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Abstract
This work explores a new generalization of the Leonardo sequence called the hyper-
Leonardo numbers. Some algebraic properties of this sequence are studied by means
of the generating function. In addition, these sequences’ properties of convexity,
concavity, log-concavity, and log-convexity are established.

1. Introduction

Recently, numerous researchers have been focusing their attention on several number
sequences, such as Fibonacci, Pell, Lucas, Jacobsthal, Padovan, and Perrin numbers,
as well as their generalizations. In particular, the well-known Fibonacci sequence
has motivated the study of many other numerical sequences. One of these Fibonacci-
related sequences is the Leonardo numbers, {Le,},>0, defined by the recurrence
relation

Le, = Ley—1+ Lep—2+ 1, (n>2), (1)

with initial conditions Leg = Le; = 1. The sequence of Leonardo numbers, as well
as some of its generalizations, has been studied studied from an analytic and matrix
perspective (see more in [18], [5], [14], [13], [9], [10], [4], and the references therein).

Consider the generalizations of Fibonacci and Lucas numbers given by the hyper-
Fibonacci {FT(LT)},LZO and the hyper-Lucas numbers {Lg)}nzo. These sequences of
integers were introduced in [12] and defined by the recurrence relations with initial
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conditions
n

FO =3N"F Y FD = B R =0,F7 =1, (2)
k=0

L =300 L0 = L, L =2, L = 2r + 1,
k=0

respectively, where r and n are non-negative integers, and F,, and L,, are the classical
Fibonacci and Lucas numbers. In [12], the generating functions of these numbers
were provided, namely

= t
F{t" = : (3)
nzz;) 1—-t—t2)1—-1t)r
— 2—t
Lgr)tn _
r;) 1—-t—t)1 -0
(see more about these sequences for » = 1 and r = 2 in [17], whose sequence

numbers are A000071, A001924, A001610 and A023548). In [11] and [7], some
identities for the hyper-Fibonacci and the hyper-Lucas numbers were established.
The combinatorial aspect of these sequences was explored in [3] and [6].

The k-hyper-Pell, k-hyper-Pell-Lucas, and k-hyper-modified-Pell sequences are
generalizations of the k-Pell, k-Pell-Lucas, and modified k-Pell sequences, respec-
tively. These generalizations were introduced in [8], where the authors explore
the properties of these sequences and also establish their convexity, concavity, log-
concavity, and log-convexity properties.

In [16], the hyper-Leonardo numbers are defined, and some properties of this
new sequence are provided. Our main focus is to explore this sequence of numbers
including a study of its log-convexity, and to provide some new properties. The next
section will be dedicated to the introduction of this generalization of the Leonardo
sequence. In addition, some properties are recovered, and new ones are provided.
Section 3 is devoted to exploring the relationship between hyper-Fibonacci numbers
and hyper-Leonardo numbers, and recovering the generating function for the hyper-
Leonardo sequence of numbers. In Section 4, the Binet formula will be stated
and several identities will be established. Moreover, in Section 5, the convexity,
concavity, log-concavity, log-convexity, and log-balanced properties of the hyper-
Leonardo numbers are also studied.

2. The Hyper-Leonardo Numbers and Some Properties

This section introduces the hyper-Leonardo sequence, defined in [[16], Definition
2.1], and provides some properties of this new sequence of numbers. Consider the
following definition.
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Definition 1. For integers n > 0 and r > 0, the hyper-Leonardo sequence is
recursively defined by

n
Leg) = ZL@,(:%L), for r > 1,
k=0

with initial conditions given by LesLO) = Le,, Leér) =1, Legr) =r+1, where Le, is
the n-th Leonardo number given in Equation (1).

Table 1 shows us the first elements of the hyper-Leonardo sequence {Leg)}nzg,
forr=10,1,2 and 3, and 0 < n < 11.

