(n)J (E) _lg=1 wlog’x voe T
n<vE oed n<vi " 16log™q
— 1zl 1 1 -1 1
_(q )z gz, (logz \ o ( loge _(q Wx og:rj(\/g)
2log q 2log q 2log q 2log q

2zF (;j’f;q) J(/E) = J(V3).

The expression is lengthy, so we analyze each sum separately. We begin with the
first term and use (4):

(¢g—1)zlogx Z sq(n)  (q—Dzlogz [ (¢—1)log> vz  (¢—1)log/z
= +
log q n log q 4logq 2log q

n<yz

+F (logﬁ> ram + TV K(ﬁ))

log g VT
_(g—1)zlogz [ (¢ — Dlog’z  (¢—1)logx
N log q 16logq 4logq
+ O(logx))
(g—1)%zlog’z  (¢—1)2zlog’x
161og? ¢ 41og? q
— 1zl
la=Dzlogz 00
log q
— 1)%zlog”
_ e Dwlog w102y,
16log” g

Consider the second term and use (5):

(=1 g~ sylm)logn (q—l)w<(q—1)log3ﬁ+ (¢ —1)log® &

log q n ~ loggq 6logq 4logq

n<\/x

+1ogﬁ.F(1°gf) T (log V7 - 1)G(Va)

T
log q

log V&

— H(Vz) + NG

J(Va) + (log Vo — 1)K (Vx)

- L(ﬁ))
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-1 — 1) log? — 1) log?
log q 48log q 16log q
(g —1)%zlog® z

=122 " 4 O(xlog® 2).
481og? q (wlog )

Consider the absolute value of the third term and use Lemma 4:

9 ng\:ﬂ sq;n)F <loigg{]n)>

<2xFuy Z sq(7) :O(xlong).
n<vE

The fourth term is

2 Z sq(n)J (%)

n<\/z

Recall that J(y) = O(logy) as y — oo. Then there exist numbers C and yo such
that |J(y)| < Clogy for y > yo. For 1 <n < \/z, we have x/n > /x. Hence, for =
large enough (v/x > yo),

|J(z/n)] < Clog(x/n) < Clogxz uniformly in n < /z.
Since s4(n) > 0, we have the following bound:

2 Z sq(n)J (%)

n<\/z

<2Clogx Z sq(n) = O(v/xlog? z).
n<Vz

The remainder equals

z(q —1)%log® x aF? ( log x ) N (q— 1)1‘10ng ( log z )

16 log2 q 2log g 2log q 2log g
-1 1 1
Lo [ Jym) + Ao vTlosr Ly o (loge
2logq 2log q
(g — 1)*log”x >
=———-> 4+ 0KWzlog”z
1610g2q (Valog™z)
= O(zlog”z).

‘We now combine the above estimates to obtain

2 3 3
() :(q—l) zlog”’z  (¢— 1)z ((q—l)log x>+0 log?
qu (n) 16108 ¢ Togq 18log (zlog” )

n<x
(g —1)%zlog® z

=42 " 1 O(zlog® z).
241log? ¢ (wlog” )
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We now prove Theorem 3 for a general base.

Proof of Theorem 3. We use induction on k. Equation (2) is true for k = 2 as we
just proved it above. Assume Equation (2) is true for all £ < [. By definition,

S sOm)y= 3" 3 sy(d)siV (n/d)

n<lx 0<n<z d|n
1—
=D s 3 sV m).
n<z m<z/n

From our hypothesis, we get

> = (2410g s (2) vo (e (7))

n<zx n<a:
a(l — Dz
lo x —logn)?—3
24log q = Z & gn)

Z logx logn)2=* | . (6)

n<z

Let, for an integer r > 0,

Sp(x) = Z 5(1) (logxz — logn)".

n

n<z

The main term and the error term in (6) involve Sg;_3(x) and Sg;_4(x), respectively,
so it suffices to estimate S,.(x) for » = 2l — 3 and r = 2] — 4 in the same way. By
the Binomial Theorem, we have

s4(n) sq(n) = (21 — 4
q ] ] 2-4 _ q - 1V 10247 1 1oe?
Z n(ogx ogn) Z - Z i (—1) log xzlog’ n
n<z n<x 7=0
A4 ror
= log?~ IZ( > Jlog_]mz 5a(n) log n.
n<x
By Lemma 5, we have
Z Sq( )(logl' logn)21—4
n
n<x
21—4 i4+92
_ 20—4 o [ (g=1D)log’ P ,
=log?~* —1) log™ S 2~ 4 O(log/™!
oot e 2 Uy ) e | S g iogg T O0T )

_ (¢q—1) log2l—2 212_:4 (21 - ) (—1)j 20-3
= g T . - + O(log x).
J

2logq =
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Similarly,

20-3 .

sq4(n) a3 (g—1) 20—1 20— 3\ (—1) 20—2
E ——(1 —1 =71 E 1 .
n<z ogr —logn) 2logq xj:o i Ji+2 +O(log™ ")

Substituting these into (6), we obtain

203
Wy dl—Dz [(g—1) log2 1 20 -3\ (=1) O(loe2—2
Z Sq (n) 24 log2 q 2log q o8 ! jgo . . +Ollog %)

n<x

+0 (m logm*2 x)

-3 :
all =1z ((g=1), 51 X~ (20-3) (-1 212
= 1 O (zl )
2410g2q 210z g og xz ) - + (z og x)

Jj=0

a(l —1)(q—1) &= /21— 3\ (—1)7
L = 1 -/ ~—— . Th h
et a(l) 2o q jz::o i 2 us, we have

Wy al) log21 20-2
E sy (n) = —5%—xlo z+ 0O (zlo T).
a () 241og? ¢ & ( & )

n<zx
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