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Abstract
This paper aims to determine the rank of the elliptic curve Eopq : y? = 23 — 2pgx
defined over the field of rational numbers. The associated Selmer groups with
respect to a 2-isogeny are completely determined to provide upper bounds for its
rank for each pair of distinct odd primes p and ¢, and the parity conjecture is used
to refine the results. Finally, an infinite number of elliptic curves Fs,, with rank
three is provided, assuming that a conjecture of Schinzel and Sierpinski holds.

1. Introduction

For an elliptic curve F defined over the field of rational numbers Q, it is known
that the set E(Q) of rational points together with the point at infinity O forms an
abelian group (called the Mordell-Weil group) that is isomorphic to T' x Zrenk(E(Q)
where T is a finite abelian group, and rank(F(Q)) is a nonnegative number called
the Mordell-Weil rank or simply the rank of E(Q). One of the interesting problems
in the study of elliptic curves is the determination of ranks. Recently, there have
been studies that aimed to classify elliptic curves

En:y2:x3—na:,
where n is a product of primes, in terms of their ranks. Specifically, Spearman
[9, 10] considered the cases where n is prime or twice a prime number. He provided
conditions on n so that E, has rank exactly two and three, respectively. In 2010,
Hollier, Spearman, and Yang [5] studied the case where n = —pq, with p and ¢
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representing distinct primes. They were successful in providing conditions on p and
q so that F, has rank exactly four. In 2011, Fujita and Terai [4] gave a necessary
and sufficient condition so that E,, for n = p*, where p is prime and k € {1,2,3},
has rank one or two. In 2015, Daghigh and Didari [2] classified the Selmer groups
of E,, where n = 3p, p # 3 a prime, which in turn gave bounds for the rank of E,,.
A similar study was done by the same authors for the case where n = pq, where p
and ¢ are distinct primes [3]. In 2023, Mina and Bacani [6] considered E,,, where
n = 3pq and p, q # 3 are distinct odd primes. They provided some conditions on p
and ¢ so that the rank of E,, is zero or one.

Motivated by the works mentioned above, the present study deals with the elliptic
curve E,, where n = 2pq and p and ¢ are distinct odd primes. Here, the Selmer
groups of Fy,,, whose cardinalities give an upper bound for the rank of Esp,, are
completely classified and an upper bound for the rank for each possible case is
obtained. Moreover, the well-known parity conjecture is used to refine the results
obtained. The main results are stated in the following theorem.

Theorem 1. Let p and q be distinct odd primes and consider the elliptic curve
Eopg - y? =3 — 2pgz.

Assuming the validity of the parity conjecture for Eopg, the following statements
hold.

i. If one of the following is satisfied,

a. (p7 q) = (37 3)7 (3’ 5)7 (3’ 7)’ (57 5)’ or (57 7) (mOd 8)7
b. (p,q) =(1,3),(1,5), or (1,7) (mod 8), and (g) = -1,

then rank(Esp,(Q)) = 1.
1. If one of the following is satisfied,

a. (p,q) = (1,1) (mod 8) and (23) =-1,
b. (p,q) = (7,7) (mod 8),
c. (pyq) =(1,3),(1,5), or (1,7) (mod 8), and (g) =1,

then rank(Esp,(Q)) =1 or 3.
iii. If (p,q) = (1,1) (mod 8) and (g) =1, then rank(FE9,,(Q)) = 1,3, or 5.
The above statements also hold if p and q are interchanged.

Here, there are no additional conditions that set apart the primes p and ¢. This
means that if the case (p,q) = (3,5) (mod 8) yields Es,, having rank one, then the
case (p,q) = (5,3) (mod 8) also yields Es,, having rank one.



INTEGERS: 26 (2026) 3

One of the numerical observations obtained using PARI/GP [11] is that for each
prime pair (p,q) (mod 8) in part iii., the rank of Ey,, is either one or three for
p,q < 1000. Thus, it is conjectured that the rank is at most three for each prime
pair in part iii. of Theorem 1.