. "lol1l 213145 6| 7|8 9 10 | 11
Lel? 111359152 | 41] 67| 100 177 | 287
LelD 125 1019 34 | 59 [100] 167 ] 276 | 453 | 740
Lel? 113 8 18|37] 71 [130]230] 397 | 673 | 1126 | 1866
Ll 114123067138 268 | 4908 | 895 | 1568 | 2694 | 4560

Table 1: The first elements of hyper-Leonardo sequences {Leg)}nzo, r=20,1,2,3.

The recurrence relation of the hyper-Leonardo numbers {Lesll)}nzo is derived
below given the recurrence relation of Leonardo numbers (1), namely, Lel = Le, =
Le,_1+Le,_2+1, (n > 2). The recurrence relation of the hyper-Leonardo numbers

{Leg)}nzo is given by

n
Legll) = Z Lek
k=0

= Leg + Ley + Z(Lek,1 + Lep_o + 1)
k=2

= Leg + Leq + ZLek,l + Z Lep_o+ (n—1)
k=2 k=2

= Le; JrZLek_l +ZLek_2 +n—1
k=1 k=2
=LeW 4 eV 4n—1+41

n

~1
=LV, + Lel), + (" . ) +1.
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Similarly, we obtain the recurrence relation of the hyper-Leonardo numbers
{Leg)}nzo as follows:

= E": Le,(:)
k=0

= Leél) + Legl) + ZLeg)
k=2

_Legl)+Le(1)+Z W+ Le) 4 (k—1)+1)

=Lel" + 3 Lef”, + Z Lefy +3 (k-1 + 31
k=1 k=2 k=2 k=2

-1
(2)1+Le(2) +7n(n2 )+n—1—|—2

—1
=Le® + Le?, + (Z>+(n1 )+2.

In summary, we state the following result.

Proposition 1. Forn > 2, the Leonardo sequence {Ley, }n>0 satisfies the recurrence
relation
Len = Len_l + Len_g + 1,

with Leg = Ley = 1. For n > 2, the hyper-Leonardo sequence {Legll)}nzo satisfies
the recurrence relation

-1

with Le(()l) =1 and Legl) = 2. For n > 2, the hyper-Leonardo sequence {Leg)}nzo
satisfies the recurrence relation

-1
Le® = Le® 4L (721> +(n1 ) Lo,

with Leé ) =1 and Le(2) 3.
Consider the following lemma for the statement of the general case.

Lemma 1. Consider the arithmetic progression {an}n>0 = {aﬁ?)}nzo defined by
a, = 1, for all non negative integers n. Consider the arithmetic progression of
order v > 1, {a }n>T, defined by the partial sums of the arithmetic progression of
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order r —1, {agfl)}nz,ﬁ_l. Then the sequence {ag)}nzr is given by the polynomial

of degree r

a%’“):zn:a,(f_l): <n> _ (n)(nf1)...(nfr+1)7

T 7l
k=1
forn>r andr > 1.
Proof. We prove the result by induction on r. For r = 1, we have
n n n
1) — — -y =
o) =3 m =y 1= (]).
k=1 k=1

for n > 1. For r = 2, we obtain

n

a® =Y a0l = kzn:_lk _(n —21)(n) _ (;l)

k=1

for n > 2. Suppose that the result is true for all positive integers less than or equal
to r. The result can be verified for r + 1. In fact,

n
(r+1) _ m_ [ M
a = a,’ =
as required. O
With the previous lemma, we provide the next result.

Proposition 2. Forn > 0 and r > 0 the hyper-Leonardo sequence {Leg)}nzo
satisfies the recurrence relation

r—1 .
r r -2 . -2-
Leg>=r+Le£)1+Lei)2+<n+r )+Za(”” J>7f0m>2,

r r—j
i=1 J

with Leg) =1 and Legr) =r+1.

