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Abstract

Two classes of algebraic formal Laurent series over a finite field with bounded partial
quotients in their continued fraction expansions are constructed. The first class is
based on and extends a result of Ayadi et al. in 2016. The second class is exhibited
by generalizing a result of Lasjaunias in 1999; a complementary set of the second
class with unbounded partial quotients is also derived.

1. Introduction

The problem of classifying elements in the field of formal Laurent series over a

finite field F that have bounded partial quotients in their continued fractions is an

interesting, yet still unsolved problem. Baum and Sweet [2] proved the following

three main results.

Theorem 1 ([2, Corollary 3]). Let f ∈ F2((x
−1)), F2 the finite field with two

elements, be a root of the equation f3 + p−1f + 1 = 0, where p(x) ∈ F2[x] and

deg p ≥ 1. Then f has bounded partial quotients.
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Theorem 2 ([2, Theorem 5]). If f ∈ F2((x
−1)) satisfies f2n+1 + g−1f + 1 = 0,

(n > 1), where g ∈ F2[x], deg g ≥ 1, then f has unbounded partial quotients.

Theorem 3 ([2]). Let n ≥ 0, and let P,Q ∈ F2[x] be such that P + Q2n ̸= 0, 1.

Then f2n+1 + Qf2n + Pf + QP + 1 = 0 has a unique root f in F2((x
−1)) and its

continued fraction is f =
[
Q;P +Q2n , P 2n +Q22n , P 22n +Q23n , · · ·

]
.

As mentioned in [1], Mills and Robbins [5] showed that irrational formal Laurent

series that are solutions of equations of the form

x =
Axpr

+B

Cxpr +D
, r ≥ 0, A,B,C,D ∈ F [X], F a finite field of characteristic p,

(1.1)

tend to have regular patterns in their continued fraction expansions. In 1999, Las-

jaunias [4] generalized the work of [2] and obtained a root of the cubic equation

xT 3 +DT + xℓ = 0, ℓ ≥ 1, D ∈ F2[x], D(0) = 1

with bounded partial quotients. Recently, in 2016, among other things, Ayadi et

al. [1] proved: if α over F2 is the unique formal Laurent series of positive degree

that is a root of the equation

xℓα3 +Aα2 + 1 = 0, ℓ ≥ 2, A = x2ℓ +

2ℓ−1∑
i=2

eix
i + x+ 1, ei ∈ F2, (1.2)

then α has bounded partial quotients. It is also mentioned that more examples of

elements with bounded and/or unbounded partial quotients ought to be explored

for the classification problem.

We exhibit here two further classes of algebraic formal Laurent series with

bounded partial quotients. The first class extends the one in (1.2) to the field

of any characteristic. The elements in the second class are derived using a result of

Lasjaunias in [4]; they are algebraic formal Laurent series closely related to (1.1).

In fact, in this second class, it is possible to completely classify whether they have

bounded partial quotients using their valuations.

Throughout the rest of the paper, let Fq be the finite field of q elements, Fq[x]

the ring of polynomials over Fq, and let F := Fq((x
−1)) be the field of formal

Laurent series over Fq, complete with respect to the degree valuation | · |, and set

N = {1, 2, 3, . . .}. For P,Q ∈ Fq[x]\{0}, by gcd(P,Q) we mean the monic polynomial

d ∈ Fq[x] satisfying d | P, d | Q, and if d′ ∈ Fq[x] such that d′ | P, d′ | Q, then d′ | d.
Moreover, P and Q are said to be associates if there exists c ∈ Fq\{0} such that

P = cQ.

For a basic introduction to continued fractions in the field of formal Laurent

series, we refer to the works [6] and [1, Section 2]. Recall that for each nonzero

element

α = cmxm + . . .+ c1x+ c0 +
c−1

x
+

c−2

x2
+ . . . ∈ F,
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where m ∈ Z, ci ∈ Fq (i ≤ m), and cm ̸= 0, the degree valuation is defined by

|α| = |x|m and |0| = 0. Every element α ∈ F can be represented uniquely as a finite

or infinite expression of the form

α = b0 +
1

b1 +
1

b2 + ...

:= [b0, b1, b2, . . .], (1.3)

where b0 ∈ Fq[x] and bi ∈ Fq[x]\Fq (i ≥ 1). The polynomials bn are called the

partial quotients of α and αn := [bn, bn+1, . . .] is called the nth complete quotient of

α. We say that α ∈ F has bounded partial quotients if supn≥0 |bn| < ∞, and say

that α has unbounded partial quotients otherwise. Equivalently, α has bounded

partial quotients if the degrees of all polynomials bn are bounded. Define

P−1 = 1, P0 = b0, Pn+1 = bn+1Pn + Pn−1 (n ≥ 0),

Q−1 = 0, Q0 = 1, Qn+1 = bn+1Qn +Qn−1 (n ≥ 0).

The quotient Pn/Qn is called the nth convergent of α. For convenience, the (n+1)th

partial quotient bn+1 in (1.3) is denoted by bα(Pn, Qn). The following properties

are well-known.

