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Abstract

The metric theory of Diophantine approximation for Lüroth convergents is stud-
ied. A Khintchine-type theorem in the Lüroth setting is established, yielding a
sharp zero–one law governed by the usual summation criterion with a logarithmic
correction, and thereby settling a measure-theoretic statement attributed to Tan
and Zhou. By applying the Beresnevich and Velani Mass Transference Principle,
the Hausdorff dimension is determined for the full non-negative range of approxi-
mation exponents and the critical Hausdorff measure is shown to be infinite. This
strengthens a theorem of Cao, Wu, and Zhang and provides a simpler proof. Fi-
nally, a conjecture of Tan and Zhou is refuted, a corrected monotone formulation is
proposed, and verification is given in a natural partial case.

1. Introduction

The metric theory of Diophantine approximation studies the Lebesgue measure and

Hausdorff dimension of subsets of real numbers satisfying specific approximation

properties. Let ψ : N → [0, 1/2]. Define W (ψ), the set of all ψ-well approximable

numbers, as

W (ψ) := lim sup
q→+∞

⋃
p∈Z

{
x ∈ [0, 1) :

∣∣∣∣x− p

q

∣∣∣∣ < ψ(q)

q

}
. (1)

Equivalently, a number x ∈ [0, 1) is ψ-well approximable if and only if there exist

infinitely many q ∈ N such that for some p ∈ Z,∣∣∣∣x− p

q

∣∣∣∣ < ψ(q)

q
. (2)

The Khintchine Theorem is one of the fundamental results in metric Diophantine

approximation, and serves as a starting point for much subsequent research. The
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theorem states that if ψ is non-increasing, then the Lebesgue measure of the set

W (ψ) satisfies the zero–one law, and is determined by the convergence or divergence

of the series
∑∞
q=1 ψ(q). Specifically, if the series converges, then almost every

x ∈ [0, 1) is not ψ-well approximable. Conversely, if the series diverges, then almost

every x ∈ [0, 1) is ψ-well approximable.

Theorem 1 (Khintchine [6]). Let ψ : N → [0, 1/2]. Suppose ψ is non-increasing.

Then

L(W (ψ)) =


0, if

∑∞

q=1
ψ(q) <∞;

1, if
∑∞

q=1
ψ(q) = ∞,

where L denotes the Lebesgue measure on R.

Let τ ≥ 0. Define W (τ), the set of all τ -well approximable numbers, as

W (τ) := lim sup
q→+∞

⋃
p∈Z

{
x ∈ [0, 1) :

∣∣∣∣x− p

q

∣∣∣∣ < 1

q1+τ

}
. (3)

The set W (τ) coincides precisely with W (ψ) when ψ is chosen as ψ(q) := 1/qτ for

any q ∈ N. A fundamental result concerning the Hausdorff dimension of W (τ) is

given by the Jarńık–Besicovitch Theorem, established independently by Jarńık and

Besicovitch.

Theorem 2 (Jarńık [5]; Besicovitch [2]). For any τ ≥ 1,

dimW (τ) =
2

1 + τ
.

The Jarńık–Besicovitch Theorem is generalized by the result of Dodson [4, The-

orem 2], extending the theorem from W (τ) to W (ψ) for general non-increasing ψ.

The Hausdorff dimension ofW (ψ) is expressed in terms of the lower order at infinity

of 1/ψ.

Theorem 3 (Dodson [4]). Let ψ : N → [0, 1/2]. Suppose ψ is non-increasing. Then

dimW (ψ) =
2

1 + τψ
, (4)

where τψ := lim infq→+∞ − logψ(q)/ log q ≥ 1.

In summary, the results of Khintchine, Jarńık–Besicovitch, and Dodson primar-

ily focus on the metric properties of well approximable numbers, specifically their

Lebesgue measure and Hausdorff dimension. It is worth noting that the fractions

p/q that approximate x ∈ [0, 1) in (2) are not required to be in lowest terms, nor to

satisfy any additional constraints. However, imposing additional constraints on the

approximating fractions may lead to a reduction in both measure and dimension.

Similar results are presented in the setting where the approximating fractions

p/q in (2) are required to be Lüroth convergents of x.
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2. Preliminaries

For any x ∈ (0, 1], there exists a unique sequence (dn)n∈N of positive integers that

are not equal to 1, referred to as “digits”, such that

x = [d1, d2, d3, . . . , dn, . . .] (5)

:=

∞∑
k=1

1

dk
∏k−1
j=1 dj(dj − 1)

, (6)

where, for any n ∈ N, we have dn = dn(x) ∈ N \ {1}. Equation (5) is referred to as

the Lüroth representation of x. Equation (6) is referred to as the Lüroth expansion

of x. The sequence (dn)n∈N can be determined by an iterative process induced by

the Lüroth map T : (0, 1] → (0, 1], defined by, for any x ∈ (0, 1],

T (x) :=

⌊
1

x

⌋(⌊
1

x
+ 1

⌋
x− 1

)
. (7)

As illustrated in Figure 1, the Lüroth map consists of countably many linear pieces,

each defined by a distinct linear equation. For any x ∈ (0, 1], the first digit of x in

the Lüroth representation is given by d1(x) = ⌊1/x⌋ + 1, and for any n ∈ N \ {1}
we have dn(x) = d1(T

n−1(x)).