The next theorem gives an infinite family of elliptic curves Ey,, having rank
equal to three provided that a conjecture of Schinzel and Sierpinski holds. This
conjecture will be presented in Section 2.

Theorem 2. Ifp = 272r2+120r+9 and q = 2p+9 = 544r2+240r+27 are primes for
some positive integer r, then rank(F2pe(Q)) = 3 assuming that the parity conjecture
holds for FEopq. Moreover, assuming that the conjecture of Schinzel and Sierpinski
holds, then there exist infinitely many elliptic curves Eqpq with rank equal to 3.

Table 1 shows primes p and ¢ that yield a rank-three elliptic curve Fsp,. These
results are verified numerically using PARI/GP.

v » [ ¢ [T r] » | a |
401 811 50 686009 | 1372027
10 28409 56827 73 1458257 | 2916523
17 | 80657 161323 85 1975409 | 3950827
40 | 440009 | 880027 94 2414681 | 4829371
43 | 508097 | 1016203 || 109 | 3244721 | 6489451

Table 1: Some values of primes p and ¢ such that Esp, has rank three.

2. Preliminaries

In this section, the necessary tools for the main results will be discussed.

An isogeny from one elliptic curve to another is a homomorphism that is given
by rational functions. If such a mapping exists, then the two elliptic curves are said
to be isogenous. For the elliptic curve

En/(@;yQ:gy?’—ngg’

there is an isogeny of degree two given by ¢ : E,, — E! . (x,y) — (y*/2?, —y(n +
2?)/x?), where
E/Q:y? =2+ 4nx.

Moreover, ¢ : E! — E, given by (z,y) — (y%/422, y(4n — x2)/8z2) is also an
isogeny, called the dual isogeny to ¢. Define the following sets

S := {primes p such that p | Ag, =2%-n3} U {c0}
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and

Q(S,2) := {d € Q*/(Q*)? : ord,(d) = 0 (mod 2) for all p & S},
where ord,, is the p-adic valuation on Q. For each d € Q(S,2), define the homoge-
neous spaces Cq/Q : dw? = d? + 4nz* and C}/Q : dw? = d* — nz*. The ¢-Selmer
group and ¢-Selmer group are defined as

S(E,/Q) = {d € Q(S,2) : Ca(Q,) # 0 for all p € S},
SO(EL/Q) = {d € Q(S,2) : C4(Q,) # 0 for all p € S},
respectively. Define the map ¢ : E/,(Q) — Q*/(Q*)? by

= —n (mod (Q*)?),

=z (mod (Q*)?), (x,y) # (0,0),0.

The images Im(d) and Im(¢") of the maps ¢ and ¢’ are subgroups of the ¢-Selmer
group and the ¢-Selmer group, respectively. The corresponding quotient groups
are called the ¢-part and the ¢-part of the Shafarevich-Tate group, denoted by
I(E,/Q)[¢] and TI(E!, /Q)[¢], respectively. The nontrivial elements of these quo-
tient groups, if they exist, correspond to homogeneous spaces that are everywhere
locally solvable but have no global solution. The following exact sequences summa-

rizes the relation of the groups:

)

§'(0) =1 (mod (Q*)?),
)
)

0 — Im(6) — S)(E,/Q) — II(E,/Q)[¢] — 0,
b — 0.

0 — In(&") — SO(E},/Q) — LI(E,/Q)[4]
A formula for the rank of FE,, is given by

rank(E,(Q)) = dimg, 5 (E, /Q) + dimg, S@) (E, /Q)—

dimp, II(E, /Q)[¢] — dimp, III(E;, /Q)[¢] — 2.
Removing the two nonpositive terms on the right-hand side gives an upper bound
dimg, S (E,/Q) + dimg, 5 (E/,/Q) — 2

for the rank, called the Selmer rank. The Hensel’s lemma is used to determine
the local solvability of homogeneous spaces needed in the computation of Selmer
groups.
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Lemma 1 (Hensel’s lemma, [8]). Let f(z1,...,%n) € Zp[z1,...,%s]. Suppose

