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Abstract
We consider colored compositions where only some parts are allowed different col-
ors, depending on their locations in the composition. The counting sequences are
obtained through generating functions. Connections to many other combinatorial
objects are discussed, with combinatorial arguments provided and generalized for
these observations.

1. Introduction

Compositions are ordered sums of positive integers, which we call parts. For exam-
ple, there are four compositions of 3. Namely,

14+1+41,1+2, 241, 3.

The n-color compositions, also known as colored compositions, are compositions
where each part k in the composition is given a color from 1 to k. We often denote
the color of each part (of size greater than 1) by a subscript. For example, there
are eight colored compositions of 3. Namely,

1+1+41, 1421, 1429, 2041, 20 +1, 31, 32, 33

The n-color compositions were first introduced in [2]. Since then, different vari-
ations of n-color compositions have been studied. In particular, spotted tilings [10]
are used to represent colored compositions, with the location of each spot denoting
the color of each part. See, for example, Figure 1.
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Figure 1: The spotted tiling representation of 3; (top) and 33 (bottom).

In [11], [1], and [9], n-color compositions with restricted colors are studied. In
[6] and [5], various bijections involving n-color compositions as well as binary and
ternary strings are presented. In [4], a bijection between n-color compositions and
weighted lattice paths is proven. As related concepts, n-color cyclic compositions
are studied in [7], and palindromic n-color compositions are studied in [3] and [8].

In this paper, we consider colored compositions with only some parts allowing
colors depending on their “position” in the composition. In Section 2, we present the
basic definitions and the enumerative results through generating functions. Through
the counting sequences, we found connections to many other combinatorial objects.
Various bijections and some generalizations are discussed in Section 3.

2. Positional n-Color Compositions

The main concepts of interest in this paper are the so-called positional n-color
compositions.

Definition 1. A (m, k)-n-colored composition of £ is a composition of ¢ such that
the parts at positions k& (mod m) are n-colored while all other parts are not colored.

For example,
3o+4+1+2:+3+6+1;

is a (3,1)-n-colored composition of 20, where the parts in the first, fourth, and
seventh positions (i.e., 1 (mod 3) positions) are n-colored.

As special cases, we refer to (2,0)-n-colored compositions as EVEN colored com-
positions and (2, 1)-n-colored compositions as ODD colored compositions. We start
with examining the generating functions of these compositions.

For each non-colored part, we have

T

r+a’4+ad 4= .
1-—2z

For each n-colored part, we have

d x x
2 3 _ 2 _ _
r 42z +32° + - =x(1+ 2+ 3z —|—---)—x% (1—x>_(1—x)2'
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2.1. EVEN Colored Compositions

In such compositions, odd positioned parts are colorless and even positioned parts
are n-colored. We consider two cases depending on the total number of parts.
When the number of parts in the composition is odd, there is at least one
non-colored part, followed by any nonnegative number of pairs of n-colored and
non-colored parts. Each pair of colored and non-colored parts corresponds to the

generating function

T T 1‘2

l—z (1—x2)2 (1-—x)%

Hence the corresponding part of the generating function is

1 f x i <(1 fo)?’)i - (113_(1:8;396_)12. (1)

=0

When the number of parts in the composition is even, there are a positive number
of pairs of colored and non-colored parts, resulting in the generating function

i(Gi)g)i(l_;i_x, )

i=1

The sum of (1) and (2) gives us the generating function F,(z) of EVEN colored

compositions:

m3f:r2+x

—a3 4+ 222 -3z + 1"
The corresponding counting sequence is listed as A034943 in the Online Encyclo-
pedia of Integer Sequences [12].

2.2. ODD Colored Compositions

In a similar fashion, we now consider compositions where odd positioned parts are
n-colored and even positioned parts are colorless in two cases, depending on the
number of parts.

When the number of parts in the composition is odd, there is at least one colored
part, and then any non-negative number of pairs of colored and non-colored parts,

leading to ,
z - z? ’ o z(l-x)
(1—3:)2;((1_35)3) T O—ap -2 3)

When the number of parts in the composition is even, there are a positive number

of pairs of colored and non-colored parts, leading to

i((li)?)y:(l—;;—zz' (4)

i=1
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Summing up the generating functions (3) and (4), we get
x
—3 + 222 -3z + 1
The corresponding counting sequence is listed as A095263 in the Online Encyclo-
pedia of Integer Sequences [12].

2.3. The (m, k)-n-Colored Compositions

Through similar analysis, we now consider the more general (m, k)-n-colored com-
positions. We study the generating function in three cases depending on the number
of parts.

