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Abstract
Two classes of algebraic formal Laurent series over a finite field with bounded partial
quotients in their continued fraction expansions are constructed. The first class is
based on and extends a result of Ayadi et al. in 2016. The second class is exhibited
by generalizing a result of Lasjaunias in 1999; a complementary set of the second
class with unbounded partial quotients is also derived.

1. Introduction

The problem of classifying elements in the field of formal Laurent series over a
finite field F that have bounded partial quotients in their continued fractions is an
interesting, yet still unsolved problem. Baum and Sweet [2] proved the following
three main results.

Theorem 1 ([2, Corollary 3]). Let f € Fo((x™1)), Fy the finite field with two
elements, be a root of the equation f3 +p~'f + 1 = 0, where p(x) € Fafz] and
degp > 1. Then f has bounded partial quotients.
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Theorem 2 ([2, Theorem 5]). If f € Fo((x™1)) satisfies f2"t' + g7 f +1 =0,
(n > 1), where g € Fo[z], degg > 1, then f has unbounded partial quotients.

Theorem 3 ([2]). Let n > 0, and let P,Q € Fyz] be such that P+ Q%" # 0,1.
Then f2"*1 4+ Qf*" + Pf + QP +1 = 0 has a unique root f in Fo((z~ 1)) and its
continued fraction is f = [Q; P+Q%*, P + Q22n7P22n

=+ QQB" .. } .
As mentioned in [1], Mills and Robbins [5] showed that irrational formal Laurent
series that are solutions of equations of the form

Az?" + B
Lt r>0

=G T D >0, A, B,C,De F[X], F a finite field of characteristic p,

(1.1)
tend to have regular patterns in their continued fraction expansions. In 1999, Las-
jaunias [4] generalized the work of [2] and obtained a root of the cubic equation

2T+ DT +2 =0, (>1, DecFyz], D(0)=1

with bounded partial quotients. Recently, in 2016, among other things, Ayadi et
al. [1] proved: if a over Fy is the unique formal Laurent series of positive degree
that is a root of the equation
201
o+ A0’ +1=0, 0>2 A=a2%+ Z ext +x+1, e; €Fy, (1.2)
=2
then a has bounded partial quotients. It is also mentioned that more examples of
elements with bounded and/or unbounded partial quotients ought to be explored
for the classification problem.

We exhibit here two further classes of algebraic formal Laurent series with
bounded partial quotients. The first class extends the one in (1.2) to the field
of any characteristic. The elements in the second class are derived using a result of
Lasjaunias in [4]; they are algebraic formal Laurent series closely related to (1.1).
In fact, in this second class, it is possible to completely classify whether they have
bounded partial quotients using their valuations.

Throughout the rest of the paper, let I, be the finite field of ¢ elements, F,[z]
the ring of polynomials over F,, and let F := F,((z™')) be the field of formal
Laurent series over F,, complete with respect to the degree valuation | - |, and set
N={1,2,3,...}. For P,Q € F,[z]\{0}, by gcd(P, Q) we mean the monic polynomial
d € F,[z] satisfying d | P,d | Q, and if d' € Fy[x] such that d’' | P,d’ | Q, then d' | d.
Moreover, P and @) are said to be associates if there exists ¢ € F,\{0} such that
P =cQ.

For a basic introduction to continued fractions in the field of formal Laurent
series, we refer to the works [6] and [1, Section 2]. Recall that for each nonzero
element

m C_1 C_9
a = CpX —l—...—l—clx—i—co—i———&——z—i—...elﬁ,
x x
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where m € Z,¢; € F,; (i < m), and ¢, # 0, the degree valuation is defined by
|a] = |z|™ and |0] = 0. Every element e € F can be represented uniquely as a finite
or infinite expression of the form

1
Oé:bo+71 = [bo,bl,b27...], (13)

by + —
! b2+.'

where by € Fy[z] and b; € Fy[z]\F, ( > 1). The polynomials b,, are called the
partial quotients of a and v, := [by, b1, .. .| is called the nth complete quotient of
a. We say that a € F has bounded partial quotients if sup,,~q|bn| < 0o, and say
that a has unbounded partial quotients otherwise. Equivalently, a has bounded
partial quotients if the degrees of all polynomials b,, are bounded. Define

Pflzla P0:b07 Pn+1:bn+lpn+Pn71 (7120),

Q1=0,Q =1, Qui1=b,11Qn +Qn1 (n>0).
The quotient P, /Q,, is called the n*" convergent of .. For convenience, the (n+1)*"

partial quotient b,11 in (1.3) is denoted by b, (P, @n). The following properties
are well-known.