0
ord,(f(ai,...,an)) > 2o0rd, (f(al, .. .,an))
8:172'
for some 1 < i <n and (a,...,a,) € Zy. Then f(x1,...,2,) = 0 has a solution
m 2.
D

For an elliptic curve E defined over Q and a prime number p, let n, be the
number of points on the reduction of F modulo p and let a, = p+1—n,. The local
part of the L-series of E at p is defined as

1—a,T + pT? if E has a good reduction at p

L(T) = 1-T if F has split multiplicative reduction at p
P N 1+T if £ has non-split multiplicative reduction at p
1 if F has additive reduction at p.

The L-series of E is defined to be
L(Es) = ][ _
prime p Lp(pi )

This is known to have an analytic continuation to the entire complex plane, and it
satisfies the functional equation

A(B,s) = e(B)A(E,2 — s),

where
(B, s) = (Npg)*/2(2m) T (s)L(E, 5),

Ng/q is the conductor of E, T' is the Gamma function, and €(E) = £1 is the root
number of E. The parity conjecture states that

6(E> _ (_1)rank(E(Q))’

which is an implication of the Birch and Swinnerton-Dyer (BSD) conjecture.
For the elliptic curve E,,/Q : y? = 23 — nx, where n is not divisible by 4 or any
fourth power, Birch and Stephens [1] obtained an explicit form of the root number:

e(5,) =sn(-npoto) T (5)

Pl > P
with p > 3 a prime, and

(n) -1 ifn=1,3,11, or 13 (mod 16),
w(n) =
1 ifn=2,56,7,9,10,14, or 15 (mod 16).
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For the case where n = 2pq, and p and ¢ are distinct odd primes, the root number
is €(Eapq) = —1. Thus, rank(FEs,(Q)) is always odd.

Finally, the following conjecture by Schinzel and Sierpinski [7] is a generalization
of Dirichlet’s theorem on primes in arithmetic progression, and will be used to prove
Theorem 2.

Conjecture 1 ([7]). Let fi(z), f2(x),..., fu(z) € Z[x] be irreducible polynomials
with positive leading coefficients. Assuming that there is no integer greater than
1 that divides f1(k), fa(k),..., fn(k) for all k € Z, then there are infinitely many
positive integers I such that fi(1), f2(1),. .., fn(l) are all primes.

3. Proofs of Main Results

Proof of Theorem 1. The first goal is to classify the Selmer groups of E,,. Note
that Eap, has discriminant Ag,,, = 29p3¢3. The 2-isogenous curve to Espq is given
by Ej,, : y*> = 2% 4 8pqx. Then S = {o0,2,p,q} and

Q(S,2) = {1, +2, +p, £q, £2p, £2q, £pq, £2pq}.
For each d € Q(S,2), the corresponding homogeneous spaces are given by
Cyq : dw? = d* + 8pgz* (1)
and
Cl - dw?® = d? — 2pgz*. (2)
Note that the images of O and (0,0) under ¢ and ¢’ are

1,2pg € S (E2pg/Q) and 1,—2pq e S(g)(Eépq/Q),

respectively. Consider the other values d € Q(S,2). Note that d and 2pg/d both
correspond to the homogeneous space Cy. To see that, replace d by 2pgq/d, to obtain
dw? = 2pq + 4d?z*. Replacing (z,w) by (1/2z,w/222), gives dw? = d? + 8pgqz*,
which is the original homogeneous space. Similarly, d and —2pq/d both correspond
to the homogeneous space C’. Thus, each case comes in pairs. One may use
the value that will make the computation less complicated. Let f(w) = dw? and
g(2) = d? + 8pgz*. We have the following cases.

Case 1: d < 0. Note that Cy(Qo) = Cy4(R) = 0 since f(w) < 0, while g(z) > 0.
Case 2: d=2,pq.