Proof. We prove the result by induction on 7. For r = 0,7 = 1, and r = 2, the
statement was proved in Proposition 1. Suppose that the result is true for all
positive integers less than or equal to 7, i.e.,

r—1 .
Leg>:Leg>l+Leg>2+(“*’"—2>+ j(”““—?‘f)ﬂa,

r r—7
=1 J
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for n > 2, with Legr) =1 and LeY) = r + 1. The result can be verified for r + 1. In
fact,

r+1 ZLB(T)
=Ll + Lel" + Z Le!"”

k=2
= Le(()r) + Legr)

r—1 .
’ . k4+r—2 Sk+r—2—j
3 e, 1 zel, + () e
k=2 j=1
= Le:(lr) + Z Leg’jl
k=1
n n r—1 .
k+r— (k+r—2—
DTS G ED S (R P
k=2
By Lemma 1, we have

- k+r— = k+r—2—3 n+r—1
S () ) -0

k=2 j=1

Then
" " n E—1 r—1 k-1
RS WE IS ST of [ () FO W (R B
k=1 k=2 k=2 -

. -1 " —1—3j
(r+1)+Le(+)+L (7+21)+<n+r >+ ](n+r ' ])

r+1 = r—j7+1
+r—1 " n+r—1-—j
— Ie (7"+1) Le (r+1) n 1).
N e +;‘7 rejp1 )Y
Therefore, the identity is verified for every n > 0 and r > 0. O

The following proposition, given in [[16], Identity (22)], shows a useful iden-
tity which is a relationship between the elements of the sequences {Leﬁfj)}nzo
and{Leg_l)}nZO.
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Proposition 3. For non-negative integers r and n, the hyper-Leonardo sequence
{Leg)}nzo satisfies the following identity

Lel") = Legzl + Lelr=D), (4)
By replacing r = 1 in Equation (4) we get the following result.
Corollary 1. For the hyper-Leonardo sequence {Len )}n>07 the identity
Lef) = Let | + Le, (5)
holds, where Le,, is the n-th Leonardo number given in Equation (1).
Proposition 3 allows us to establish the following new identity.
Proposition 4. Consider the hyper-Leonardo sequence {Leg)}nzm r > 1. We have

Let™ Le(r) (Leglr))2 = Leglr)Leg_;l) — Leg_l)[/eggl.

enl1

Proof. By Proposition 3, we have the relations

Le™ | = Lel) — Lol

TL—

and
Leg?rl = Le( ") 4 Le(r 1).
Then,
LegzlLeS;)l = (Le'") — Lelr=M)(Lel" + Le(T 1))
— (Le)? + Le Lel D — Ll (Lel) + Ll V)
= (LelM)? + LenT)LeEjHl) Lel'~ 1)Le£ﬁ)rl,
as required. O

The next result is obtained by considering Propositions 2 and 3.

Proposition 5. For integers » > 1 and n > 2, the hyper-Leonardo sequence
{Leg)}nzo satisfies the following identity

r—1 .
r r— n+r—2 An+r—2—
Le, s :Le;_ll) +< )—i— j( . ]> + .
r — r—j

Jj=
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According to Proposition 2.2 in [10], the relationship between Leonardo and
Fibonacci numbers is given by

Ley, = 2F, 1 — 1. (6)

Since Le,, = Lel® and F, = Fﬁo), Equation (6) can be written in the form

0
Le(O) = 2FI(L-‘21 7 (7)
for n > 0. Note that Fér) = 0 for all non-negative integer r. Then F,(Ql =
i Flgr_l) = F,ET_I) = > OFIE_THI) By using Equation (2), Definition

1, and Equation (7), for » = 1, we obtain

Les) = ZL@&O)

0
=2 Z 4 15+) 1 +1)
= 2F£21 (n+1), (8)
for n > 0. In general, we have the following result given in [16, Proposition 6].

Proposition 6. The hyper-Leonardo numbers {Leg)}nzo satisfy the following prop-
erty, for any integersn >0 andr >0 :

r r n—+r
re) =2r, - (1), )

Moreover, substituting the expression for LetV given in Equation (8) into Equa-

tion (5) given by Corollary 1, we obtain an elementary identity for hyper-Fibonacci
numbers, namely, F(l)1 = F(l) + F,+1, where F), is the n-th Fibonacci number.