11/21/3

1

x

T (x)

Figure 1: Lüroth map T : (0, 1] → (0, 1]

Let x ∈ (0, 1] and n ∈ N. Define the n-th Lüroth convergent xn of x by the n-th
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partial sum in (6); that is:

xn := [d1, d2, d3, . . . , dn] :=

n∑
k=1

1

dk
∏k−1
j=1 dj(dj − 1)

=
1

d1
+

1

d1(d1 − 1)d2
+

1

d1(d1 − 1)d2(d2 − 1)d3
+ · · ·

+
1

d1(d1 − 1) · · · dn−1(dn−1 − 1)dn
.

The unsimplified numerator, Pn(x), and denominator, Qn(x), of the n-th Lüroth

convergent of x are defined in (8) and (9), respectively:

Pn(x) := [d1, d2, . . . , dn]Qn(x), (8)

Qn(x) := dn

n−1∏
j=1

dj(dj − 1) = d1(d1 − 1)d2(d2 − 1) · · · dn. (9)

Note that the fraction Pn(x)/Qn(x) may not be in its simplest form. For example,

for x = 27/71 = [3, 4, 3, 4, 3, 4, . . .] and any n ∈ N\{1} we have gcd (Pn(x), Qn(x)) =
2 > 1.

Let ψ : N → (0, 1]. Define L(ψ), the set of all Lüroth ψ-well approximable

numbers, as

L(ψ) := lim sup
n→+∞

{
x ∈ (0, 1] :

∣∣∣∣x− Pn(x)

Qn(x)

∣∣∣∣ < ψ(Qn(x))

Qn(x)

}
.

Let τ ≥ 0. Define L(τ), the set of all Lüroth τ -well approximable numbers, as

L(τ) := lim sup
n→+∞

{
x ∈ (0, 1] :

∣∣∣∣x− Pn(x)

Qn(x)

∣∣∣∣ < 1

Qn(x)
1+τ

}
. (10)

The set L(τ) coincides precisely with L(ψ) when ψ is chosen as ψ(q) := 1/qτ for

any q ∈ N.

3. Main Results

Theorem 4 is an analog of the Khintchine Theorem, as stated in earlier work of Tan

and Zhou [7]. Theorem 6 is an analog of the Jarńık–Besicovitch Theorem, which

improves the previous result of Cao, Wu, and Zhang [3, Theorem 1.2]. Theorems 7

and 8 are generalizations of Theorem 6 for general functions. Theorem 9 is a

counterexample to the conjecture stated by Tan and Zhou [7, Conjecture 2], an

analog of the result of Dodson. Theorem 10 is a partial result toward the revised

conjecture.
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Theorem 4 (Tan and Zhou [7, 8]). Let ψ : N → (0, 1]. Suppose ψ is non-increasing.

Then

L (L(ψ)) =


0, if

∑∞

q=1

−ψ(q) logψ(q)
q

<∞;

1, if
∑∞

q=1

−ψ(q) logψ(q)
q

= ∞.

Theorem 4 was originally claimed by Tan and Zhou [7], and can be seen as an

analog of the Khintchine Theorem. The statement appears in [7], and is claimed

to be studied in [8]. However, only an equivalent statement of the theorem is

presented in [8], without explicitly stating the equivalence or providing a proof. A

supplementary proof of Theorem 4 is therefore provided.

The following dimensional result is proved by Cao, Wu, and Zhang [3, Theorem

1.2], and can be seen as an analog of the Jarńık–Besicovitch Theorem.

Theorem 5 (Cao, Wu, and Zhang [3]). For any τ ≥ 1,

dimL(τ) =
1

1 + τ
.

This theorem can be compared with the Jarńık–Besicovitch Theorem. For any

τ ≥ 1, we have dimW (τ) = 2/(1 + τ), which is twice the Hausdorff dimension of

L(τ).

In some works, for instance [7, 8], the result of Cao, Wu, and Zhang is claimed

to hold for all non-negative real numbers τ ≥ 0, though no explicit explanation is

provided. A proof of Theorem 6 is provided, thereby verifying the claim.

Theorem 6. For any τ ≥ 0,

dimL(τ) =
1

1 + τ
,

and the 1/(1 + τ)-Hausdorff measure of L(τ) is infinite, that is:

H1/(1+τ)(L(τ)) = +∞.

By applying the Beresnevich and Velani Mass Transference Principle [1, Theorem

2], the range of exponents is extended from τ ≥ 1 to τ ≥ 0, the argument in [3] is

simplified, and the Hausdorff measure at the critical exponent is obtained.