Lemma 1. Keeping the above notation, for n >0 and B € F\{0}, we have

; P,+P,_
) ,an-&-iQn:l = [bo, b1, b2, ..., by, Bl

’LZ) PnQn—l - Pn—lQn = (_1)7171’
i) |Qn| > |Qn-1] >0,

iv) |Qn|:|b1b2bn| (nzl),
v) ‘a N % - |bn+1|1|Qn\2 (n21),
vi) |Qni1e — Pry1| < |Qna — P (n>1).

2. The First Class

To construct our first class of algebraic formal Laurent series with bounded partial
quotients, we need the following lemmas.

Lemma 2. If the continued fraction expansion of « is [bg, b1, ba,...], then the con-
tinued fraction expansion of ad is [b3,b{,b3,...] whose n'" convergent is
P
Tn = [bga b(fa bgv sy bgL])

n

where ]Sn = P? and @n = Q4, with P,/Q, being the n'" convergent of .
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Proof. By induction on n > 0, it is easily verified that

P
@ = [bg, b({, bg, ey b%]
The desired result now follows by noting that, by Lemma 1 (v), we have
P, P, | 1
- —=l=la—-—| <———— — 0 (n— ).
Qn Qn |bn+1|q|Qn|2q ( )

O

The following lemma generalizes corresponding results of Baum and Sweet in [2].
Lemma 3 (2, Lemma 1]). Let P,Q € Fy[z] with ged(P,Q) = 1.

i) If |Qae — P| = |z|~%|Q| ™! for some s € N, then there exists n € NU {0} such
that P and Q are associates of P, and Q,,, respectively. Moreover, for such
n, the (n + 1)*" partial quotient b, 11 satisfies |byi1| = |2|°.

ii) If |Qa — P| = |Q| ™!, then there exist n € NU {0} and ¢, d}, € F,\{0} such
that
P= CZPn + d:lpn—h Q = C:LQn + d:;Qn—L

Proof. (i) Assume |Qa — P| = |z|7%|Q|~! for some s € N. Since s > 0, we have
o — P/Q| < 1/|QJ?. Choosing n € NU {0} so that |Q,| <|Q| < |Qn+1], we get

o — P’ < =
Q| 1Q.llQ
Since P,/Q,, is a best approximation to «, we must have
1
‘Qna—PM < |Q017P| <iA
Q|
Thus,
P P, < { P - }< 1 (2.1)
— — — | <max< |= —«a|,|a— — _— .
Q Qn Q Qn |Qnl|Q]

To show that P/Q = P,,/Q.., we assume to the contrary that P/Q # P,,/Q,. Then

P_P|_1PQu-QR|_ 1
Q Qn Q.QI  ~ leullQl
which contradicts (2.1), and so P/Q = P,/Q,. Making use of the fact that
ged(P,Q) = 1 = ged(P,, Qr), we conclude that P and P, are associates and so
are Q and @,. Therefore, by Lemma 1, parts (iv) and (v), we have
IR
|bn+1||Qn| |bn+1HQ|.

|Qa — P| = |Qno = Po| =
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Combining with the main hypothesis, we deduce at once that |b,+1| = |z|®.
(ii) As in the proof of (i), choosing n € NU {0} such that |Q,| < |Q| < |Qn+1l,

we get
1

‘QP‘1<
Ql QP ~ I@nllel

Again using the fact that P, /Q, is a best approximation of a, we see that

1
Qna_Pn < Qa_P = TA
\ | < | 0]
and this leads to
P P, P P, 1
— — — | <maxq|=—aof,la— —|p < —F=. 2.2
a o =m{[5 2l <em 22

We note now that P/Q cannot be a convergent to «; for otherwise, by Lemma 1 we
would have |Qa — P| < |Q|™1, a contradiction. Since P/Q # P,,/Q,, for any n, we

have
_ ‘PQn - QPnl > 1
Q.IQI T leullQl’

L)
Q@ Qn
which together with (2.2) implies that

‘PQn_QPn‘ =1

Then PQ,, — QP, := d, € F,\{0} and so the matrix [ g 5" ] is nonsingular,
n

with inverse di [ ?& _}f" } Observe that

dn _Q P Qn—l B dn _QPn—l + PQn—l N Cn/dn ’

(2.3)
where ¢,, = —QP,_1+ PQ,,—1. The relation (2.3) assures us that the system of two
equations

(=" Cn (=™ Cn
P 7Pn = Pnf ) - Wn = Wn-1,
d, b, @t GG
has a unique solution with (;L)n , ¢ € Fylz]. Equivalently, we have

P = (_1)n(dnpn—1 - CnPn)a Q = (_1)n(ann—1 - CnQn)
Note that ¢, # 0, for if ¢, = 0, then P/Q = P,_1/Qn_1 is a convergent of «, a
contradiction. Thus,
Qo — P = (_l)n(ann—l - CnQn)O‘ - (_1)n(dnpn—1 - Cnpn)
= (71)n(dn(Qn—1a - Pn—l) - Cn(Qna - Pn)) (24)
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By the strong triangle inequality, we get
‘Q| = |Qn—1 - CnQn| = | - chn| = |CnHQn‘ (25)
By Lemma 1, (2.5), and the choice of n, we see that

en(@na =)l = 1o T 1G] T 10 @nl 1G]