3. The Generating Function for the Hyper-Leonardo Sequence

Generating functions are power series where the coefficients give us information
about the associated sequence. In general, the exponent of the variable in the series
quantifies some property that we are interested in. In this section, we establish the
generating function for the hyper-Leonardo sequence by considering the generating
function for the hyper-Fibonacci sequence given by Equation (3), namely,

= t
Fgn — .
nZB n (1—t—t2)(1—t)r

To establish the generating function for the hyper-Leonardo sequence, consider

the lemma below.
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Lemma 2. For any positive integer r, we have
i (n + 7"> o 1
_ +1°
—\r (1—1¢)r

Proof. Note that, for r > 0, the expression Y - ("”)t” can be written as

n=0 T

E:(n+vf%:ﬁ§jm+wxn+r—n~«n+nﬂ
r [

n=0
100 " n+r
“

]'dr n—+rnr
= 2 ()

1d tr

T orlarr ((1—t)r+1)
1

=g

as required. O
As a consequence of Lemma 2, we have the next result.

Theorem 1. For n > 0, the generating function for the hyper-Leonardo number
{Leg)}nzo, is given by

> 1—t+1¢2
> Letr = i - (10)
o (1—2t+13)(1—1)

Proof. By Equation (9), we have

t i LB%T)tn - 9 i FT(L:_)lthrl _ i <7l j ’I") tn+1
n=0 n=0

n=0

G —t—g)(l —t)r i (njr>tn+1'

n=0

Then

Le(tn = - ",
Z €n (1—t—t2>(1—t)7' Z ( r )

n=0



INTEGERS: 26 (2026) 10

Therefore, for r > 0, the generating function for the hyper-Leonardo numbers
{Leg)}nzo’ is given by

= 2 1
Le(mm — _
N =T e

1—t+t2
(1—2t+3)(1—t)’

as required. O

As a consequence of Theorem 1, for r = 0, we obtain the generating function of
Leonardo numbers {Leslo)}nzo established in [[10], Proposition 5.1].

Corollary 2. Forn > 0, the Leonardo number Le, is the coefficient of t™ in the

expansion of
2 1 1—t+¢2
F(t) = — = )
®) (1-t—t?) 11—t (1-2t+13)

Similarly, for » = 1 and r = 2 we obtain the generating function of the hyper-
Leonardo numbers Legll) and Le%2 ), given in the next result.

Corollary 3. For n > 0, the hyper-Leonardo number Legll) is the coefficient of t"
in the expansion of
2 1 1—t+ ¢

FO=a— a9 -0 0-2ai®0 0%

Also, the hyper-Leonardo number Leg) is the coefficient of t"™ in the expansion of

9 1 1—t+1¢2
F“):(1—t—ﬁ)7(1—ﬂ3:(1—2t+ﬁﬂl—ﬂy

Identity (10) was established in [[16], Theorem 1] and proved using induction
arguments.

4. The Binet Formula and Some Identities

It is well-known that the Binet formula allows for finding the element of order n
without the use of other terms of the sequence. In this section, we establish the
Binet formula for the hyper-Leonardo numbers.

Consider the hyper-Leonardo sequence {Leg') }n>0 satisfying the recurrence rela-
tion (2). Then the solutions of {Leg)}nzo can be given as the sum of a solution of
the homogeneous part of (2) and a particular solution of (2). Considering the ho-

2

mogeneous part of (2), its characteristic polynomial is given by P(z) = 2% — 2z — 1,
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with simple roots given by 1—‘f and H‘f These are the roots of the charac-

teristic equation associated w1th the Flbonacci sequence. Therefore, the solution
n n

of the homogeneous part of (2) is given by Cj (1_7\/‘?’) + Cs (HT‘/E) , where

Cy = 2\16(\/5_ 2r — 1) and Cy = 2\1/5(\[-1-27”—&- 1).
By fixing r and by letting B,.(n) = (""" 7%) + >ic j(”+: J2 N + 7, we get a

particular solution Z;:o ajnj, where the a; are constants for each 0 < j < r,
obtained by solving the equation

Za]nj Za]n—l +Za (n —2)7 + B,.(n).