Q2. Let (z,w) € Cpe(Q2) and v := orda(z). Note that ords(f(w)) is even. This
implies that ords(g(z)) = min{0,3 + 4v} = 0, that is, v > 0. Consequently,
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orda(f(w)) = 0, so orda(w) = 0. Thus, z,w € Zs. Reducing Equation
(1) modulo 8 yields pg = 1 (mod 8). Conversely, if pg = 1 (mod 8) then
the solution w = 1 to the congruence w? = pg (mod 8) lifts to a point in
Cpq(Q2) by Hensel’s lemma (Lemma 1). Thus, pg =1 (mod 8) if and only if

Cpq(Q2) 7& 0.

Qp. Let (z,w) € C2(Q,). Using similar arguments as above, one can show that
z,w € Zyp. In addition, one gets (%) = 1 upon reducing Equation (1) modulo p.
2 =

Conversely, if (1%) = 1, then any solution to the congruence w (mod p)

extends to a point in C2(Q,). Hence, p = 1 or 7 (mod 8) if and only if
Ca(Qp) # 0.

Qq. Similarly, ¢ =1 or 7 (mod 8) if and only if C2(Qy) # 0.
Thus, 2,pq € S (E,,/Q) if and only if p=¢g=1or 7 (mod 8).
Case 3: d =p,q,2q,2p.

Q2. Let (z,w) € Cp(Q2). Following similar arguments as in prior cases, it follows
that z,w € Zs. Upon reducing Equation (1) modulo 8, it emerges that p =1
(mod 8). Conversely, if p = 1 (mod 8), then the solution w = 1 to w? = p
(mod 8) translates to a point in Cp(Q2). Hence, p =1 (mod 8) if and only if
Cp(Q2) # 0. Likewise, ¢ =1 (mod 8) if and only if Cy(Q2) # 0.

Qp. Let (z,w) € C24(Q,). Analogous to preceding instances, it follows that z, w €
Z,. Upon reducing Equation (1) modulo p, we deduce (%‘1) = 1. Conversely, if
(%q) = 1 then any solution to w? = 2¢ (mod p) projects to a point in Caq(Q,).
Thus, (2?‘1) = 1if and only if Cy,(Q,) # 0. Analogously, we have (%) =1if

and only if C,(Qq) # 0.

Qq. Let (z,w) € Cp(Qy). Similar to previous cases, z, w € Z;. Reducing Equation
(1) modulo q yields (5) = 1. Conversely, if (%) = 1 then any solution to w? = p
(mod ¢) lifts to a point in Cp(Qq). Thus, (g) =1 if and only if C,(Qq) # 0.
Similarly, (%) =1 if and only if Cy(Q,) # 0.

Let (z,w) € Cp(Qq). Analogous to previous cases, we have z,w € Z,. Re-

ducing Equation (1) modulo ¢ yields (g) = 1. Conversely, if (’qi) = 1 then any

solution to w? = p (mod q) lifts to a point in C,(Q,). Hence, (%) =1 if and
only if Cp,(Qq) # (0. Moreover, (%) = 1if and only if Cy(Q,) # 0.

Therefore, p,2q € S (E2pe/Q) if and only if p = 1 (mod 8) and (%’) = 1. Also,
q,2p € S?)(Es,/Q) if and only if ¢ =1 (mod 8) and (g) =1
Table 2 shows the summary of the classification of the ¢-Selmer groups of Eo,.
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’ (p, Q) (mod 8) ‘ S(¢)(E2pq/Q) ‘
(3,3),(3,5),(3,7),(5,3),
(5,5),(5,7),(7,3),(7,5) or
(1,9), (15), (1,7, (3 1) (5. 1), 1. 2pa}
or (7,1) with (2) = —1
(1,1) xgv7i7t}71)((§; =-1 {1,2pq,2, pa}
(1,3),(1,5) or (1,7) with () =1 {1,2pq, p, 2q}
(3,1),(5,1) or (7,1) with () =1 {1,2pq, q, 2p}
(1,1) with (2) = {1,2pq, 2, pq, p, 24, ¢, 2p}

Table 2: Classification of the ¢-Selmer groups of Egpq.