Using this last estimate, the relation (2.4) yields

= |dn(Qn—1a - Pn—l)|-

|QO¢ - P| = |dn(Qn71a - Pnfl)l = |Qn71a - Pn71|-

Since |Qa — P| = 1/|Q| and |Qa — P| = |Qn—1c¢ — Pr_1| = 1/|Qn|, we have
|Q| = |@Qn| and so |¢,| = 1. Therefore, ¢,, € Fy \ {0}.
Hence, there exist n € NU{0} and ¢}, d} € F,\{0} such that P = ¢} P, +d}; P,_1

n»'n

and Q = ¢ Q, + d}Qn_1 as desired. O
Recall that each element o € F can be written uniquely as
a=[o] + (a),

where
[a] :=cma™ + ...+ cx+cy, (a)i=—+—+....

The element « is said to be of positive degree if [a] € Fy[z] \ Fy.
Our first main result is stated as follows.

Theorem 4. If « € F has positive degree and satisfies the equation
CTI™ + AT? +1 =0, (2.6)

where C = z*, for some ¢ > 2, and

20-1
A = eqpr®t + Z er’ +erx + e € Fq[z]
i=2

with nonzero eay, €1, and ey, then o has bounded partial quotients.

Proof. Assume that o € F has positive degree and satisfies Equation (2.6). Then

A 1
o=——=— .
C Casd
Since « is of positive degree, we have [a] = — [A/C] and |a| = |C]. If « is rational,

then we are done. Otherwise, adopting the same notation as in Section 1, let
= [b07b17627 .- ] and ba(PnaQn) = bn+1- Here, |b0| = |Oz| = |I|e
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We must show that b, (n > 1) are bounded. Let n € NU {0}, P := P,, and
Q@ = @Q,. By Lemma 1 (ii) and (v), we have ged(P, Q) = 1 and

1

Pl=—
Qo =Pl= 5 oNa)

2.7)

Since a = (—Aa? — 1)/Ca?, we have

—Aa? -1
od

Ca~(-4)| | 4] = fa iy
Notice that ged(A4, C) = 1. By Lemma 3, we know that —A/C is the m** convergent
of a with |byy1| = [ba(—A,C)| = 2|9~V Again, by Lemma 1 (v), we obtain

1

CatAl= .
ba (=4, 0)[|C|

(2.8)
If P/Q is a convergent of «a preceding —A/C, then, by Lemma 1 (vi), we get
|Ca+ A| < |Qa — P|. By (2.7) and (2.8), we have

|bo¢(_A’ C)HC‘
Q|

We have thus shown that the partial quotients b, are bounded by |z|%¢ for all
0<n<m-—1.

We proceed next to show that the partial quotients b, are bounded by
|2|(@*=Df=(2=2) for all n > m. Assume now that P/Q is the convergent of a right
after —A/C. By Lemma 1 (v), we get |C] < |@], and so |C||Qa— P| < |Q||Ca+ A|.
Note that

[ba (P, Q)| < < [ba(=4,O)IC] = |a| ™.

QA+ PC|=|Q(Ca+ A) — C(Qo — P)|

— max{|Q[|Ca + AL,|Cl|Qa — PJ} = [Q]|Ca + A] = 'g?l'q. (2.9)
We have
—Aat—1 (QA + PC)a? + Q|
|QO[ - P‘ = Q(W) - = ‘C|q+1
Hence,
(QA+ POt + Q| = 1T (2.10)
52 (P, Q[

Now, from (2.9) and (2.10), we get

C]
ba (P, Q)[|QA + PC|

(QA+ PCYal + Q| =
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Let
D = ged(Q, QA+ PC) = ged(Q, PC) = ged(Q, ).

Write @ = P'D and QA+ PC = Q'D where P, Q' € F,[z] and ged(P',D’) = 1.
Thus,

o
ba (P, Q)I|Q[| DI?
We claim that if P’ or @’ is not a ¢** power of an element in F,[z], then |b, (P, Q)| <
|C|/|D|?. To see this, suppose that |b,(P,Q)| = |C|/|D|?>. Then Equation (2.11)

becomes

Qo + P'| = (2.11)

1
Qal — (—P)| = —. (2.12)
| (=P 14
By (2.12) and Lemma 3, there exist an integer n > 0 and ¢}, d}; € F,\{0} such that

—P'= C;klﬁn + d:;ﬁn—h Q/ = c:;@n + d:;én—la

where ﬁn_l / @7;—17 ﬁn / @n are consecutive convergents of a?. Since all convergents
of a? are ¢*" powers of polynomials in F,[x], so are ﬁn,l,ﬁn, én,l, and @n, and
we are done. If |bo(P,Q)| > |C|/|D|?, then, by (2.11) and Lemma 3, —P'/Q’ is a
convergent of a?. Similarly, P’ and Q' are both ¢*" powers in F,[z]. This proves
the claim.