Theorem 2 (Binet’s formula). For n > 0, the n-th hyper-Leonardo number Ley,

1s given by
. 1-v5\ " 145
Legl):Cﬁ( 3 ) +02< > Zaﬂ ,

where Cy = ﬁ(\/g -1), Cy = ﬁ(\/ﬁ—l— 1), and the aj are constants for each
0 < j <r, obtained by solving the equation

ZajnJ Zajnfl +Za3n7 I+ B,(n),
7=0

7=0

(r)

for each fixed r.

For r = 0, we obtain the function By(n) = 1. Then, a particular solution is given
by the constant —1. Hence, the next result is verified.

Proposition 7. Forn > 0, the n-th Leonardo number is given by

Len:C&(l_?\/g) +c2<1+2*/5> _1, (11)

where Cp = 2\f(\/g—l) and CQZﬁ(\/g—F 1).

The Binet formula for the n-th Leonardo number was provided in [[10], Proposi-
tion 2.4]. Now, in the case r = 1, we have the function defined on the set of natural
numbers Bj(n) = n, and then a particular solution is given by ag 4+ ain, where ag
and ap are constants. By plugging a particular solution into the recurrence relation

Left) = Legllll + LeiLl_)2 + n, we obtain the system
—ap+a; = 0
ai+1 = 0.

Then ap = a; = —1 and —n — 1 is a particular solution. Thus, the next result is

verified.
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Proposition 8. For n > 0, the n-th hyper-Leonardo number Leg) is given by

Le;UCl(l\/g) +C2<1+\/5> —n—1, (12)

2 2

where Cy = ﬁ(\/g— 3) and Cy = ﬁ(\/g—k?))

Similarly, by considering the case r = 2, we have the function defined on the

set of natural numbers Bs(n) = (3) + ("]') +2 = % and then a particular

solution given by ag + ain + a9n?, where ag, a; and ao are constants. By replacing
2

a particular solution in the recurrence relation Left) = LefL1 D 1+ Legbl_)Q + ”%"”,

we obtain the system

ap+3a; —bas —1 = 0
—a1 +6a—2+ % = 0
as + 5 = 0.
Then ag = —6,a1 = —%, and as = —%. Thus, the next result is verified.

Proposition 9. For n > 0, the n-th hyper-Leonardo number Leg)7 is given by

1-v5) " 1 ! 1
Lef)CH( ﬁ) +C2< +\/5> 7(6+5—n+—n2),

2 2 2 2

where Cy = ﬁ(\/g— 5) and Cy = ﬁ(\/g%—@

5. The Concavity, Convexity, Log-Concavity, and Log-Convexity Prop-
erties

Log-convexity and log-concavity are significant characteristics of combinatorial se-
quences holding considerable importance in various fields, including quantum phy-
sics, white noise theory, probability, economics, and mathematical biology (see more
in [19], [2], [1], [8], and the references therein). In [19], the author investigated the
log-concavity and log-convexity of the hyper-Fibonacci numbers and hyper-Lucas
numbers. The study was extended to hyper-Pell numbers and hyper-Pell-Lucas
numbers in [2]. In [8], the authors studied the log-concavity and log-convexity
cases for k-hyper-Pell numbers, and k-hyper-Pell-Lucas numbers. Also, in [2], the
authors considered the log-concavity and log-convexity of hyper-Jacobsthal and
hyper-Jacobsthal-Lucas sequences.