Before discussing the analog of Dodson’s theorem (Theorem 3) in the Lüroth

setting, a few generalizations to Theorem 6 are given. Let ψ : N → (0, 1]. Define

the lower order at infinity and upper order at infinity of 1/ψ as follows:

τψ := lim inf
q→+∞

− logψ(q)

log q
; τψ := lim sup

q→+∞
− logψ(q)

log q
. (11)
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Theorem 7. Let ψ : N → (0, 1]. We have

1

1 + τψ
≤ dimL(ψ) ≤ 1

1 + τψ
. (12)

Theorem 7 provides both lower and upper bounds on the Hausdorff dimension

of L(ψ), and serves as a generalization of Theorem 6. For τ ≥ 0 and ψ : N → (0, 1]

taken as ψ(q) := 1/qτ for any q ∈ N, Theorem 6 is recovered as τψ = τψ = τ .

From the definition of L(ψ) given above, the set L(ψ) depends only on the values

of ψ evaluated at a specific subset of N with arbitrarily small density. Indeed, for

any x ∈ (0, 1] and n ∈ N, the denominator Qn(x) of the n-th Lüroth convergent of x,

is divisible by 2n−1. Thus, the contribution of ψ evaluated at non-highly composite

numbers does not affect the set L(ψ), nor does it affect the Lebesgue measure and

Hausdorff dimension of L(ψ). Theorem 8 refines Theorem 7 by incorporating a

precise range for the limit inferior and limit superior in (11).

Theorem 8. Let ψ : N → (0, 1]. Then,

1

1 + λψ
≤ dimL(ψ) ≤ 1

1 + λψ
,

where λψ and λψ are defined by

λψ := lim inf
k→+∞

lim inf
q∈Sk

− logψ(q)

log q
≥ τψ, λψ := lim inf

k→+∞
lim sup
q∈Sk

− logψ(q)

log q
≤ τψ,

and for any k ∈ N we define the set Sk by

Sk :=

{
dk
∏k−1

j=1
dj(dj − 1) : for any n ∈ N, dn ∈ N \ {1}

}
⊂ N.

The following conjecture is stated by Tan and Zhou [7, Conjecture 2], regarding

the Hausdorff dimension of L(ψ), and can be seen as an analog of Dodson’s theorem

(Theorem 3).

Conjecture 1 (Tan and Zhou [7]). Let ψ : N → (0, 1]. We have

dimL(ψ) =
1

1 + τψ
.

Theorem 9 demonstrates that the conjecture can fail without the monotonicity

assumption on ψ. Consequently, the conjecture should be reformulated to include

that assumption.

Theorem 9. For any τ ≥ 0, there exists ψ : N → (0, 1] such that ψ is not eventually

non-increasing, τψ = τ , and

dimL(ψ) = 0 <
1

1 + τψ
.
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Conjecture 2 (Revised Tan and Zhou Conjecture). Let ψ : N → (0, 1]. Suppose

ψ is non-increasing. Then

dimL(ψ) =
1

1 + τψ
.

Theorem 10 provides a partial result toward the revised conjecture with three

extra assumptions: a sufficiently large lower order, a different monotonicity condi-

tion, and the divergence of a specific series. Let ψ : N → (0, 1]. Let t := 1/(1+ τψ),

and define θt : N → (0, 1] by setting, for each q ∈ N,

θt(q) := min
{
1, 2−tq1−tψt(q)

}
. (13)

Theorem 10. Let ψ : N → (0, 1]. Suppose that τψ > 1, that θt is non-increasing,

and that

∞∑
q=1

−
(
ψ(q)

q

)t(
(1− t) log q + t log

ψ(q)

2

)
= ∞,

where τψ and θt are defined in (11) and (13). Then

dimL(ψ) =
1

1 + τψ
.

4. Proofs

4.1. Proof of Theorem 4

Theorem 4 presents a measure-theoretic result originally stated by Tan and Zhou [7],

which forms an analog of the Khintchine Theorem in the Lüroth setting. While the

original statement is claimed in [7], a direct proof is not fully provided. This section

offers a supplementary proof.

Theorem 4 is logically equivalent to [8, Corollary 1.3]. The following demon-

strates how the former is implied by the latter.

Proof of Theorem 4. By [8, (4.1)], for any x ∈ (0, 1] and n ∈ N,

1

(dn(x)− 1)dn+1(x)
< |xQn(x)− Pn(x)| <

1

(dn(x)− 1)(dn+1(x)− 1)
.

Since for any x ∈ (0, 1] and n ∈ N, it holds that dn(x) ≥ 2, which implies

1

2dn(x)dn+1(x)
< |xQn(x)− Pn(x)| <

4

dn(x)dn+1(x)
.
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For any n ∈ N, define

An :=

{
x ∈ (0, 1] : dn(x)dn+1(x) ≥

4

ψ(Qn(x))

}
,

Bn := {x ∈ (0, 1] : |xQn(x)− Pn(x)| < ψ(Qn(x))} ,

Cn :=

{
x ∈ (0, 1] : dn(x)dn+1(x) ≥

1

2ψ(Qn(x))

}
.

Then the following inclusions hold:

lim sup
n→∞

An ⊂ L(ψ) = lim sup
n→∞

Bn ⊂ lim sup
n→∞

Cn.