Since D divides C' = zf, the element D must be of the form D = bz’, where
0 <1¢ < ¥{. We consider three cases.

Case 1. D = bx® where 0 < i < £ — 2. Observe that the polynomial P’ has
a constant term (for otherwise write P’ = ... + axr12"! + apo® € F [z] where
k > 1 is the smallest degree of z. Therefore, Q = P'D = (... + a;b)z**? and so
1 | Q. Now, we have 2/t | ged(Q,C) = ba?, a contradiction.) If P’ is not a
q'" power of an element in Fy[z], then, by the claim, the partial quotient b, (P, Q)
is bounded as required. Now, we consider the case that P’ is a ¢! power, say

P =. 4z +cix9+co withey € F 0}. Then, since ¢ and £ —1i > 2, we have
q
A+ PC .
Q = Q% = AP + b 2" 7'P = ...+ e1coz + eoco,

where e1cy € F,\{0}. Consequently, there is a linear term ejcoz in the expansion,
and so @’ is not a ¢** power. By the claim, we have

Cl 2
[ba (P, Q)] < DE = 72 < Jaf.

Therefore, in this case the partial quotients b,, are bounded by |z|*~! for all n > m.

Case 2. D = ba'"!. By the same argument as in Case 1, P’ must have a constant
term. Therefore, Q' = AP'+b~ 'z P also has a constant term. If P’ or Q' is not a ¢*"
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power, then by the claim, we have |b, (P, Q)| < |z|*~!. Assume P’ and Q' are both
q'" powers. Write P’ = U9 and Q' = V¢ where U,V € F[z]. Since ged(P’,Q’) = 1,
we obtain ged(U, V) = 1. Then Equation (2.11) becomes

1 1

Viat — (~U7)| = R
| U= o

Since |bo(P, Q)] > 1 and £ > 2, by Lemma 3, we have —U?/VY is a convergent of
a? with |bae (=U2, V)| = |be (P, Q)||z|*2. Since |bya (—U9, V)| is a ¢'* power of a
positive integer, we have

Va—(=U)|

(2.13)

1
Y Toa(P, Q)] 2V

satisfies the condition of Lemma 3. This implies that —U/V is a convergent of «

with
ba(=U. V)| = {/]ba (P, Q)|[z[*2. (2.14)

If —U/V is a convergent of « preceding —A/C, then by Lemma 1 (vi), |[Ca + A| <
|[Va — (=U)|. By (2.8) and (2.13), we have

lbo(~U, V)| < [ba(~=4, C)||C] = || @ D|z|* = ||,
Hence, we get |bo(—U, V)| < |z|9"!, implying that
b (P, Q)] = [ba(=U, V)|9]a|>* < |z|(@*~DEi-=2)

If —U/V is a convergent of « which is equal to —A/C, then CU = AV. Since P’ =

U? and ' = V7 both contain constant terms, so do U and V. Write U = ... + ug
and V = ...+ vy where ug, vy € F, \ {0}. Now we have
et uert = CU = AV = ...+ egup,

where ¢ > 2 and egvg # 0, and this is impossible. If —U/V is a convergent of «
that comes after —A/C, then |C||[Va+ U| < |V||Ca + A| and so

|AV — CU| = max{|C||Va + U|,|V||Ca + Al} = |V||A + Ca| = ||CV|q (2.15)

Since |[Va+U| = 1/(|bo (U, V)||V|) and |Va + U| = |(AV — CU)a? + V|/|C|7HL,

we have

(AV — OVt + V| = — 17 (2.16)
_ od + — . .
[ba (=T, V)|V
From (2.15) and (2.16), we conclude that
C]

(AV — CUa? + V| =

[ba(—0, V)| AV — CT|



INTEGERS: 26 (2026) 10

By the same argument as before, we let
D' = ged(V, AV — CU) = ged(V, —CU) = ged(V, C).

Then V =U'D’ and AV —CU = V'D’ where U', V' € F,[z]. Since V has a constant
term, we have ged(V,C) =1 and so D’ = 1. Then U’ =V and V' = AV — CU.
Now, we get

CI 1
ba(=U, V)| V|
If U’ is not a ¢ power, then by the claim, we get |b,(—U, V)| < |z|~1. By (2.14),
we have

[V'a? +U'| =

[ba(P, Q)] < |af(t~ D072,

Otherwise, if U’ is a ¢*" power, then
V' = AV —CU = (... + e1vox + egvg) — z'U.