Lemma 1. Keeping the above notation, for n ≥ 0 and β ∈ F\{0}, we have

i) βPn+Pn−1

βQn+Qn−1
= [b0, b1, b2, . . . , bn, β],

ii) PnQn−1 − Pn−1Qn = (−1)n−1,

iii) |Qn| > |Qn−1| > 0,

iv) |Qn| = |b1b2 . . . bn| (n ≥ 1),

v)
∣∣∣α− Pn

Qn

∣∣∣ = 1
|bn+1||Qn|2 (n ≥ 1),

vi) |Qn+1α− Pn+1| < |Qnα− Pn| (n ≥ 1).

2. The First Class

To construct our first class of algebraic formal Laurent series with bounded partial

quotients, we need the following lemmas.

Lemma 2. If the continued fraction expansion of α is [b0, b1, b2, . . .], then the con-

tinued fraction expansion of αq is [bq0, b
q
1, b

q
2, . . .] whose nth convergent is

P̃n

Q̃n

= [bq0, b
q
1, b

q
2, . . . , b

q
n],

where P̃n = P q
n and Q̃n = Qq

n, with Pn/Qn being the nth convergent of α.
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Proof. By induction on n ≥ 0, it is easily verified that

P q
n

Qq
n
= [bq0, b

q
1, b

q
2, . . . , b

q
n].

The desired result now follows by noting that, by Lemma 1 (v), we have∣∣∣∣∣αq − P̃n

Q̃n

∣∣∣∣∣ =
∣∣∣∣α− Pn

Qn

∣∣∣∣q <
1

|bn+1|q|Qn|2q
−→ 0 (n → ∞).

The following lemma generalizes corresponding results of Baum and Sweet in [2].

Lemma 3 ([2, Lemma 1]). Let P,Q ∈ Fq[x] with gcd(P,Q) = 1.

i) If |Qα− P | = |x|−s|Q|−1 for some s ∈ N, then there exists n ∈ N ∪ {0} such

that P and Q are associates of Pn and Qn, respectively. Moreover, for such

n, the (n+ 1)th partial quotient bn+1 satisfies |bn+1| = |x|s.

ii) If |Qα − P | = |Q|−1, then there exist n ∈ N ∪ {0} and c∗n, d
∗
n ∈ Fq\{0} such

that

P = c∗nPn + d∗nPn−1, Q = c∗nQn + d∗nQn−1.

Proof. (i) Assume |Qα − P | = |x|−s|Q|−1 for some s ∈ N. Since s > 0, we have

|α− P/Q| < 1/|Q|2. Choosing n ∈ N ∪ {0} so that |Qn| ≤ |Q| < |Qn+1|, we get∣∣∣∣α− P

Q

∣∣∣∣ < 1

|Qn||Q|
.

Since Pn/Qn is a best approximation to α, we must have

|Qnα− Pn| ≤ |Qα− P | < 1

|Q|
.

Thus, ∣∣∣∣PQ − Pn

Qn

∣∣∣∣ ≤ max

{∣∣∣∣PQ − α

∣∣∣∣ , ∣∣∣∣α− Pn

Qn

∣∣∣∣} <
1

|Qn||Q|
. (2.1)

To show that P/Q = Pn/Qn, we assume to the contrary that P/Q ̸= Pn/Qn. Then∣∣∣∣PQ − Pn

Qn

∣∣∣∣ = |PQn −QPn|
|Qn||Q|

≥ 1

|Qn||Q|
,

which contradicts (2.1), and so P/Q = Pn/Qn. Making use of the fact that

gcd(P,Q) = 1 = gcd(Pn, Qn), we conclude that P and Pn are associates and so

are Q and Qn. Therefore, by Lemma 1, parts (iv) and (v), we have

|Qα− P | = |Qnα− Pn| =
1

|bn+1||Qn|
=

1

|bn+1||Q|
.
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Combining with the main hypothesis, we deduce at once that |bn+1| = |x|s.
(ii) As in the proof of (i), choosing n ∈ N ∪ {0} such that |Qn| ≤ |Q| < |Qn+1|,

we get ∣∣∣∣α− P

Q

∣∣∣∣ = 1

|Q|2
≤ 1

|Qn||Q|
.

Again using the fact that Pn/Qn is a best approximation of α, we see that

|Qnα− Pn| ≤ |Qα− P | = 1

|Q|
,

and this leads to∣∣∣∣PQ − Pn

Qn

∣∣∣∣ ≤ max

{∣∣∣∣PQ − α

∣∣∣∣ , ∣∣∣∣α− Pn

Qn

∣∣∣∣} ≤ 1

|Qn||Q|
. (2.2)

We note now that P/Q cannot be a convergent to α; for otherwise, by Lemma 1 we

would have |Qα− P | < |Q|−1, a contradiction. Since P/Q ̸= Pn/Qn for any n, we

have ∣∣∣∣PQ − Pn

Qn

∣∣∣∣ = |PQn −QPn|
|Qn||Q|

≥ 1

|Qn||Q|
,

which together with (2.2) implies that

|PQn −QPn| = 1.