In the convergent case, assume that

∞∑
q=1

−ψ(q) logψ(q)
q

< +∞.

In particular, limq→∞ ψ(q) = 0. Define the non-decreasing function φ0 : N →
[2,+∞), for any q ∈ N, by

φ0(q) := max

(
2,

1

2ψ(q)

)
.

Since limq→∞ ψ(q) = 0, there exists a minimal q0 ∈ N such that for any q ∈ N, if
q > q0 then φ0(q) = 1/(2ψ(q)). By the convergent part of [8, Corollary 1.3] with

∞∑
q=1

logφ0(q)

qφ0(q)
=

q0∑
q=1

log 2

2q
+

∞∑
q=q0+1

−2ψ(q) log (2ψ(q))

q

<

q0∑
q=1

log 2

2q
+ 2

∞∑
q=1

−ψ(q) logψ(q)
q

< +∞,

and these set inclusions imply that L(L(ψ)) = 0.

In the divergent case, assume that

∞∑
q=1

−ψ(q) logψ(q)
q

= ∞.

Define the non-decreasing function φ1 : N → [2,+∞), for any q ∈ N, by

φ1(q) := max

(
2,

4

ψ(q)

)
.
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By the divergent part of [8, Corollary 1.3] with

∞∑
q=1

logφ1(q)

qφ1(q)
≥

∞∑
q=1

−ψ(q) log (ψ(q)/4)
4q

≥ 1

4

∞∑
q=1

−ψ(q) logψ(q)
q

.

The right-hand side diverges to +∞, and these set inclusions imply that L(L(ψ)) =
1. This completes the proof.

4.2. Proof of Theorem 6

Theorem 6 establishes the Hausdorff dimension of the set of Lüroth τ -well approx-

imable numbers, improving the previous result of Cao, Wu, and Zhang [3, Theorem

1.2], which forms an analog of the Jarńık–Besicovitch Theorem in the Lüroth set-

ting.

Proposition 1 provides an inequality that every Lüroth convergent satisfies.

Proposition 1. For any x ∈ (0, 1] and n ∈ N,

0 < x− Pn(x)

Qn(x)
≤ 1

dn(x)− 1

1

Qn(x)
.

Proof. Pick any x ∈ (0, 1] and n ∈ N. By the definitions of Pn(x) and Qn(x) in (8)

and (9),

x− Pn(x)

Qn(x)
=

∞∑
k=n+1

1

dk
∏k−1
j=1 dj(dj − 1)

=
1

dn − 1

1

Qn(x)

∞∑
k=n+1

1

dk
∏k−1
j=n+1 dj(dj − 1)

,

where the value of the summation in the rightmost expression lies in the interval

(0, 1].

Proposition 1 states that every real number in (0, 1] is strictly greater than all

of its Lüroth convergents. In other words, all Lüroth convergents approximate the

real number from the left of the number line. Figure 2 is an illustration.

0 1
Pn(x)

Qn(x)
+

1

dn(x)− 1

1

Qn(x)
x

Pn(x)

Qn(x)

Figure 2: Lüroth convergents approximate from the left
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By Proposition 1, for any τ ≥ 0, the set L(τ), defined in (10), can be expressed

as:

L(τ) = lim sup
n→+∞

{
x ∈ (0, 1] : 0 < x− Pn(x)

Qn(x)
<

1

Qn(x)
1+τ

}
. (14)

The proof of the upper bound for dimL(τ) is established by a standard covering

argument.

Proposition 2 (Upper Bound of dimL(τ)). For any τ ≥ 0,

dimL(τ) ≤ 1

1 + τ
.

Proof. Pick any n ∈ N and d1, d2, . . . , dn ∈ N \ {1}. Define

Qn := d1(d1 − 1) · · · dn−1(dn−1 − 1)dn ≥ 2n,

Pn := [d1, d2, . . . , dn]Qn,

and

In,τ (d1, d2, . . . , dn) :=

(
Pn
Qn

,
Pn
Qn

+
1

Qn
1+τ

)
.

Note that diam In,τ = 1/Qn
1+τ ≤ 1/2n. Pick any ρ > 0 and N ∈ N. Suppose

N > − log ρ/ log 2. By (14), the following is a ρ-cover of L(τ).

∞⋃
n=N

⋃
(d1,...,dn)∈(N\{1})n

In,τ (d1, d2, . . . , dn). (15)

Pick any ε > 0 and s > 1/(1+τ). Without loss of generality, N ∈ N is large enough

in terms of τ ≥ 0, s > 0, and ε > 0, so that

∞∑
n=N

rτ,s
n−1 <

ε

ζ((1 + τ)s)
,

where ζ is the Riemann zeta function, (1 + τ)s > 1, and

rτ,s :=

∞∑
d=2

1

(d(d− 1))
(1+τ)s

∈ (0, 1).
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Hence, the s-Hausdorff measure for the ρ-cover (15) is obtained as

Hs
ρ(L(τ)) ≤

∞∑
n=N

∑
(d1,...,dn)∈(N\{1})n

(diam In,τ (d1, . . . , dn))
s

=

∞∑
n=N

∑
(d1,...,dn)∈(N\{1})n

1

Qn(d1, . . . , dn)
(1+τ)s

=

∞∑
n=N

∑
(d1,...,dn)∈(N\{1})n

1

(d1(d1 − 1) · · · dn−1(dn−1 − 1)dn)
(1+τ)s

=

∞∑
n=N

( ∞∑
d=2

1

(d(d− 1))
(1+τ)s

)n−1( ∞∑
d=2

1

d(1+τ)s

)

≤ ζ((1 + τ)s)

∞∑
n=N

rτ,s
n−1 < ε.