The next goal is to determine S(J’)(Eépq/(@). Let f(w) = dw? and g(z) = d®—2pqz*.
We have the following cases.

Case 1: d= —1,2pq.

Q2. Let (z,w) € C"1(Q2). Similar to previous cases, z,w € Zs. Reducing Equa-
tion (2) modulo 8 yields pg = 1 (mod 4). Conversely, if pg =1 (mod 4) then
the solution (z,w) = (1,1) to w? = —1 + 2pgz* (mod 8) lifts to a point in
C’ 1(Q2). Thus, pg =1 (mod 4) if and only if C” ;(Q2) # 0.

Qp. Let (z,w) € C”1(Qp). As in preceding instances, it follows that z,w € Z,.
Reducing Equation (2) modulo p yields p = 1 (mod 4). Conversely, if p = 1
(mod 4), then any solution to w? = —1 (mod p), lifts to a point in C’;(Q,).
Thus, p =1 (mod 4) if and only if C” {(Q,) # 0.

Q. Similarly, ¢ =1 (mod 4) if and only if C”,(Q,) # 0.
(

Thus, —1,2pq € S(‘E)(Eépq/(@) if and only if p=¢=1 (mod 4).

Case 2: d =2, —pq.

Q2. Let (z,w) € C.,,(Q2). As in previous cases, one can show that z,w €
Zs. Furthermore, pg = 1 or 7 (mod 8) is obtained by reducing Equation (2)
modulo 8. Conversely, if pg = 1 (mod 8), then the solution (z,w) = (1,1) to
w? = —pq + 2z* (mod 8) extends to a point in C’ , (Q;). Thus, pg =1 or 7
(mod 8) if and only if C”_(Q2) # 0.

—pq

Qp. Let (z,w) € C5(Qp). Consequently, we have z,w € Z,. Reducing Equation
(2) modulo p, we obtain (%) = 1. Conversely, if (%) = 1 then any solution to
w? = 2 (mod p) extends to a point in C5(Q,). Thus, p =1 or 7 (mod 8) if
and only if C%(Q,) # 0.
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Qq-

Similarly, ¢ = 1 or 7 (mod 8) if and only if C4(Qg) # 0.

Therefore, 2, —pq € S($)(E§pq/(@) if and only if p and ¢ =1 or 7 (mod 8).

Case 3: d= —2,pq.

Q.

Qp.

Qq-

Let (z,w) € C,,(Qz). Similar to what previously observed, we have z,w € Zs.
Reducing Equation (2) modulo 8 yields pg = 1 or 3 (mod 8). Conversely, if
pg = 1 (mod 8) then the solution (z,w) = (0,1) to w? = pqg — 2z* (mod 8)
lifts to a point in C},,(Q2), and if pg = 3 (mod 8) then the solution (z,w) =
(1,1) lifts to a point in C}, (Q2). Thus, pg = 1 or 3 (mod 8) if and only if

Let (z,w) € C”4(Q,). Analogous to prior cases, z,w € Z,. Reducing Equa-
tion (2) modulo p yields (%2) = 1. Conversely, if (_72) = 1 then any solution to
w? = —2 (mod p) extends to a point in C’ ,(Q,). Thus, p =1 or 3 (mod 8)
if and only if C7 ,(Q,) # 0.

Similarly, ¢ = 1 or 3 (mod 8) if and only if C” ,(Qg) # 0.

Therefore, —2,pq € S(Z’)(Eépq/(@) if and only if p and ¢ =1 or 3 (mod 8).

Case 4: d =p,q,—2q,—2p.

Q.

Qp.