Since £ > 2 and ejvg # 0, there is a linear term ejvpx in the expansion, and so V' is
not a ¢*” power. By the claim again, we have |b,(—U, V)| < |z[*~1. Also, by (2.14),
we have

[ba(P, Q)] < [a] @D (072),

Therefore, in Case 2, the partial quotients b, for all n > m are bounded by
max{|z|*~1, |x|(42—1)£—(q—2)7 |z|(@-DE=(a-2)) = |x|(q2—1)£—(q—2).

Case 3. D = baf. We shall show that
1ba(P, Q)| < |2 l77),

where |¢/(q — 1)] is the greatest integer less than or equal to £/(q—1). Suppose, to
the contrary, that there exist a convergent P/Q such that b, (P, Q)| > |z|L¥/(a=D].
We may assume that b, (P, @) has the smallest degree greater than |£/(¢ —1)]. If
P’ or Q' is not a ¢'" power, then |b,(P,Q)| < |C|/|D|* = |z|=*, a contradiction.
Thus, P’ and Q' must be ¢'" powers, say P’ = U9,Q’ = V4 where U,V € F,[z].
Since ged(U?, V) =1 = ged(P’,Q"), we have ged(U, V') = 1. Substituting P’ = U9,
Q' =V4, and D = ba’ in (2.11), we get

V0t + 0] 1 == ()
« = . = 7 s
o P QI Ve~ \ 71V

where #'/q € N. Since |by(P,Q)| > 1 and £ > 2, we have |by (P, Q)||z|* = |z|*" for
some integer ¢ > 0. By Lemma 3, we have —U9/V? is a convergent of a? with
|baa (U, V)| = |bo(P,Q)||x|. Since bya(—U9, V) is a ¢*" power and q | ¢/, we
deduce that

[Va+ U]

1
Y/ ba(P.Q)[l2|V]



INTEGERS: 26 (2026) 11

By Lemma 3 again, —U/V is a convergent of « such that
ba(~U. V)| = {/ba(P.Q)lJe|* > [af L7,

Since deg b, (P, Q) > [¢/(q —1)], we get degb,(—U,V) < degb, (P, Q) which con-

tradicts the assumption that the convergent P/Q has b, (P, Q) of smallest degree

greater than [£/(¢ —1)]. In this case b,, is bounded by |z|/(@=D] for all n > m.
From the above three cases, for all n > m, we have b,, is bounded by

max{|z[07!, [2](@ D072 )/ @Dy = ()@ - DE(a-2)
Summing up, for all n € NU {0}, the partial quotient b,, is bounded by
max{|z|%, |2|%, |z|@ D¢, |z D02y = |z|(@° D= (a-2)
Hence, a has bounded partial quotients as desired. O
Taking ¢ = 2, we get the following result of Ayadi, Beldi, and Lee.
Corollary 1 ([1]). If o € Fa ((#71)) has positive degree and satisfies the equation

CT?+ AT? +1 =0,

where C = z*, for some £ > 2, and A = 2% + Efl:_zl e;x' +x + 1 € Falz], then
has bounded partial quotients.

As another application, the following result in [3] is an example of a quartic
formal Laurent series over F3 with bounded partial quotients.

Example 1. Consider the equation
T+ @+ 23+ 2+ DT3P +1=0,

all of whose coefficients are in F3(x). If a € F3((x™!)) is its irrational root, by
Theorem 4, all partial quotients of « are bounded by

max{|z[?, |2[° [a]*, |27} = [2]".

3. The Second Class
In this section, we deal with equations of the form

a7 + DT + 2 =0,

where ¢ > 1 and D € F,[z] with D(0) # 0. The existence of an irrational root of this
equation depends on the choice of ¢, D, and ¢. For example, if ¢ = 2, D = 1, and
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£ =1, the root is given by Baum and Sweet in [2]. For m =deg D andif 1 < ¢ <m
with (¢,m) # (1,1), the equation has a unique root a with |a| = |z[*~™, [4].
Throughout this section, let

P P
E = {Q : 0 is a convergent of & and ged(P, Q) = 1} .

We begin with two lemmas.

Lemma 4. Let o = [by,b1,ba,...] € Fy((z71)) be irrational and let P,/Q, be its

nt" convergent.

i) If |a| > 1, then |a — P, /Qn| < |a] for alln > 0.
i) If |a] < 1, then |a — Py/Qol = || and |a — P, /Qx| < |af for alln > 1.