Thus, for any s > 1/(1 + τ) we have Hs(L(τ)) = 0. The result follows from the

definition of Hausdorff dimension.

The proof of the lower bound for dimL(τ) follows from applying the Beresnevich

and Velani Mass Transference Principle [1, Theorem 2], providing an alternative to

the method presented in [3]. Proposition 3 is sufficient for the rest of the paper.

Proposition 3 (Applied Mass Transference Principle). Let (In)n∈N be a sequence

of intervals in [0, 1] and 0 ≤ s ≤ 1. Suppose limn→+∞ diam In = 0 and

L
(
[0, 1] ∩ lim sup

n→+∞
In
s

)
= 1,

where Is denotes the interval with the same center as I and with radius equal to the

radius of I raised to the power of s. Then

Hs

(
lim sup
n→+∞

In

)
= +∞.

In particular, we have

dim

(
lim sup
n→+∞

In

)
≥ s.

Proof. The proof essentially applies [1, Theorem 2].

Suppose 0 < s < 1. Define fs : R+ → R+ by fs(x) := xs, for any x ∈ R+. Then

fs is a dimension function, that is, fs is non-decreasing and limx→0+ fs(x) = 0.

Define Xs and its 1-periodic extension Ys by

Xs := lim sup
n→+∞

([0, 1) ∩ Ins) , Ys :=
⋃
z∈Z

(Xs + z)
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where Xs + z is the translation of Xs by z, defined as Xs + z := {x+ z : x ∈ Xs}.
Pick any interval I ⊂ R. Pick any z ∈ Z. By assumption, L(Xs) = 1, which

implies L([z, z+1)∩Ys) = 1 and L([z, z+1)\Ys) = 0. By the additivity of Lebesgue

measure,

L (I ∩ [z, z + 1) ∩ Ys) = L(I ∩ [z, z + 1))− L(I ∩ [z, z + 1) \ Ys)
= L(I ∩ [z, z + 1)).

By the countable additivity of Lebesgue measure, the above implies that L(I∩Ys) =
L(I). By a re-enumeration, Ys = lim supn→∞Bn

s, where for any n ∈ N the set Bn
is an interval, and limn→+∞ diamBn = 0. Thus, the assumption of [1, Theorem 2]

is satisfied and its conclusion implies that

Hs ([0, 1] ∩ Ys) = Hs([0, 1]) = +∞.

Since Xs = [0, 1) ∩ Ys, we have

Hs

(
lim sup
n→+∞

In

)
≥ Hs (Xs) = +∞.

The result follows from the definition of Hausdorff dimension.

In order to apply Proposition 3 to establish a lower bound for dimL(τ), the set

L(τ) should be expressed as a lim sup set of intervals. Define S to be the set of all

3-tuples consisting of the Lüroth numerators, denominators, and last digits for all

real numbers at all levels. Formally,

S :=
⋃
n∈N

⋃
x∈(0,1]

(Pn(x), Qn(x), dn(x)) , (16)

where Pn(x) and Qn(x) are defined in (8) and (9), respectively, and dn(x) = dn is

given in (5). Note that S is countable. Let

S = ((Pk, Qk, dk))k∈N (17)

be a re-enumeration so that (Qk)k∈N is non-decreasing. Proposition 4 can be com-

pared with Proposition 1, which shows that every Lüroth convergent Pn(x)/Qn(x)

satisfies the inequality in Proposition 1.

Proposition 4. For any x ∈ (0, 1] and k ∈ N, if

0 < x− Pk
Qk

≤ 1

(dk − 1)Qk
,

then Pk/Qk is a Lüroth convergent of x.
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Proof. By the definition of S in (16), there exist y ∈ (0, 1] and n ∈ N such that

Qk = Qn(y). By the definition of Qn(y) in (9), there exist d1, d2, . . . , dn ∈ N \ {1}
such that

Qk = dn

n−1∏
i=1

di(di − 1) = d1(d1 − 1)d2(d2 − 1) · · · dn−1(dn−1 − 1)dn.

The length of the cylinder of [d1, d2, . . . , dn] is

1∏n
i=1 di(di − 1)

=
1

(dn − 1)Qk
.

Therefore, Pk/Qk is the n-th Lüroth convergent of x.