Qq-

Let (2,w) € C(Qz). Using similar arguments as before, we observed that
z,w € Zo. Simplifying Equation (2) modulo 8 leads to p = 1 (mod 8); or
p = 3 (mod 8) and ¢ = 1 (mod 4); or p = 7 (mod 8) and ¢ = 3 (mod 4).
Conversely, if p = 1 (mod 8) then the solution (z,w) = (0,1) to w? = p—2¢z*
(mod 8) lifts to a point in C},(Q2), and if p =3 (mod 8) and ¢ =1 (mod 4) or
ifp="7 (mod 8) and ¢ =3 (mod 4), then the solution (z,w) = (1,1) lifts to a
point in C}(Qz). Thus, p=1 (mod 8); or p =3 (mod 8) and ¢ = 1 (mod 4);
or p =7 (mod 8) and ¢ = 3 (mod 4) if and only if C}(Q2) # 0. Similarly,
¢ =1 (mod 8); or ¢ =3 (mod 8) and p =1 (mod 4); or ¢ = 7 (mod 8) and
p =3 (mod 4) if and only if C7 (Q2) # 0.

Let (z,w) € C"5,(Qp). Then, z,w € Z,. Reducing Equation (2) modulo p
yields (_72’1) = 1. Conversely, if (—Tzq) = 1 then any solution to w? = —2¢

(mod p) translates to a point in C”,, (Qp). Thus, (%) = 1 if and only if

CLq(Qp) # 0. Similarly, (Z22) =1 if and only if C”,,(Q,) # 0.

Let (z,w) € C,(Qq). As previously seen, z,w € Z,;. Reducing Equation
(2) modulo ¢ yields (%) = 1. Conversely, if (g) = 1 then any solution to

w? = p (mod ¢) projects to a point in C(Q,). Hence, (g) = 1 if and only if

C1(Qq) # 0. Analogously, (%) = 1 if and only if C{(Q,) # 0.
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Therefore, p, —2q € S($)(E§pq/(@) if and only if p =1 (mod 8); or p =
and ¢ = 1 (mod 4); or p = 7 (mod 8) and ¢ = 3 (mod 4), and (772‘1) =)=
Furthermore, ¢, —2p € S(@ (E3,,/Q) if and only if ¢ = 1 (mod 8); or ¢ =3 (mod 8)

and p=1 (mod 4); or ¢ =7 (mod 8) and p =3 (mod 4), and (772”) = (%) =1
Case 5: d = —p,—q,2q,2p.

Q2. Let (2,w) € C”(Q2). We then observed that z,w € Zz. Reducing Equation
(2) modulo 8 yields p = 7 (mod 8); or p = 1 (mod 8) and ¢ = 1 (mod 4);
or p =5 (mod 8) and ¢ = 3 (mod 4). Conversely, if p = 7 (mod 8) then
the solution (z,w) = (0,1) to w? = —p + 2¢z* (mod 8) lifts to a point in
C’,(Q2), and if p =1 (mod 8) and ¢ =1 (mod 4) or if p =5 (mod 8) and
q =3 (mod 4), then the solution (2, w) = (1,1) extends to a point in C”_,(Q2).
Thus, p =7 (mod 8);orp=1 (mod 8) and ¢ =1 (mod 4); or p =5 (mod 8)
and ¢ = 3 (mod 4) if and only if C” (Q2) # 0. Also, ¢ =7 (mod 8); or ¢ =1
(mod 8) and p=1 (mod 4); or ¢ =5 (mod 8) and p = 3 (mod 4) if and only
if C'_q(Qz) #0.

Qp. Let (2,w) € C5,(Qp). Similar to previous cases, z,w € Z,. Reducing Equa-
tion (2) modulo p one arrives at (2?(1) = 1. Conversely, if (%‘1) = 1 then any

solution to w? = 2¢ (mod p) lifts to a point in C,(Q,). Thus, (%‘1 = 1lifand
only if C4,(Qp) # 0. Similarly, (%2) = 1 if and only if C3,(Q,) # 0.
Qq- Let (2,w) € CL,(Q,). It follows that z,w € Z,;. Reducing Equation (2)

modulo ¢ yields (%p) = 1. Conversely, if (%p) = 1 then any solution to

w? = —p (mod ¢) lifts to a point in C” ,(Q,). Hence, (%p) = 1 if and only if
C.,(Qq) # 0. Analogously, (_?q) = 1 if and only if C” (Q,) # 0.