This section is concerned with the study of the log-concavity and log-convexity of
the hyper-Leonardo numbers. To reach our goal, consider the following definitions
given in [15, 19]. Let {ay}n>0 be a sequence of positive numbers. If for all j > 1,
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a > aj_1a;41 (respectively, a;_1a;41 > af ) then the sequence {ay,}n>o is called
log concave (respectively, log-convex). It is derlved by this definition that {ay }n>0 is
Ant1

Can n>0
is nondecreasing (respectively, nonincreasing). Also, by the definition given in [8],
the sequence {ay, }n>0 is convex (respectively, concave) if for n > 1, ap—1 + apy1 >
2a,, (respectively, an—1+ant1 < 2a,). A sequence {ay },>0 of positive real numbers
is log-balanced if {an}n>0 is log-convex and the sequence { %% },>¢ is log-concave.

log-convex (respectively, log-concave) if and only if its quotient sequence {

The next result is about the convexity property related to the sequence {Legf) tn>o0-
Theorem 3. Forr >0 and n > 1, the sequence {Leg)}nzo 1S convex.

Proof. Proposition 2 shows us that
1

Lé@Lé?1+LéPQ+<"+T )+§:]Cl+r J>+T
j=1 r—=J

for r > 0, n > 0, and with Leér) =1, Legr) =1+ 1. Then, we obtain

T T T 1 _'2
e+ Lellh = el + e 4 e+ (T ?)
+1+r—2-
+z (” " J)+r
*2Le(r)—|—Le(r) +(n+1+7’2)
T

r—1 .
An+14+7r—2—
+zg( | J)+r
i=1 e
r—1 .
r n+r—2 n+r—2—j
j:1 reJ

Since Le!) > Le( ") , for every > 0 and n > 1, and also (7;) > (”;1) for all n > 1,
j>0,andn—12> j, it follows that

r—1 .
r n+l14+r—2 n+l4+r—2—j r n+r—2
el + i) e, - (M)
= r—j T
r—1 .
:E:‘] n—+rnr— —’j >0
Jj=1 r=J o

Therefore, Le(rl + Le™ > 2Leg), as required. O
n—1 n+1
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Next, the log-concavity and log-convexity will be considered for some values of
r. For r = 0, we have Le%o) = Le,,, where Le,, is the n-th Leonardo number given
in Equation (1). Recall Proposition 2.2 in [10], where the relationship between
Leonardo and Fibonacci numbers Le,, = 2F,, 11 — 1 was established.

For n = 1, we have (Le;)? — LeaLeg = —2 < 0. For n = 2, (Le3)? — LesLe; =
4 > 0. For n = 3, (Le3)? — LeaLey = —2 < 0. Considering n = 4 we obtain
(Ley)? — LegLes = 6 > 0. Similarly, for n = 5, (Les)? — LesLeg = 0. In general, we
get

(Len)? — Lepyi1Len 1 = (2F, 41 —1)? — (2F,42 — 1)(2F, — 1)

4(Fpy1)? —4F, 1 +1—4F, oF, +2F, 4o +2F, — 1
= 4(Fp41)? — 4F, (o F, — 2F, 1, + 4F,

4(=1)" +2(2F, — Fny1).

Forn > 1, wehave F,,_; < F,,, or equivalently 2F},,— F, .1 > 0. Moreover, 2F; —F, =
1, and for n > 2, 2F,, — Fj,11 = F,,_o2. Then, for n > 5, 2F,, — Fj,41 = F,_2 >
F5_o =2, and 4(—1)" 4+ 2(2F,, — F,,+1) > 0. By the previous discussion, we can
establish the following result.

Proposition 10. For n =1 and n = 3, the sequence {Ley, }n>0 of Leonardo num-
bers given in Equation (1) is log-conver. For n = 5, the sequence {Ley}n>0 of
Leonardo numbers given in Equation (1) is log-convex and log-concave. For n = 2,
n =4 and n > 6, the sequence {Ley}n>0 of Leonardo numbers given in Equation
(1) is log-concave.