Then PQn − QPn := dn ∈ Fq\{0} and so the matrix

[
P Pn

Q Qn

]
is nonsingular,

with inverse 1
dn

[
Qn −Pn

−Q P

]
. Observe that

1

dn

[
Qn −Pn

−Q P

] [
Pn−1

Qn−1

]
=

1

dn

[
QnPn−1 − PnQn−1

−QPn−1 + PQn−1

]
=

[
(−1)n/dn
cn/dn

]
,

(2.3)

where cn = −QPn−1+PQn−1. The relation (2.3) assures us that the system of two

equations

(−1)n

dn
P +

cn
dn

Pn = Pn−1,
(−1)n

dn
Q+

cn
dn

Qn = Qn−1,

has a unique solution with (−1)n

dn
, cn
dn

∈ Fq[x]. Equivalently, we have

P = (−1)n(dnPn−1 − cnPn), Q = (−1)n(dnQn−1 − cnQn).

Note that cn ̸= 0, for if cn = 0, then P/Q = Pn−1/Qn−1 is a convergent of α, a

contradiction. Thus,

Qα− P = (−1)n(dnQn−1 − cnQn)α− (−1)n(dnPn−1 − cnPn)

= (−1)n(dn(Qn−1α− Pn−1)− cn(Qnα− Pn)). (2.4)
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By the strong triangle inequality, we get

|Q| = |Qn−1 − cnQn| = | − cnQn| = |cn||Qn|. (2.5)

By Lemma 1, (2.5), and the choice of n, we see that

|cn(Qnα− Pn)| =
|cn|

|Qn+1|
· |Qn|
|Qn|

=
|Q|

|Qn+1Qn|
<

1

|Qn|
= |dn(Qn−1α− Pn−1)|.

Using this last estimate, the relation (2.4) yields

|Qα− P | = |dn(Qn−1α− Pn−1)| = |Qn−1α− Pn−1|.

Since |Qα − P | = 1/|Q| and |Qα − P | = |Qn−1α − Pn−1| = 1/|Qn|, we have

|Q| = |Qn| and so |cn| = 1. Therefore, cn ∈ Fq \ {0}.
Hence, there exist n ∈ N∪{0} and c∗n, d

∗
n ∈ Fq\{0} such that P = c∗nPn+d∗nPn−1

and Q = c∗nQn + d∗nQn−1 as desired.

Recall that each element α ∈ F can be written uniquely as

α = [α] + (α) ,

where

[α] := cmxm + . . .+ c1x+ c0, (α) :=
c−1

x
+

c−2

x2
+ . . . .

The element α is said to be of positive degree if [α] ∈ Fq[x] \ Fq.

Our first main result is stated as follows.

Theorem 4. If α ∈ F has positive degree and satisfies the equation

CT q+1 +AT q + 1 = 0, (2.6)

where C = xℓ, for some ℓ ≥ 2, and

A = e2ℓx
2ℓ +

2ℓ−1∑
i=2

eix
i + e1x+ e0 ∈ Fq[x]

with nonzero e2ℓ, e1, and e0, then α has bounded partial quotients.

Proof. Assume that α ∈ F has positive degree and satisfies Equation (2.6). Then

α = −A

C
− 1

Cαq
.

Since α is of positive degree, we have [α] = − [A/C] and |α| = |C|. If α is rational,

then we are done. Otherwise, adopting the same notation as in Section 1, let

α = [b0, b1, b2, . . .] and bα(Pn, Qn) = bn+1. Here, |b0| = |α| = |x|ℓ.
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We must show that bn (n ≥ 1) are bounded. Let n ∈ N ∪ {0}, P := Pn, and

Q := Qn. By Lemma 1 (ii) and (v), we have gcd(P,Q) = 1 and

|Qα− P | = 1

|bα(P,Q)||Q|
. (2.7)

Since α = (−Aαq − 1)/Cαq, we have

|Cα− (−A)| =
∣∣∣∣−Aαq − 1

αq
+A

∣∣∣∣ = |x|−(q−1)ℓ|C|−1.

Notice that gcd(A,C) = 1. By Lemma 3, we know that −A/C is themth convergent

of α with |bm+1| = |bα(−A,C)| = |x|(q−1)ℓ. Again, by Lemma 1 (v), we obtain

|Cα+A| = 1

|bα(−A,C)||C|
. (2.8)

If P/Q is a convergent of α preceding −A/C, then, by Lemma 1 (vi), we get

|Cα+A| < |Qα− P |. By (2.7) and (2.8), we have

|bα(P,Q)| < |bα(−A,C)||C|
|Q|

< |bα(−A,C)||C| = |x|qℓ.

We have thus shown that the partial quotients bn+1 are bounded by |x|qℓ for all

0 ≤ n ≤ m− 1.

We proceed next to show that the partial quotients bn are bounded by

|x|(q2−1)ℓ−(q−2) for all n > m. Assume now that P/Q is the convergent of α right

after −A/C. By Lemma 1 (v), we get |C| < |Q|, and so |C||Qα−P | < |Q||Cα+A|.
Note that

|QA+ PC| = |Q(Cα+A)− C(Qα− P )|

= max{|Q||Cα+A|, |C||Qα− P |} = |Q||Cα+A| = |Q|
|C|q

. (2.9)

We have

|Qα− P | =
∣∣∣∣Q(

−Aαq − 1

Cαq
)− P

∣∣∣∣ = |(QA+ PC)αq +Q|
|C|q+1

.