Thus, —p,2q € S($)(E§pq/(@) if and only if p = 7 (mod 8); or p = 1 (mod 8)
and ¢ =1 (mod 4); or p =5 (mod 8) and ¢ = 3 (mod 4), and (%q) =(=2) =1
Moreover, —q,2p € S(‘g)(Eépq/Q) if and only if ¢ = 7 (mod 8); or
and p=1 (mod 4); or ¢ =5 (mod 8) and p =3 (mod 4), and (2?;;)

Table 3 shows the classification of the $—Selmer groups of Eapq.

Using Tables 2 and 3, an upper bound for the rank, which is the Selmer rank,
is obtained for each case. Since the rank is always odd assuming that the parity
conjecture holds true for Eyp,, then the results of Theorem 1 is obtained. O

[l =
Ii
—_
RN
@)

: oL
oo
x

The proof of Theorem 2 is given as follows.

Proof of Theorem 2. Note that p =1 (mod 8) and ¢ = 3 (mod 8) and

B-0-C)-0-




INTEGERS: 26 (2026)

and

Consequently, C, also has a solution. Also, the homogeneous space Cy : w
q — 2pz* has a solution (w,z) = (3,1).

Thus, dimp,

HI(E2pe/Q)[¢] = 0 and dimp,

rank(E, (Q))

dimF2

diHl[F2

= dimg, S®)(E,, /Q) + dimg, 5@ (E!/Q)—

>24+3-0-1-2=2.

I1(E], /Q)[¢] -

11
| (p,q) (mod 8) 5@ (H,/Q) |
(5 5) B B

(1’5) Wlth (%) — {17 2pqa 172pq}
(1,7) or wnﬂu(g):: {1, —2pq, 2, —pq}
(3 3) _ _
(1,3) or (3,1) with (2) = -1 {1, =2pq, =2, pa}
(3.5) or (7,3) with () = 1 {1, ~2pq,p,—24)
(3,7) with (p) =-1
1, —2pq,q, —2
(5,3) with (2) =1 {1 ~2pe ¢, ~2p}
(5,3), (5,7) or (7,3), with (2) = 1
1, —2pq, —p, 2
(7, 5) with ( ) =1 { pe —p: 24}
(3,5) or (7,5) with () = —1
1,—2pq, —q, 2
(3,7) or (5,7) with Z%) 1 {1.=2pa, =q. 2p}
(1,5) with (2) =1 {1, —2pq, —1,2pq, p, —2¢, —p, 2q}
(15 7) or (75 7) with (%) =1 {1’ 72p(J7 27 —Dp4q, D, 72(]7 —-q, 2p}
(7,1) with () =1
1372 ,277 ) 7723772
(7,7) with (2] = -1 {1, —2pq,2, —pq. 4, —2p, —p, 24}
(la 3) or (3a 1) with (g) =1 {L _2p(J7 _2apqap7 _2Qa q, _2p}
(1,1) with (B) =1 Q(5,2)
Table 3: Classification of the $—Selmer groups of Fapg.
By Theorem 1, rank(Es,,) < 3, and
S(¢) (E2PQ/Q) = {17 2pq7pa 2Q}7
S(¢) (Eépq/(@) = {L *2]9(]7 723PQ>p7 72Q7 q, 72p}
Now, the homogeneous space C, : w? = p+8¢z* has a solution (w, z) = (68r+15,1).

Consequently, C” 9p also has a solution.
I(Ey,,/Q)[¢ ¢] < 1. As a consequence,

Since 2 < rank(FEs,,(Q)) < 3 and the parity conjecture guarantees that the rank
is odd, it follows that rank(Es,,(Q)) = 3. Moreover, by Conjecture 1, there are
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infinitely many primes p = 272r2+120r +9 and ¢ = 544r2 +240r + 27, which means
that there are infinitely many elliptic curves Esap, with rank equal to three. O
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