Define, for any τ ≥ 0, a sequence of intervals (Bτ,k)k∈N in [0, 1] by, for any k ∈ N,

Bτ,k :=

(
Pk
Qk

,
Pk
Qk

+
1

Qk
1+τ

)
∩
(
Pk
Qk

,
Pk
Qk

+
1

(dk − 1)Qk

]
. (18)

Proposition 5. For any τ ≥ 0,

L(τ) = lim sup
k→+∞

Bτ,k.

Proof. The inclusion ⊂ follows directly from (14) with the definitions of S and Bτ,k
in (16) and (18), respectively. The reverse inclusion ⊃ follows from Proposition 4.

Proposition 6 (Lower Bound of dimL(τ)). For any τ ≥ 0,

dimL(τ) ≥ 1

1 + τ
.

Proof. Pick any x ∈ (0, 1] \ Q. Since x is irrational, there exist infinitely many

n ∈ N such that dn(x) ≥ 3. By Proposition 1, for any n ∈ N, if dn(x) ≥ 3 then

0 < x− Pn(x)

Qn(x)
<

1

Qn(x)
. (19)

By (14), (0, 1] \Q ⊂ L(0). In particular, dimL(0) = 1.

Suppose τ > 0. By direct computation, for any k ∈ N,(
Pk
Qk

,
Pk
Qk

+
1

Qk

)
⊂ Bτ,k

1/(1+τ),

where Bs denotes the interval with the same center as B and with radius equal to

the radius of B raised to the power of s. This is because for any x ∈ (0, 1]\Q, there
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exist infinitely many n ∈ N such that (19) holds. Consequently, we have

(0, 1] \Q ⊂ ((0, 1] \Q) ∩ lim sup
k→+∞

(
Pk
Qk

,
Pk
Qk

+
1

Qk

)
⊂ ((0, 1] \Q) ∩ lim sup

k→+∞
Bτ,k

1/(1+τ).

By the re-enumeration on S in (17), we have

lim
k→+∞

Qk = ∞ and lim
k→+∞

diamBτ,k = 0.

Therefore, the assumptions of Proposition 3 are satisfied. Indeed,

1 = H1 ((0, 1] \Q) ≤ H1

(
(0, 1] \Q ∩ lim sup

k→+∞
Bτ,k

1/(1+τ)

)
≤ 1.

By the conclusion of Propositions 3 and 5,

H1/(1+τ)(L(τ)) = H1/(1+τ)

(
lim sup
k→+∞

Bτ,k

)
= +∞. (20)

In particular, we have

dimL(τ) = dim

(
lim sup
k→+∞

Bτ,k

)
≥ 1

1 + τ
.

Thus, the lower bound of dimL(τ) is established.

Proof of Theorem 6. By combining Proposition 2 and 6, the Hausdorff dimension

of L(τ) is established for any τ ≥ 0. By (20), the Hausdorff measure of L(τ) at the

critical exponent is obtained. This completes the proof.

4.3. Proof of Theorem 7

At first glance, Theorem 7 is stronger than Theorem 6. The proof shows that

Theorem 7 follows by applying Theorem 6 twice.

Proof of Theorem 7. Suppose τψ > 0. Pick any 0 < ε < τψ. By the definition of

τψ, there exists Nε ∈ N such that for any q ∈ N, if q > Nε then

0 < τψ − ε < − logψ(q)

log q

ψ(q) <
1

qτψ−ε
.
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Thus, L(ψ) ⊂ L(τψ − ε). By Theorem 6 and the monotonicity of Hausdorff dimen-

sion,

dimL(ψ) ≤ dimL(τψ − ε) =
1

1 + τψ − ε
.

Since ε > 0 is arbitrary, the upper bound is proved.

Pick any ε > 0. By the definition of τψ, there exists Nε ∈ N such that for any

q ∈ N, if q > Nε then

− logψ(q)

log q
< τψ + ε

1

qτψ+ε
< ψ(q).

Thus, L(τψ + ε) ⊂ L(ψ). By Theorem 6 and the monotonicity of Hausdorff dimen-

sion,

1

1 + τψ + ε
= dimL(τψ + ε) ≤ dimL(ψ).

Since ε > 0 is arbitrary, the lower bound is proved. This completes the proof.

4.4. Proof of Theorem 8

Theorem 8 refines the general dimensional bounds established in Theorem 7. The

proof for the upper bound follows a similar approach as in Theorem 7. For the

lower bound, Proposition 3 is applied once again.

Proof of Theorem 8. Suppose λψ > 0. Pick any 0 < ε < λψ. By the definition of

λψ, there exists Kε ∈ N such that for any k ∈ N, there exists qk ∈ N such that for

any q ∈ Sk, if k > Kε and q > qk then

λψ − ε < − logψ(q)

log q

ψ(q) <
1

qλψ−ε
.

Thus, L(ψ) ⊂ L(λψ − ε). By Theorem 6 and the monotonicity of Hausdorff dimen-

sion,

dimL(ψ) ≤ dimL(λψ − ε) =
1

1 + λψ − ε
.