Hence,

|(QA+ PC)αq +Q| = |C|q+1

|bα(P,Q)||Q|
. (2.10)

Now, from (2.9) and (2.10), we get

|(QA+ PC)αq +Q| = |C|
|bα(P,Q)||QA+ PC|

.
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Let

D = gcd(Q,QA+ PC) = gcd(Q,PC) = gcd(Q,C).

Write Q = P ′D and QA + PC = Q′D where P ′, Q′ ∈ Fq[x] and gcd(P ′, D′) = 1.

Thus,

|Q′αq + P ′| = |C|
|bα(P,Q)||Q′||D|2

. (2.11)

We claim that if P ′ or Q′ is not a qth power of an element in Fq[x], then |bα(P,Q)| <
|C|/|D|2. To see this, suppose that |bα(P,Q)| = |C|/|D|2. Then Equation (2.11)

becomes

|Q′αq − (−P ′)| = 1

|Q′|
. (2.12)

By (2.12) and Lemma 3, there exist an integer n ≥ 0 and c∗n, d
∗
n ∈ Fq\{0} such that

−P ′ = c∗nP̃n + d∗nP̃n−1, Q′ = c∗nQ̃n + d∗nQ̃n−1,

where P̃n−1/Q̃n−1, P̃n/Q̃n are consecutive convergents of αq. Since all convergents

of αq are qth powers of polynomials in Fq[x], so are P̃n−1, P̃n, Q̃n−1, and Q̃n, and

we are done. If |bα(P,Q)| > |C|/|D|2, then, by (2.11) and Lemma 3, −P ′/Q′ is a

convergent of αq. Similarly, P ′ and Q′ are both qth powers in Fq[x]. This proves

the claim.

Since D divides C = xℓ, the element D must be of the form D = bxi, where

0 ≤ i ≤ ℓ. We consider three cases.

Case 1. D = bxi where 0 ≤ i ≤ ℓ − 2. Observe that the polynomial P ′ has

a constant term (for otherwise write P ′ = . . . + ak+1x
k+1 + akx

k ∈ Fq[x] where

k ≥ 1 is the smallest degree of x. Therefore, Q = P ′D = (. . . + akb)x
k+i and so

xi+1 | Q. Now, we have xi+1 | gcd(Q,C) = bxi, a contradiction.) If P ′ is not a

qth power of an element in Fq[x], then, by the claim, the partial quotient bα(P,Q)

is bounded as required. Now, we consider the case that P ′ is a qth power, say

P ′ = . . .+ c2x
2q + c1x

q + c0 with c0 ∈ Fq \{0}. Then, since q and ℓ− i ≥ 2, we have

Q′ =
QA+ PC

D
= AP ′ + b−1xℓ−iP = . . .+ e1c0x+ e0c0,

where e1c0 ∈ Fq\{0}. Consequently, there is a linear term e1c0x in the expansion,

and so Q′ is not a qth power. By the claim, we have

|bα(P,Q)| < |C|
|D|2

= |x|ℓ−2i ≤ |x|ℓ.

Therefore, in this case the partial quotients bn are bounded by |x|ℓ−1 for all n > m.

Case 2. D = bxℓ−1. By the same argument as in Case 1, P ′ must have a constant

term. Therefore, Q′ = AP ′+b−1xP also has a constant term. If P ′ or Q′ is not a qth
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power, then by the claim, we have |bα(P,Q)| ≤ |x|ℓ−1. Assume P ′ and Q′ are both

qth powers. Write P ′ = Uq and Q′ = V q where U, V ∈ Fq[x]. Since gcd(P
′, Q′) = 1,

we obtain gcd(U, V ) = 1. Then Equation (2.11) becomes

|V qαq − (−Uq)| = 1

|bα(P,Q)||x|ℓ−2
· 1

|V |q
.

Since |bα(P,Q)| > 1 and ℓ ≥ 2, by Lemma 3, we have −Uq/V q is a convergent of

αq with |bαq (−Uq, V q)| = |bα(P,Q)||x|ℓ−2. Since |bαq (−Uq, V q)| is a qth power of a

positive integer, we have

|V α− (−U)| = 1
q
√

|bα(P,Q)||x|ℓ−2|V |
(2.13)

satisfies the condition of Lemma 3. This implies that −U/V is a convergent of α

with

|bα(−U, V )| = q

√
|bα(P,Q)||x|ℓ−2. (2.14)

If −U/V is a convergent of α preceding −A/C, then by Lemma 1 (vi), |Cα+A| <
|V α− (−U)|. By (2.8) and (2.13), we have

|bα(−U, V )| < |bα(−A,C)||C| = |x|(q−1)ℓ|x|ℓ = |x|qℓ.

Hence, we get |bα(−U, V )| ≤ |x|qℓ−1, implying that

|bα(P,Q)| = |bα(−U, V )|q|x|2−ℓ ≤ |x|(q
2−1)ℓ−(q−2).