Proof. (i) Assume that |a| > 1. If n = 0, then

P,
’ao =la—bo| =|a—[a]] <1< |al
Qo
For n > 1, by Lemma 1 (iv) and (v), we have
P, 1 1 <1<laf
oa— —| = = S |of.
Qn |bn+1||Qn|2 |bn+1||bn-~-b2b1|2

Therefore, | — P, /Qn| < |a for all n > 0.
(ii) Assume that |a| < 1. Then by = [@] = 0 and a = [0, b1, b, . . .| yielding
P
a— -2
Qo
Since a = [0, b1, ba, .. .], write 1/a = by + 8 where 3 € F,((z~!)) with |3| < 1. Then
|1 — abi| = |af| < |a| < 1. Therefore,

= |ar = 0] = [a].

‘ _ B _‘a_l _M<L_|a|

Q1 by [01] [01] '
By Lemma 1 (vi), we have |a — Py41/Qn+1] < | — P,,/Qy| for all n > 1, and so
oo — P, /Qn| < || for all n > 1. O

Observe that, by Lemma 4, if |a| > 1, then |a — P/Q| < |af for all P/Q € E.
Otherwise, we have by = 0 = Py/Qo, |b1] = 1/|al, and |a — P/Q| < |a] for all
P/Q € E\{0}. Consequently, we have

o— g‘ < |a| for all g € E\{0}.

We shall also need the following result of Lasjaunias in [4].
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Lemma 5 ([4, Lemma 1, p.50]). Let o be an irrational element in Fy((z71)) sat-
isfying o = gSZIg where A = AD — BC # 0. If P/Q € E is such that

a4
C
and if Ry or S is not a q¢'* power of an element in F,[z], then
[ba(P. Q)] < |Al61(P, Q).

We now state our second main theorem.

Theorem 5. Assume o € Fy ((:cfl)) s an irrational root of the equation
T + DT + 2 =0, (3.1)

where £ > 1, and D € F,[z] is such that D(0) # 0. If |a| > ||~ @~V | then o
has bounded partial quotients.

To prove the theorem, we need some more lemmas.

Lemma 6. Let A, B,C, D € Fy[x] be such that gcd(A, B,C, D) =1 and AD—BC #
0. Set A := AD — BC. Suppose that there exists an irrational element o in

F,((x™1)) satisfying
Aa?+ B

T Cai D
Let f be the linear fractional transformation defined by
AT + B
= ——.
(1) CT+D

For P/Q € E such that P/Q # A/C and (P/Q)? # —D/C, let

R, :=DP—BQ, S1:=-CP+ AQ (3.2)
Ry = AP? + BQ?, S,:=CP?+ DQ".
Then R P\ A(Qa- P)
1 -1 S o —
o T <Q) S (A-Ca)s o)
and R P\1? A(Q P)?
2 _ _((B)) L AlQa—P)T
a-g, —fla-f ((Q) ) ~ (Ca’+ D)Sy (3:5)

Proof. Since A # 0, we have A/C # B/D. Note that a # A/C since « is irrational.

It is known that if T'# A/C, then f is invertible and f~(T) = PCTT_+BA. Note that

Do — B
L) = — — — 1

Aa?+ B

qy — —
flat) = So = a
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Recall that )

[ba (P, Q)NIQI
Since S7 # 0 and Sy # 0, it is easily checked that

Ber (). 2-o((E))

For Ty, Ty € Fy((z=1)\ {—D/C, A/C}, we have

Qa— Pl =

_ A(Tl - TQ) 1 1 _ A(Tl - TQ)
and the desired results follow. O

The next lemma yields more information when the convergent P/Q is subject to
certain restrictions.

Lemma 7. Keeping the notation of Lemma 6, let P/Q € E.
i) If | — P/Q| < |a — A/C|, then
|S1a® = Ra| = |A[[ba(P. Q)71 |S1] 7. (3.7)
i) If o — P/Q| < |a? + D/C|"?, then
[S2c = Ro| = |Al[ba (P, Q)| ]S2| 7" (3-8)
Proof. (i) Assume that |a — P/Q| < |a — A/C|. Then |C (P/Q) — Ca| < |Ca — A|.

Therefore,

o(B)d-[e(D)-curca | -ica-a o

By (3.2), we have S; = —CP + AQ and thus

P
51 = 1Q) \c (Q) - A\ —1Q/|Ca - A

Using (3.4), (3.6), and (3.9), the first assertion follows.
(ii) Assume that |a— P/Q| < |a?+ D/C|"?.  Then |C(P/Q)! - Cal| <
|Ca? + D|. Therefore,

P\ P\
By (3.3), we have Sy = CP?+ DQ? and thus

52| = Q[

P q
c (Q> +D‘ =1Q|?|Ca? + D|.

Relations (3.5), (3.6), and (3.10) imply the second assertion. O



INTEGERS: 26 (2026) 15

Observe that the relations (3.7) and (3.8) can be further refined by setting
0 (P,Q) :=gced(Ry,S51) and 02(P, Q) := ged(Ra, S2).
From the two relations in (3.2), we see that P and @ satisfy
AR; + BS1 = AP, CR;+ DS; = AQ.
Similarly, the two relations in (3.3) give
DRy — BSy = APY, —CRy + ASy = AQY.