Pick any ε > 0. By the definition of λψ, there exists a strictly increasing sequence

(kj)j∈N of positive integers such that for any j ∈ N,

αj := lim sup
q∈Skj

− logψ(q)

log q
< λψ +

ε

2
.
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For any j ∈ N, by the definition of the limit superior, there exists qkj ∈ Skj such

that for any q ∈ Skj , if q > qkj then

λψ + ε > αj +
ε

2
>

− logψ(q)

log q
.

Thus, for any ε > 0, there exists a strictly increasing sequence (kj)j∈N of positive

integers such that for any j ∈ N, there exists qkj ∈ Skj such that for any q ∈ Skj ,

if q > qkj then

− logψ(q)

log q
< λψ + ε.

Without loss of generality, for any j ∈ N we have qkj+1
> qkj . For any j ∈ N, define

aj := ⌈log qkj/ log 2⌉ + 1 − kj ≥ 1, where ⌈ ⌉ is the ceiling function. Then, for any

j ∈ N and q ∈ Skj+aj ⊂ Skj , which implies q > qkj and

1

qλψ+ε
< ψ(q). (21)

Thus, for any j ∈ N and d1, . . . , dkj+aj ∈ N \ {1},(
P

Q
,
P

Q
+

1

Q1+λψ+ε

)
⊂
(
P

Q
,
P

Q
+
ψ(Q)

Q

)
where Q = d1(d1 − 1) · · · dkj+aj ∈ Skj+aj and P = [d1, . . . , dkj+aj ]Q. Thus,

(
P

Q
,
P

Q
+

1

Q

]
⊂
(
P

Q
,
P

Q
+

1

Q1+λψ+ε

)1/(1+λψ+ε)

⊂
(
P

Q
,
P

Q
+
ψ(Q)

Q

)1/(1+λψ+ε)

(22)

where Bs denotes the interval with the same center as B and with a radius equal to

the radius of B raised to the power of s. By Proposition 1 and (22), for any j ∈ N,

(0, 1] ⊂
⋃

d1,...,dkj+aj∈N\{1}

(
P

Q
,
P

Q
+
ψ(Q)

Q

)1/(1+λψ+ε)

. (23)

Let ((Pki , Qki , dki))i∈N be the sub-re-enumeration of S = ((Pk, Qk, dk))k∈N in (17)

so that for any i ∈ N and q = Qki , (21) is satisfied. Define a sequence of intervals

(Bψ,ε,i)i∈N by, for any i ∈ N,

Bψ,ε,i :=

(
Pki
Qki

,
Pki
Qki

+
1

Qki
1+λψ+ε

)
∩
(
Pki
Qki

,
Pki
Qki

+
1

(dki − 1)Qki

]
.
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Note that for any ε > 0,

lim sup
i→+∞

Bψ,ε,i ⊂ L(ψ).

By direct computation, for any i ∈ N,(
Pki
Qki

,
Pki
Qki

+
1

Qki

)
⊂ Bψ,ε,i

1/(1+λψ+ε).

By (23), for any j ∈ N, the intervals at the (kj + aj)-th level cover (0, 1]. Thus,

(0, 1] ∩ lim sup
i→+∞

Bψ,ε,i
1/(1+λψ+ε) = (0, 1].

In particular, we have

L
(
[0, 1] ∩ lim sup

i→+∞
Bψ,ε,i

1/(1+λψ+ε)

)
= 1.

By the sub-re-enumeration on S, we have limi→+∞Qki = ∞ and consequently

limi→+∞ diamBψ,ε,i = 0. By Proposition 3 and the monotonicity of Hausdorff

dimension,

dimL(ψ) ≥ dim

(
lim sup
i→+∞

Bψ,ε,i

)
≥ 1

1 + λψ + ε
.

This completes the proof.

4.5. Proof of Theorem 9

Theorem 9 presents a counterexample and suggests a refinement to the conjecture

stated by Tan and Zhou [7]. The proof constructs the function that takes small

values at integers that are highly divisible by 2, and consequently does not satisfy

the monotonicity condition.

Proof of Theorem 9. Let τ ≥ 0. Define ψ := ψτ : N → (0, 1] by, for any q ∈ N,

ψ(q) =
1

qτ+ν2(q)
,

where ν2(q) := max {k ∈ N ∪ {0} : 2k | q} is the 2-adic valuation of q. For any

n ∈ N, if n > τ +
√
τ then

ψ (2n + 1) =
1

(2n + 1)τ
≥ 1

2(τ+1)n
>

1

2(τ+n)n
= ψ(2n).

Thus, ψ is not eventually non-increasing. By direct computation, τψ = τ can be

verified. It remains to prove that dimL(ψ) = 0.
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For any q, k ∈ N, if 2k divides q then ν2(q) ≥ k and

0 < ψ(q) ≤ 1

qτ+k
. (24)

Pick any j ∈ N, any ρ > 0, and any N ∈ N. Suppose N > − log ρ/ log 2. The

following forms a ρ-cover of L(ψ):

∞⋃
n=N

⋃
(d1,...,dn)∈(N\{1})n

(
Pn
Qn

,
Pn
Qn

+
ψ(Qn)

Qn

)
, (25)

where for any n ∈ N we set Qn := d1(d1 − 1) · · · dn−1(dn−1 − 1)dn ≥ 2n and

Pn := [d1, d2, . . . , dn]Qn. Pick any s > 1/(1 + τ + j). Define

rτ,j,s :=

∞∑
d=2

(
1

d(d− 1)

)(1+τ+j)s

∈ (0, 1);

Cτ,j,s :=

∞∑
d=2

1

d(1+τ+j)s
< +∞.