If −U/V is a convergent of α which is equal to −A/C, then CU = AV . Since P ′ =

Uq and Q′ = V q both contain constant terms, so do U and V . Write U = . . .+ u0

and V = . . .+ v0 where u0, v0 ∈ Fq \ {0}. Now we have

. . .+ u0x
ℓ = CU = AV = . . .+ e0v0,

where ℓ ≥ 2 and e0v0 ̸= 0, and this is impossible. If −U/V is a convergent of α

that comes after −A/C, then |C||V α+ U | < |V ||Cα+A| and so

|AV − CU | = max{|C||V α+ U |, |V ||Cα+A|} = |V ||A+ Cα| = |V |
|C|q

. (2.15)

Since |V α+ U | = 1/(|bα(−U, V )||V |) and |V α+ U | = |(AV − CU)αq + V |/|C|q+1,

we have

|(AV − CU)αq + V | = |C|q+1

|bα(−U, V )||V |
. (2.16)

From (2.15) and (2.16), we conclude that

|(AV − CU)αq + V | = |C|
|bα(−U, V )||AV − CU |

.
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By the same argument as before, we let

D′ = gcd(V,AV − CU) = gcd(V,−CU) = gcd(V,C).

Then V = U ′D′ and AV −CU = V ′D′ where U ′, V ′ ∈ Fq[x]. Since V has a constant

term, we have gcd(V,C) = 1 and so D′ = 1. Then U ′ = V and V ′ = AV − CU .

Now, we get

|V ′αq + U ′| = |C|
|bα(−U, V )|

· 1

|V ′|
.

If U ′ is not a qth power, then by the claim, we get |bα(−U, V )| ≤ |x|ℓ−1. By (2.14),

we have

|bα(P,Q)| ≤ |x|(q−1)ℓ−(q−2).

Otherwise, if U ′ is a qth power, then

V ′ = AV − CU = (. . .+ e1v0x+ e0v0)− xℓU.

Since ℓ ≥ 2 and e1v0 ̸= 0, there is a linear term e1v0x in the expansion, and so V ′ is

not a qth power. By the claim again, we have |bα(−U, V )| ≤ |x|ℓ−1. Also, by (2.14),

we have

|bα(P,Q)| ≤ |x|(q−1)ℓ−(q−2).

Therefore, in Case 2, the partial quotients bn for all n > m are bounded by

max{|x|ℓ−1, |x|(q2−1)ℓ−(q−2), |x|(q−1)ℓ−(q−2)} = |x|(q2−1)ℓ−(q−2).

Case 3. D = bxℓ. We shall show that

|bα(P,Q)| ≤ |x|⌊
ℓ

q−1⌋,

where ⌊ℓ/(q − 1)⌋ is the greatest integer less than or equal to ℓ/(q−1). Suppose, to

the contrary, that there exist a convergent P/Q such that |bα(P,Q)| > |x|⌊ℓ/(q−1)⌋.

We may assume that bα(P,Q) has the smallest degree greater than ⌊ℓ/(q − 1)⌋ . If
P ′ or Q′ is not a qth power, then |bα(P,Q)| < |C|/|D|2 = |x|−ℓ, a contradiction.

Thus, P ′ and Q′ must be qth powers, say P ′ = Uq, Q′ = V q where U, V ∈ Fq[x].

Since gcd(Uq, V q) = 1 = gcd(P ′, Q′), we have gcd(U, V ) = 1. Substituting P ′ = Uq,

Q′ = V q, and D = bxℓ in (2.11), we get

|V qαq + Uq| = 1

|bα(P,Q)||x|ℓ
· 1

|V |q
=

(
1

|x|t′/q|V |

)q

,

where t′/q ∈ N. Since |bα(P,Q)| > 1 and ℓ ≥ 2, we have |bα(P,Q)||x|ℓ = |x|t′ for

some integer t′ > 0. By Lemma 3, we have −Uq/V q is a convergent of αq with

|bαq (−Uq, V q)| = |bα(P,Q)||x|ℓ. Since bαq (−Uq, V q) is a qth power and q | t′, we
deduce that

|V α+ U | = 1
q
√
|bα(P,Q)||x|ℓ|V |

.
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By Lemma 3 again, −U/V is a convergent of α such that

|bα(−U, V )| = q

√
|bα(P,Q)||x|ℓ > |x|⌊

ℓ
q−1⌋.

Since deg bα(P,Q) > ⌊ℓ/(q − 1)⌋, we get deg bα(−U, V ) < deg bα(P,Q) which con-

tradicts the assumption that the convergent P/Q has bα(P,Q) of smallest degree

greater than ⌊ℓ/(q − 1)⌋. In this case bn is bounded by |x|⌊ℓ/(q−1)⌋ for all n > m.

From the above three cases, for all n > m, we have bn is bounded by

max{|x|ℓ−1, |x|(q
2−1)ℓ−(q−2), |x|⌊ℓ/(q−1)⌋} = |x|(q

2−1)ℓ−(q−2).

Summing up, for all n ∈ N ∪ {0}, the partial quotient bn is bounded by

max{|x|ℓ, |x|qℓ, |x|(q−1)ℓ, |x|(q
2−1)ℓ−(q−2)} = |x|(q

2−1)ℓ−(q−2).

Hence, α has bounded partial quotients as desired.

Taking q = 2, we get the following result of Ayadi, Beldi, and Lee.