When the number of parts in the composition is 0 (mod m), every set of m parts
has one n-colored part and m — 1 non-colored parts. Thus, each set of m parts is

Hence the corresponding part of the generating function is:

represented by

m m

> ((1 —xx>m+l>i e

=1

When the number of parts in the composition is j (mod m) for some 1 < j <
k — 1, there are j non-colored parts in addition to the previous case. Hence the
corresponding part of the generating function is:
B . . kel s »
_ _ p\ym+1 - _ p\Ym+1l _ m :
1—z “\(1-=2) (1-1x) x

j=1 i=

When the number of parts in the composition is £ (mod m) for some k < £ <
m — 1, there are £ — 1 non-colored parts and one n-colored part in addition to those
discussed in Case 1. Hence the corresponding generating function is:

3 () 5 () =355

L=k =0

We may obtain the generating function by summing these three cases.

3. Connections to Other Combinatorial Objects

From the counting sequences, the EVEN and ODD colored compositions appear
to have very interesting connections to a rich variety of combinatorial concepts.
We explore these connections in this section. Many combinatorial proofs are given
through new bijections, and some new connections are presented as generalizations.
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3.1. n-Color Compositions Restricting Color 2

In Section 2.2 of [11], the recurrence relation
a(n)=3a(n—1)—a(n—2)—an—k)+an—k—d—1)

is presented, where a(n) is the number of compositions of n restricting colors k, k +
1,...,k+d. Letting k = 2 and d = 0, we have

a(n) = 3a(n — 1) — 2a(n — 2) + a(n — 3),

where a(n) is the number of n-color compositions restricting the color 2, resulting
in the same counting sequence as the EVEN colored compositions.

Theorem 1. For any positive integer k, the number of colored compositions of k

restricting the color 2 is the same as the number of EVEN colored compositions of
k.

Proof. We establish a bijection between the two groups of compositions by first
removing the compositions that exist for both groups. These include compositions
such as (1,1,1,1,...,1).

We now consider the compositions restricting the color 2 that are not EVEN
colored compositions. That is, the compositions restricting color 2 that have one or
more odd positioned parts with color greater than 1.

In the spotted tiling representation of such compositions, we work from left to
right. Whenever there is an odd positioned part with color greater than 1, say p.
with ¢ > 3, we cut it into two parts: (¢ — 2) + (p — ¢ + 2)2. Note that now the
n-colored part (p — ¢ + 2)2 becomes even positioned, and the odd positioned part
(¢ — 2) is not n-colored. If an odd positioned part has color 1, then there is no
change to that part other than removing its color.

For the reverse mapping, we start with an EVEN colored composition. From left
to right, for any even positioned parts of color 2, we merge that part with the part
before it. That is, every odd positioned part p followed by an even positioned part
¢2 are combined to form a new odd positioned part (p + ¢)p+o. O

For example, the composition
33,11,04,44

would be mapped to
1,29,1,64,2,29

through the following process. Starting with 33, since it is in an odd position and
its color exceeds 1, we split it into 1 + 25. Now, the composition is 1,25, 17, 64,44.
Next, 17 is in an odd position (3rd), but its color is 1, so it remains unchanged. The
part 64 is now in an even position, so no change is made. Finally, 44 is in an odd
position and its color exceeds 1, so it is split into 2 + 25. The resulting composition
is 1, 22, 1, 64, 2, 22.
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3.2. (g)-Color Compositions

In Section 4.1 of [6], a bijection between (g)—color compositions of k£ and 01- and

12-avoiding ternary strings of length k —2 is presented. As one can find in sequence
A095263 of OEIS [12], the ODD colored compositions share the same counting
sequence. Next, we present the bijection between the ODD colored compositions
and (;)—color compositions. We will make use of the spotted tiling representation
of the latter, where each tile has two different spots (hence (72’) ways to choose
the color). Note: for spotted tilings of ODD colored compositions, even parts are

considered to have color 1.

Theorem 2. For any positive integer k, the number of ODD colored compositions
of k is equal to the number of (72’) -color compositions of k + 1.

Proof. To define our map from ODD colored compositions of k to the (g)—color
compositions of k + 1, we consider cases depending on the number of parts in the
ODD colored compositions:

e If there are an even number of parts in the ODD colored composition, we
consider the spotted tiling representation. By combining every two adjacent
tiles into one tile while keeping the spots at their original positions, we create
a tiling representation with half the number of tiles and two spots in each
tile. Expanding the last tile by one more cell (unspotted) gives us a tiling
representation of k + 1, where there are (Z) ways to choose the two spots in

each tile/part. Note that the last cell is always unspotted in this case. See

Figure 2.