From 6;(P,Q) | AP and 6;(P,Q) | AQ, since ged(P, Q) = 1, we have §; (P, Q) | A.
Similarly, we have d3(P, Q) | AP? and §5(P, Q) | AQY. Since ged(P?,Q%) = 1, we
have d2(P, Q) | A. Putting

Rl = Rll(gl(P,Q), Sl = 5161(P7Q)7

and

RZ = R1262(P7Q)7 SQ = Sé(;Z(PvQ)v
the relations (3.7) and (3.8) become

1S1a? — Ri| = [Allba(P,Q)|7H|S17 o1 (P, Q)2 (3.11)

and
[Spar = R5| = | A||ba (P, Q)7 S51~|85(P, Q) 2,

respectively. We are now ready to prove Theorem 5.

Proof of Theorem 5. If « is an irrational root of the equation (3.1), then « satisfies
a(zad + D) = —z%, so we can write
0-a?+ (—2f)
a=———-"+
z-al+ D

Here, A = 0,B = —2%,C = x yielding A = AD — BC = z'*! and |A| = |z|*1.
Assume |a| > |z|~((@=DHD et P/Q € E. By Lemma 4, we have

P <Jal A
a—— al=|a——=
Q C
for all P/Q € E'\ {0}. Then, in this case, we have
Ri=DP—-BQ=DP+2zQ and S =-CP+AQ = —=zP.

Using the above setting, since d;(P,Q) | A, we can write 6;(P,Q) = 27 where
je{0,1,...,041).
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We observe that x 1 D. Otherwise, there exists D’ € F,[x] such that D = zD’.
Then D(0) = 0- D’'(0) = 0, which is a contradiction. Therefore, ged(x, D) = 1.
We now show that

01(P,Q) = 1 if and only if x { P.

To see this, assume « | P. Then P = zP’ for some P’ € Fy[z]. Since Ry = DP +
2‘Q = x(DP' + 2*71Q), we get = | R;. Likewise, S; = —xP, so = | S;, and hence
x | ged(Ry,S1), ie., 61(P,Q) # 1. To prove the converse, assume 01(P, Q) # 1.
Since §1(P,Q) | A, we write 0;(P,Q) = 27 for some j € {1,2,...,¢£ + 1}. Then
Ry = 2/R} and S; = 275}, Since S; = —xP, we obtain 298] = —zP, and hence
P=—2971Q),ie., 27 | P.For j € {2,3,...,0+1}, we have x | 2/~! so that = | P.
For j = 1, we have §;(P,Q) = 2. Then z | Ry, i.e., | DP + 2*Q. Since | 2°Q, we
get « | DP. As ged(z, D) = 1, it follows that x | P. Therefore, §; (P, Q) = 1 if and
only if x 1 P.
Next, we show that for all 1 < j </ — 1, we have

61(P,Q) = 27 if and only if 27 | P, 271 { P.

To prove this, let 1 < j < ¢ — 1. Assume 6;(P,Q) = 2/. Then 27 | Ry, i.e.,
27 | DP+2%Q. Since 27 | 2°, we have 27 | /Q, so 27 | DP. Since ged(z7, D) = 1, we
see that 27 | P. Next, we suppose that 27+ | P. Since 71! | 2 and R, = DP+2°Q,
it follows that z7*! | Ry. Likewise, since S; = —xP and 2/ | P, we have /1! | §].
Hence, 277! | ged(Ry,S51) = 61(P,Q), contradicting §;(P,Q) = 2. Therefore,
71 P. Conversely, assume that 27 | P and 27! { P. Since Ry = DP + 2‘Q
and S; = —zP, we get 2/ | Ry and 27 | S1. Then 27 | 6;(P, Q). Next, we suppose
that 27t | 6;(P,Q). Then 27! | Ry, ie., 27! | DP + 2Q. Since 71! | 2%, we
have z/*! | DP, but ged(z, D) = 1 yielding 27! | P, a contradiction. Therefore,
91} 51 (P, Q). Since 61 (P, Q) is a power of x, we conclude that &;(P, Q) = 7.
To finish the proof, consider three possible cases.

Case 1. j = 0, ie, 61(P,Q) = 1. We have x t P. So the constant term of the

polynomial P is nonzero, say cqg. Moreover, since S; = S; and S; = —z P, it follows
that S is of the form S} = ...—wcg. Therefore, S is not a ¢** power, so by Lemma
5, we have

ba (P, Q)| < |z

Case 2. §1(P,Q) = 27/ where j € {1,2,...,£ —1}. We have 2/ | P and 27t { P.
Since S; = Sjz7 and S; = —aP,

, P
S =—a"P=—2 (xﬂ) .