Corollary 1 ([1]). If α ∈ F2

(
(x−1)

)
has positive degree and satisfies the equation

CT 3 +AT 2 + 1 = 0,

where C = xℓ, for some ℓ ≥ 2, and A = x2l +
∑2l−1

i=2 eix
i + x + 1 ∈ F2[x], then α

has bounded partial quotients.

As another application, the following result in [3] is an example of a quartic

formal Laurent series over F3 with bounded partial quotients.

Example 1. Consider the equation

x2T 4 + (x4 + x3 + x2 + x+ 1)T 3 + 1 = 0,

all of whose coefficients are in F3(x). If α ∈ F3((x
−1)) is its irrational root, by

Theorem 4, all partial quotients of α are bounded by

max{|x|2, |x|6, |x|4, |x|15} = |x|15.

3. The Second Class

In this section, we deal with equations of the form

xT q+1 +DT + xℓ = 0,

where ℓ ≥ 1 and D ∈ Fq[x] with D(0) ̸= 0. The existence of an irrational root of this

equation depends on the choice of q,D, and ℓ. For example, if q = 2, D = 1, and
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ℓ = 1, the root is given by Baum and Sweet in [2]. For m = degD and if 1 ≤ ℓ ≤ m

with (ℓ,m) ̸= (1, 1), the equation has a unique root α with |α| = |x|ℓ−m, [4].

Throughout this section, let

E =

{
P

Q
:
P

Q
is a convergent ofα and gcd(P,Q) = 1

}
.

We begin with two lemmas.

Lemma 4. Let α = [b0, b1, b2, . . .] ∈ Fq((x
−1)) be irrational and let Pn/Qn be its

nth convergent.

i) If |α| ≥ 1, then |α− Pn/Qn| < |α| for all n ≥ 0.

ii) If |α| < 1, then |α− P0/Q0| = |α| and |α− Pn/Qn| < |α| for all n ≥ 1.

Proof. (i) Assume that |α| ≥ 1. If n = 0, then∣∣∣∣α− P0

Q0

∣∣∣∣ = |α− b0| = |α− [α]| < 1 ≤ |α|.

For n ≥ 1, by Lemma 1 (iv) and (v), we have∣∣∣∣α− Pn

Qn

∣∣∣∣ = 1

|bn+1||Qn|2
=

1

|bn+1||bn . . . b2b1|2
< 1 ≤ |α|.

Therefore, |α− Pn/Qn| < |α| for all n ≥ 0.

(ii) Assume that |α| < 1. Then b0 = [α] = 0 and α = [0, b1, b2, . . .] yielding∣∣∣∣α− P0

Q0

∣∣∣∣ = |α− 0| = |α|.

Since α = [0, b1, b2, . . .], write 1/α = b1+β where β ∈ Fq((x
−1)) with |β| < 1. Then

|1− αb1| = |αβ| < |α| < 1. Therefore,∣∣∣∣α− P1

Q1

∣∣∣∣ = ∣∣∣∣α− 1

b1

∣∣∣∣ = |αb1 − 1|
|b1|

<
1

|b1|
= |α|.

By Lemma 1 (vi), we have |α− Pn+1/Qn+1| < |α− Pn/Qn| for all n ≥ 1, and so

|α− Pn/Qn| < |α| for all n ≥ 1.

Observe that, by Lemma 4, if |α| ≥ 1, then |α− P/Q| < |α| for all P/Q ∈ E.

Otherwise, we have b0 = 0 = P0/Q0, |b1| = 1/|α|, and |α− P/Q| < |α| for all

P/Q ∈ E\{0}. Consequently, we have∣∣∣∣α− P

Q

∣∣∣∣ < |α| for all
P

Q
∈ E\{0}.

We shall also need the following result of Lasjaunias in [4].
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Lemma 5 ([4, Lemma 1, p. 50]). Let α be an irrational element in Fq((x
−1)) sat-

isfying α = Aαq+B
Cαq+D where ∆ = AD −BC ̸= 0. If P/Q ∈ E is such that∣∣∣∣α− P

Q

∣∣∣∣ < ∣∣∣∣α− A

C

∣∣∣∣
and if R′

1 or S′
1 is not a qth power of an element in Fq[x], then

|bα(P,Q)| < |∆||δ1(P,Q)|−2.

We now state our second main theorem.

Theorem 5. Assume α ∈ Fq

(
(x−1)

)
is an irrational root of the equation

xT q+1 +DT + xℓ = 0, (3.1)

where ℓ ≥ 1, and D ∈ Fq[x] is such that D(0) ̸= 0. If |α| ≥ |x|−((q−1)ℓ+1), then α

has bounded partial quotients.

To prove the theorem, we need some more lemmas.

Lemma 6. Let A,B,C,D ∈ Fq[x] be such that gcd(A,B,C,D) = 1 and AD−BC ̸=
0. Set ∆ := AD − BC. Suppose that there exists an irrational element α in

Fq((x
−1)) satisfying

α =
Aαq +B

Cαq +D
.

Let f be the linear fractional transformation defined by

f(T ) =
AT +B

CT +D
.