Figure 2: Mapping 33 + 41 + 65 + 31 = 16 to 734 + 1057 = 17.

e If there are an odd number of parts, we first append a single spotted cell/tile
to the end of the spotted tiling representation, creating a spotted tiling of
k+1 with an even number of parts. Then, combining every two adjacent tiles
as described before yields a tiling representation of an (g)—color composition
of k 4+ 1. In this case, the last cell is always spotted. See Figure 3.

To define the inverse map, we cut every tile (with two spots) into two tiles
immediately before the second spot. Note that this ensures that all even positioned
parts have their spots at the beginning of the tile (hence colored 1, or uncolored).
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Figure 3: Mappmg 42 + 31 + 54 + 21 + 11 =15 to 72_’5 + 74,6 + 21,2 = 16.

Lastly, we drop the last cell. Note that the last cell is only spotted if it is a tile by
itself. O

As pointed out in OEIS, A095263 is also the counting sequence of the number
of ways to split & into an unspecified number of intervals and then choose 2 blocks
from each interval. This is combinatorially explained through our bijection, because
choosing two blocks in each interval is the same as choosing two spots for each part.

Furthermore, as a consequence of Theorem 2, we have indirectly shown a bijection
between odd-part n-color compositions of k and the aforementioned ternary strings

[6].

Corollary 1. For any positive integer k, the number of ODD colored compositions
of k is equal to the number of 01- and 12-avoiding ternary strings of length k — 1.

3.3. Ternary Strings

Corollary 1 can be generalized to a new bijection that is interesting on its own,
where the EVEN colored compositions are mapped to a different type of ternary
strings.

Theorem 3. The EVEN colored compositions of k are equinumerous with the 01-
and 12-avoiding ternary strings of length k that do not begin with a 2 or end with
a 0.

Proof. We start with the spotted tiling representation of each composition, and
consider each (vertical) line that separates adjacent square cells, including the end
but not the beginning. They will be mapped to 0, 1, or 2.

e If the line is completely inside an odd positioned part (with no spot), it is
mapped to a 1.

o If the line is before the spot in an even positioned part (including the partition
line that starts the part), it is mapped to a 0.

e If the line is after the spot in an even part (including the partition line that
ends the part), it is mapped to a 2.
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e If the tiling ends on an odd positioned part, then the final line is mapped to
al.

See Figure 4 for an illustration of the above process. From the definition of this
map, we see that:

e A 0 is always followed by a 0 or a 2.
e A 1 is always followed by a 1 or a 0.

e The composition cannot start with a 2 because a 0 must come before the first
2.

e The composition cannot end with a 0.

Figure 4: Mapping 1+ 25 + 14 64 + 4 = 14 to 00200002221111.

To define the inverse, we map every substring of consecutive 1’s of length m to
an odd positioned part with size m+1. If there are no 1’s between a 2 and a 0, or at
the start of the string, an odd positioned part of size 1 is created. Every substring
of consecutive 0’s of length a followed by a substring of consecutive 2’s of length b
becomes an even positioned part of size a + b — 1 with color a. O

3.4. Boolean Strings

The following is observed from the sequence A034943 [12]. We provide a combina-
torial proof here.

Theorem 4. The number of EVEN colored compositions of k + 1 is equal to the
sum of the products of the lengths of the runs of 1’s in all binary (boolean) strings
of length k, where the empty product from the boolean string of all 0’s counts as 1
in this sum.

Proof. To map a binary string to an EVEN colored composition, we first add a zero
at the beginning. Then, we map a substring of consecutive 0’s or 1’s to a part of the
corresponding size. For instance, starting from 001100, we have 0001100, resulting
in the (regular) composition (3,2,2).

Note that by putting a 0 at the front of each binary string, all the substrings of
0’s correspond to odd positioned parts, and all the substrings of 1’s correspond to
even positioned parts.
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Now, each of the resulting (regular) compositions corresponds to multiple EVEN
colored compositions, as the number of choices for the color of an even positioned
part is exactly its size. Hence the total number of color choices is the product of the
even positioned part sizes. Consequently, the number of EVEN colored compositions
of k 4 1 is the same as the sum of the product of the lengths of the runs of 1’s in
each binary (boolean) string of length k. See Figure 5 for an example. O

Figure 5: Mapping 1101111110000 to 1 +2; +1+6; +4 where 1 <7 <2 and 1 <
i<6.

Following the same essential argument, we have the following generalization of
the above observation. The bijection is defined similarly after adding a 1 (instead
of a 0) at the very beginning.

Theorem 5. The number of ODD colored compositions of k is equal to the sum of
the products of the lengths of the runs of 1’s in all binary (boolean) strings of length
k that start with a 1.

3.5. Related Identities

Let {e(n)} and {o(n)} be counting sequences of the EVEN and ODD colored com-
positions, respectively. The identity

e(k+1) =e(k) + o(k) (5)

can be observed from the Online Encyclopedia of Integer Sequences. With the
colored composition interpretation, we can provide a combinatorial proof here.