Also, Proposition 10 can be proved using the Cassini identity for Leonardo num-
bers established in [18]. As a consequence of Proposition 10, we can study the
log-balanced characteristic for the sequence {Ley, },,>0 of Leonardo numbers.

Proposition 11. Forn = 3, the sequence {Ley, }n>0 of Leonardo numbers given in
Equation (1) is log-balanced.

Proof. Recall that for n = 3, the sequence {Ley},>¢ of Leonardo numbers given

in Equation (1) is log-convex. Consider the sequence {£%},q. Since (%g2)2 —
Ley Ley _ —19 i i

ot = 1ar <0, for n = 3, the sequence {Le, }n>0 of Leonardo numbers given

in Equation (1) is log-balanced. O

The following proposition provides a general result about the log-convexity of
the hyper-Leonardo numbers when n = 1 and r > 1. Note that the case r = 0 was
covered in Proposition 10.
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Proposition 12. For n = 1 and r = 1, the hyper-Leonardo sequence {Leg)}nzo

given in Equation (1) is log-convex. For m = 1 and r > 2, the hyper-Leonardo
(r) . . . . ~

sequence {Ley,’ }n>0 given in Equation (1) is log-concave.

Proof. By replacing n = 2 in the result of Proposition 2, we obtain

r(r—1)

Legr) = Legr) + Leg) +r+1+ 7

with Le(()r) =1 and Legr) =1+ 1. Then, we have

T T s T T -1
(Leg))z—Leé)Leé):(r—kl)Q— <Leg)+Leg)+r+1+T(r ))

2
=(r+1)>%*- <27’+3+T(r21)>

:7‘(7‘+1)_2'

Observe that if r =1,

1(2
(Ley”)? = Lef Ley = % —2=-1<0.

1
% — 2 > 0. Thus, the result is verified. O

Also, if r > 2 then !

Proposition 13. Forn > 2 and r = 1, the hyper-Leonardo sequence {Leg)}nzo
given in Equation (1) is log-concave.

Proof. Proposition 4 gives us that

LegllllLeSll — (Lefll))2 = Legll)LenH — LenLeSJ)rl.

By Equations (11) and (12), namely,

Le, = C} (1_\/5> +C’2<1+\/5> -1

2 2

and

Lell) = (1 2\/5) +C; <1+2‘/5> -1,
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where C = 2%/5(\/5 —1)and Cy = ﬁ(\/g—i— 1), we obtain

n+1
1 (1-+5 n(l+ 5
L T I G )

1 (1+v8\" (1= v5)
() ()

Observe that 1-v5) < 0. Therefore, for every integer n > 2, we can show by

1 (1=vE\"" 1+ v5)
) ()

Hence, we obtain that Le(l)lLeill_‘)_1 — LMz <. O

induction that

e
Now, consider the next result.

Lemma 3 ([1]). If both {zp}n>0 and {yn}n>0 are log-concave, then so is their
ordinary convolution defined by z, = ZZ:O TYn—k,n =0,1,2,....

Therefore, by Proposition 13, the induction hypotheses, and Lemma 3, it follows
that the hyper-Leonardo sequence {Leg')}nzo given in Equation (1) is log-concave
for r > 0 and n > 2. We can state this result as follows.

Proposition 14. For n > 2 and r > 0, the hyper-Leonardo sequence {Leg)}nzo
given in Equation (1) is log-concave.

6. Conclusion

In this paper, we presented a study of a generalization of the Leonardo sequence, the
hyper-Leonardo numbers. Moreover, the algebraic properties of this sequence were
studied, the generating function was recovered, and several identities were provided.
In addition, the convexity, concavity, log-concavity, and log-convexity properties for
these sequences were established.

It seems that not all of the results given here are currently in the literature.
This sequence of numbers can still be studied from several perspectives, such as
combinatorial, analytic, and matrix perspectives.
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