For P/Q ∈ E such that P/Q ̸= A/C and (P/Q)
q ̸= −D/C, let

R1 := DP −BQ, S1 := −CP +AQ (3.2)

R2 := AP q +BQq, S2 := CP q +DQq. (3.3)

Then

αq − R1

S1
= f−1(α)− f−1

(
P

Q

)
=

∆(Qα− P )

(A− Cα)S1
(3.4)

and

α− R2

S2
= f(αq)− f

((
P

Q

)q)
=

∆(Qα− P )q

(Cαq +D)S2
. (3.5)

Proof. Since ∆ ̸= 0, we have A/C ̸= B/D. Note that α ̸= A/C since α is irrational.

It is known that if T ̸= A/C, then f is invertible and f−1(T ) = DT−B
−CT+A . Note that

f(αq) =
Aαq +B

Cαq +D
= α, f−1(α) =

Dα−B

−Cα+A
= αq.
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Recall that

|Qα− P | = 1

|bα(P,Q)||Q|
. (3.6)

Since S1 ̸= 0 and S2 ̸= 0, it is easily checked that

R1

S1
= f−1

(
P

Q

)
,

R2

S2
= f

((
P

Q

)q)
.

For T1, T2 ∈ Fq((x
−1))\ {−D/C,A/C}, we have

f(T1)−f(T2) =
∆(T1 − T2)

(CT1 +D)(CT2 +D)
, f−1(T1)−f−1(T2) =

∆(T1 − T2)

(A− CT1)(A− CT2)
,

and the desired results follow.

The next lemma yields more information when the convergent P/Q is subject to

certain restrictions.

Lemma 7. Keeping the notation of Lemma 6, let P/Q ∈ E.

i) If |α− P/Q| < |α−A/C|, then

|S1α
q −R1| = |∆||bα(P,Q)|−1|S1|−1. (3.7)

ii) If |α− P/Q| < |αq +D/C|1/q, then

|S2α−R2| = |∆||bα(P,Q)|−q|S2|−1. (3.8)

Proof. (i) Assume that |α− P/Q| < |α−A/C|. Then |C (P/Q)− Cα| < |Cα−A|.
Therefore, ∣∣∣∣C (

P

Q

)
−A

∣∣∣∣ = ∣∣∣∣C (
P

Q

)
− Cα+ Cα−A

∣∣∣∣ = |Cα−A|. (3.9)

By (3.2), we have S1 = −CP +AQ and thus

|S1| = |Q|
∣∣∣∣C (

P

Q

)
−A

∣∣∣∣ = |Q| |Cα−A| .

Using (3.4), (3.6), and (3.9), the first assertion follows.

(ii) Assume that |α− P/Q| < |αq +D/C|1/q. Then |C (P/Q)
q − Cαq| <

|Cαq +D|. Therefore,∣∣∣∣C (
P

Q

)q

+D

∣∣∣∣ = ∣∣∣∣C (
P

Q

)q

− Cαq + Cαq +D

∣∣∣∣ = |Cαq +D|. (3.10)

By (3.3), we have S2 = CP q +DQq and thus

|S2| = |Q|q
∣∣∣∣C (

P

Q

)q

+D

∣∣∣∣ = |Q|q |Cαq +D| .

Relations (3.5), (3.6), and (3.10) imply the second assertion.
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Observe that the relations (3.7) and (3.8) can be further refined by setting

δ1(P,Q) := gcd(R1, S1) and δ2(P,Q) := gcd(R2, S2).

From the two relations in (3.2), we see that P and Q satisfy

AR1 +BS1 = ∆P, CR1 +DS1 = ∆Q.

Similarly, the two relations in (3.3) give

DR2 −BS2 = ∆P q, −CR2 +AS2 = ∆Qq.

From δ1(P,Q) | ∆P and δ1(P,Q) | ∆Q, since gcd(P,Q) = 1, we have δ1(P,Q) | ∆.

Similarly, we have δ2(P,Q) | ∆P q and δ2(P,Q) | ∆Qq. Since gcd(P q, Qq) = 1, we

have δ2(P,Q) | ∆. Putting

R1 = R′
1δ1(P,Q), S1 = S′

1δ1(P,Q),

and

R2 = R′
2δ2(P,Q), S2 = S′

2δ2(P,Q),

the relations (3.7) and (3.8) become

|S′
1α

q −R′
1| = |∆||bα(P,Q)|−1|S′

1|−1|δ1(P,Q)|−2 (3.11)

and

|S′
2α−R′

2| = |∆||bα(P,Q)|−q|S′
2|−1|δ2(P,Q)|−2,

respectively. We are now ready to prove Theorem 5.

Proof of Theorem 5. If α is an irrational root of the equation (3.1), then α satisfies

α(xαq +D) = −xℓ, so we can write

α =
0 · αq + (−xℓ)

x · αq +D
.

Here, A = 0, B = −xℓ, C = x yielding ∆ = AD − BC = xℓ+1 and |∆| = |x|ℓ+1.

Assume |α| ≥ |x|−((q−1)ℓ+1). Let P/Q ∈ E. By Lemma 4, we have∣∣∣∣α− P

Q

∣∣∣∣ < |α| =
∣∣∣∣α− A

C

∣∣∣∣
for all P/Q ∈ E \ {0}. Then, in this case, we have

R1 = DP −BQ = DP + xℓQ and S1 = −CP +AQ = −xP.