Combinatorial proof of (5). Our proof will follow a bijective map from the collec-
tion of EVEN colored compositions of k£ + 1 to the disjoint union of EVEN colored
compositions of £ and ODD colored compositions of k.

Starting from an EVEN colored composition of k + 1, we consider the first part
(which is not colored):

e If the first part is 1, then remove it to get an ODD colored composition of k.

o If the first part is not 1, then subtract 1 from that part to get an EVEN
colored composition of k.
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To define the inverse map, place a part of size 1 in front of all ODD colored
compositions of k, which turns them into EVEN colored compositions of k + 1 that
start with a part 1. For EVEN colored compositions of k, increase the first part by
1, which turns them into EVEN colored compositions of k + 1 with the first part of
size greater than 1. O

Letting ¢, x(¢) denote the number of (m, k)-n-colored compositions of ¢, the
above argument leads to the following generalization.

Theorem 6. Forany k>1,£>2, and 1 <m </{—1, we have

Cm7k+1(f + 1) = Cm,k_;,_l(f) + Cm,k(f).

3.6. 321-Avoiding Separable Permutations

Last but not least, we note that the EVEN colored compositions of k are equinu-
merous with the 321-avoiding separable permutations of [k] (A034943 [12]).

A separable permutation avoids the patterns 2413 and 3142. Among many in-
teresting interpretations of separable permutations, we use the labeled binary tree
structure to illustrate our proof. Such a rooted binary tree has leaves labeled with
elements of [k], and the descendants of each node form a contiguous subset of [k].
Every interior node is either positive, in which case all descendants of the left child
are smaller than all descendants of the right child; or negative, in which case all
descendants of the left child are greater than all descendants of the right child.

For 321-avoiding separable permutations, there is the additional constraint that
every interior descendant of a negative node must be positive (Figure 6). Note that,
however, such trees are not unique as a pair of adjacent positive nodes (there are no
adjacent negative nodes by definition) can be replaced by a different pair of nodes
using a tree rotation operation.

Theorem 7. For any positive integer k, the EVEN colored compositions of k are
equinumerous with the 321-avoiding separable permutations of [k].

Proof. To see the bijection between these objects, we start with a binary tree rep-
resentation for a 321-avoiding separable permutation. For each negative node with
a leaf descendants from its left child and b leaf descendants from its right child, we
construct a colored part (a+b—1),. Note that this is possible as b > 1. Such parts
will be even positioned parts that are n colored. In Figure 6, we have 45 from the
leaves (6,7,3,4,5) and 2, from the leaves (12,13, 11).

Next, for any ¢ leaves (whose labels are consecutively increasing) induced by the
leaves between the negative nodes (including those to the left of the first negative
node), we construct a non-colored part ¢+ 1. Note that these leaf labels are increas-
ing as there are only positive interior nodes involved. In the case that there are no
leaves in between two negative nodes (or to the left of the first negative node), we
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Figure 6: The permutation (1,2,6,7,3,4,5,8,9,10,12,13,11) maps to 3+4o+4+25.

have a part of size 0 + 1 = 1. These will be our odd positioned parts. In Figure 6,
we have 3 from the leaves (1,2) and 4 from the leaves (8,9, 10). Consequently, the
321-avoiding separable permutation

(1,2,6,7,3,4,5,8,9,10,12,13,11)

is mapped, via the binary tree representation, to the EVEN colored composition
3+49+ 44 2.

To see the reverse map, we first subtract 1 from each odd positioned part and
add 1 to each even positioned part, then allocate the number of leaves accordingly.
From 3 + 45 + 4 + 25, we have 2 leaves before the first negative node, a (2,3) split
under the first negative node, three leaves after the first negative node, and a (2,1)
split under the second negative node. O

4. Concluding Remarks and Future Work

We studied the compositions where some parts are n-colored and some are not,
depending on their positions in the composition. In particular, we find connections
from the so-called EVEN and ODD colored compositions to many other combina-
torial objects. Bijections are provided for these connections.

Several natural directions for future study emerge from this work. First, the
generating functions for general position n-color compositions are provided in Sec-
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tion 2.3, but the connection between these compositions and other combinatorial
objects has not been studied. One could also try proving Corollary 1 combinatori-
ally and generalizing it and other results proven in this paper.

Additionally, in Section 3.1, compositions that restrict color 2 are studied, which
invites broader questions, such as: how do compositions that restrict other colors
or combinations of colors relate combinatorially to positional n-color compositions?
Are there any interesting properties of positional n-color compositions that restrict
certain colors?
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