Pick any ε > 0. Without loss of generality, N > j and

Cτ,j,s

∞∑
n=N

rτ,j,s
n−1 < ε.

Note that for any n ∈ N and d1, d2, . . . , dn ∈ N \ {1}, if n ≥ N then n > j and

2j | d1(d1 − 1) · · · dn−1(dn−1 − 1)dn. By applying (24), the s-Hausdorff measure for

the ρ-cover (25) is obtained as

Hs
ρ(L(ψ)) ≤

∞∑
n=N

∑
(d1,...,dn)∈(N\{1})n

(
ψ(d1(d1 − 1) · · · dn)
d1(d1 − 1) · · · dn

)s

≤
∞∑
n=N

∑
(d1,...,dn)∈(N\{1})n

(
1

(d1(d1 − 1) · · · dn)1+τ+j

)s

=

∞∑
n=N

( ∞∑
d=2

(
1

d(d− 1)

)(1+τ+j)s
)n−1 ∞∑

d=2

1

d(1+τ+j)s

= Cτ,j,s

∞∑
n=N

rτ,j,s
n−1 < ε.

Hence, Hs(L(ψ)) = 0 and consequently for any j ∈ N,

dimL(ψ) ≤ 1

1 + τ + j
.

This completes the proof.
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4.6. Proof of Theorem 10

Theorem 10 provides a partial result toward confirming the revised conjecture. By

Theorem 7, it suffices to prove the following lower bound:

dimL(ψ) ≥ 1

1 + τψ
.

The assumption τψ > 1 guarantees that the set L(ψ) can be expressed in a

lim sup set of intervals, which allows an application of Proposition 3 to establish

the lower bound. Proposition 7 is a similar result to Proposition 5.

Proposition 7. Let ψ : N → (0, 1]. Suppose τψ > 1. Then

L(ψ) = lim sup
k→+∞

(
Pk
Qk

,
Pk
Qk

+
ψ(Qk)

Qk

)
,

where ((Pk, Qk, dk))k∈N is the re-enumeration of S in (17).

Proof. The inclusion ⊂ follows directly from the definition of S and (14). It remains

to prove the reverse inclusion ⊃.

By the assumption that τψ > 1, there exists q0 ∈ N such that for any q ∈ N, if
q > q0 then

0 < ψ(q) <
1

q
. (26)

Pick any x ∈ lim supk→+∞(Pk/Qk, Pk/Qk + ψ(Qk)/Qk). By the definition of the

limit superior, there exists a strictly increasing sequence (kj)j∈N of positive integers

such that for any j ∈ N we have x ∈ (Pkj/Qkj , Pkj/Qkj + ψ(Qkj )/Qkj ). Since

(Qk)k∈N is non-decreasing, limk→∞Qk = ∞ and there exists j0 ∈ N such that

Qkj0 > q0. For any j ∈ N, if j > j0 then Qkj ≥ Qkj0 > q0 and (26) implies that

0 < x−
Pkj
Qkj

<
ψ(Qkj )

Qkj
<

1

Qkj
2 <

1

(dkj − 1)Qkj
.

By Proposition 4, Pkj/Qkj is a Lüroth convergent of x. Hence x ∈ L(ψ).

Proof of Theorem 10. By the divergent assumption,

∞∑
q=1

−θt(q) log θt(q)
q

≥
∞∑
q=1

−
2−tq1−tψt(q) log

(
2−tq1−tψt(q)

)
q

.

The right-hand side diverges to +∞. By the divergent case of Theorem 4,

L(L(θt)) = 1. (27)
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By the assumption that τψ > 1 and Proposition 7,

L(ψ) = lim sup
k→+∞

(
Pk
Qk

,
Pk
Qk

+
ψ(Qk)

Qk

)
.

By direct computation,

L(θt) ⊂ lim sup
k→+∞

(
Pk
Qk

,
Pk
Qk

+
ψ(Qk)

Qk

)t
.

By (27) and the monotonicity of Lebesgue measure,

L

(
[0, 1] ∩ lim sup

k→+∞

(
Pk
Qk

,
Pk
Qk

+
ψ(Qk)

Qk

)t)
= 1.

Since Qk → +∞ as k → ∞, we have

lim
k→+∞

diam

(
Pk
Qk

,
Pk
Qk

+
ψ(Qk)

Qk

)
= 0.

By Proposition 3,

dim(L(ψ)) = dim

(
lim sup
k→+∞

(
Pk
Qk

,
Pk
Qk

+
ψ(Qk)

Qk

))
≥ t =

1

1 + τψ
.

This completes the proof.
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