Since x is irreducible and P/’ is not divisible by x, we see that S} cannot be a ¢
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power. Hence, by Lemma 5, we have

b (P, Q)| < ||

Case 3. 61(P,Q) = 27 where j = ¢ or £+ 1. Write S; = /5] and R; = 27 R such
that = 1 R} and z tS]. The equation (3.11) becomes

1S1a? — RY| = || =2 b (P, Q)| 1S5~ L

Since |z|*~29+1|b, (P, Q)| ™! < 1, we see that R} /S] is a convergent of a? by Lemma
3. Hence, by Lemma 2, there exist U,V € Fy[z] such that U? = R}, V¢ = 57, and

Va— Ul = {/lelt=2+1 b (P,Q) V]~

Again, since {/|z|f-2+1]b,(P,Q)|~! < 1, by Lemma 3, U/V is a convergent of « .
Since |Va — U| = 1/|ba (U, V)||V], we have

b (U V)] = {2216 (P, Q)] (3.12)

Let Uy := DU + 2V and V; := —2U. Set U; = U{6,(U,V) and Vi = V/6,(U,V),
where 61 (U, V) = ged(Uy, V7). Since x t+ R}, we get 4 U. Then §;(U,V) = 1. By
the same proof as in Case 1, we have V] is not a ¢'" power. Also, by Lemma 5, we
have that

b (U, V)] < |AI[8:(U, V)2

Since 61 (U, V) = 1, we see that

[ba (U, V)| < Jaf".

By Equation (3.12), we can conclude that ¢/|z[2=%=1[b,(P, Q)| < |z|%, i.e.,
ba (P, Q)| < |22 |98 = |g[(at D=2+,

and so
[ba (P, Q)] < ||V
The three cases show that o has bounded partial quotients. O

As a corollary of Theorem 5, we re-obtain a result of Baum and Sweet by taking
qg=2and D =1.

Corollary 2 ([2, Theorem 1, p. 598]). Assume o € Fa((z™1)) is a root of the
wrreducible equation
aT? +T+ 2 =0.

Then o has bounded partial quotients with bounded degree at most 2.
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The method developed at the beginning of this section also gives a criterion for
formal Laurent series to have unbounded partial quotients. Let

1/q
F:{PEE: }

Q
Lemma 8 ([4]). Let a be an irrational element in Fy((z~1)) satisfying

D
g4 =
a+0

2
a— —=| <

Q

Recall the following lemma of Lasjaunias [4].

o Aa?+ B
T Ca?+ D

where A = AD — BC # 0. Suppose that there exists P/Q € F such that

P 1 2 1
a— Q‘ <|A|7T|Ca? + D|7T  and |bo(P,Q)| > |A]7T.

Then « has unbounded partial quotients.
We now state and prove our last main result.
Theorem 6. Assume o € Fy ((:cfl)) s an irrational root of the equation
T + DT +2° =0,

where £ > 1, and D € Fyz] is such that D(0) # 0. If |a| < |z|~(@= DD then o
has unbounded partial quotients.

Proof. Assume |af < |z|~((@=D1) < 1. By Lemma 4, we have

L)
Qo

1
|ba(Po, Qo)||Qo?

o = |a— 2| =

Therefore,
b (0, 1)] = [ba(Po, Qo)| = [ 7+ > [a] (=D,

Clearly, |b4(0,1)]| satisfies the second condition in Lemma 8 because
2l DS (e = (A

It remains to show that Py/Qo is in F' and satisfies the first condition in Lemma 8.
Since |a| < |z|~((@=DH1) < 1, we have

lzad| < |x‘—(q(q—1)€+q)+1 < 1.
Since |D| > 1, we have |za?| < |D], so that

|za9 4+ D| = |D|. (3.13)
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It follows that |a? + D/z| = |D|/|z| > |z|~!, and thus

1

’ > |x|_% > || ~(a=DEHD ‘a _ 5

Qo
Hence, Py/Qo € F. From (3.13), we have |za? + D|?/(¢=1) = |D|?/(¢=1) and so

D
a‘]+7
T

|A|7T |zad + D|71 > |z~ (@ DEHD 5 g,

ie.,, Py/Qo € F satisfies the first condition in Lemma 8. Therefore, the partial
quotients of « are unbounded. O

Applying Theorems 5 and 6 to the case ¢ = 2, we obtain the following result of
Lasjaunias.

Corollary 3 ([4]). Let £ € N and let D € Falz] be such that D(0) = 1. If a €
Fy ((z71)) is an irrational root of the equation
T3 + DT + 2f = 0,
then
i) for |a| > |z|~“+Y), the partial quotients of a are bounded by |z|*T;

i) for |a| < x|~V the partial quotients of a are unbounded.
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