Using the above setting, since δ1(P,Q) | ∆, we can write δ1(P,Q) = xj where

j ∈ {0, 1, . . . , ℓ+ 1}.
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We observe that x ∤ D. Otherwise, there exists D′ ∈ Fq[x] such that D = xD′.

Then D(0) = 0 ·D′(0) = 0, which is a contradiction. Therefore, gcd(x,D) = 1.

We now show that

δ1(P,Q) = 1 if and only if x ∤ P.

To see this, assume x | P. Then P = xP ′ for some P ′ ∈ Fq[x]. Since R1 = DP +

xℓQ = x(DP ′ + xℓ−1Q), we get x | R1. Likewise, S1 = −xP, so x | S1, and hence

x | gcd(R1, S1), i.e., δ1(P,Q) ̸= 1. To prove the converse, assume δ1(P,Q) ̸= 1.

Since δ1(P,Q) | ∆, we write δ1(P,Q) = xj for some j ∈ {1, 2, . . . , ℓ + 1}. Then

R1 = xjR′
1 and S1 = xjS′

1. Since S1 = −xP , we obtain xjS′
1 = −xP , and hence

P = −xj−1Q′
1, i.e., x

j−1 | P. For j ∈ {2, 3, . . . , ℓ+1}, we have x | xj−1 so that x | P.
For j = 1, we have δ1(P,Q) = x. Then x | R1, i.e., x | DP + xℓQ. Since x | xℓQ, we

get x | DP. As gcd(x,D) = 1, it follows that x | P . Therefore, δ1(P,Q) = 1 if and

only if x ∤ P.
Next, we show that for all 1 ≤ j ≤ ℓ− 1, we have

δ1(P,Q) = xj if and only if xj | P, xj+1 ∤ P.

To prove this, let 1 ≤ j ≤ ℓ − 1. Assume δ1(P,Q) = xj . Then xj | R1, i.e.,

xj | DP +xℓQ. Since xj | xℓ, we have xj | xℓQ, so xj | DP. Since gcd(xj , D) = 1, we

see that xj | P. Next, we suppose that xj+1 | P. Since xj+1 | xℓ and R1 = DP+xℓQ,

it follows that xj+1 | R1. Likewise, since S1 = −xP and xj | P , we have xj+1 | S1.

Hence, xj+1 | gcd(R1, S1) = δ1(P,Q), contradicting δ1(P,Q) = xj . Therefore,

xj+1 ∤ P . Conversely, assume that xj | P and xj+1 ∤ P. Since R1 = DP + xℓQ

and S1 = −xP , we get xj | R1 and xj | S1. Then xj | δ1(P,Q). Next, we suppose

that xj+1 | δ1(P,Q). Then xj+1 | R1, i.e., x
j+1 | DP + xℓQ. Since xj+1 | xℓ, we

have xj+1 | DP , but gcd(x,D) = 1 yielding xj+1 | P, a contradiction. Therefore,

xj+1 ∤ δ1(P,Q). Since δ1(P,Q) is a power of x, we conclude that δ1(P,Q) = xj .

To finish the proof, consider three possible cases.

Case 1. j = 0, i.e., δ1(P,Q) = 1. We have x ∤ P. So the constant term of the

polynomial P is nonzero, say c0. Moreover, since S′
1 = S1 and S1 = −xP , it follows

that S′
1 is of the form S′

1 = . . .−xc0. Therefore, S
′
1 is not a qth power, so by Lemma

5, we have

|bα(P,Q)| < |x|ℓ+1.

Case 2. δ1(P,Q) = xj where j ∈ {1, 2, . . . , ℓ − 1}. We have xj | P and xj+1 ∤ P.
Since S1 = S′

1x
j and S1 = −xP ,

S′
1 = −x1−jP = −x

(
P

xj

)
.

Since x is irreducible and P/xj is not divisible by x, we see that S′
1 cannot be a qth
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power. Hence, by Lemma 5, we have

|bα(P,Q)| < |x|ℓ+1.

Case 3. δ1(P,Q) = xj where j = ℓ or ℓ+ 1. Write S1 = xjS′
1 and R1 = xjR′

1 such

that x ∤ R′
1 and x ∤ S′

1. The equation (3.11) becomes

|S′
1α

q −R′
1| = |x|ℓ−2j+1|bα(P,Q)|−1|S′

1|−1.

Since |x|ℓ−2j+1|bα(P,Q)|−1 < 1, we see that R′
1/S

′
1 is a convergent of αq by Lemma

3. Hence, by Lemma 2, there exist U, V ∈ Fq[x] such that Uq = R′
1, V

q = S′
1, and

|V α− U | = q

√
|x|ℓ−2j+1|bα(P,Q)|−1|V |−1.

Again, since q
√
|x|ℓ−2j+1|bα(P,Q)|−1 < 1, by Lemma 3, U/V is a convergent of α .

Since |V α− U | = 1/|bα(U, V )||V |, we have

|bα(U, V )| = q

√
|x|2j−ℓ−1|bα(P,Q)|. (3.12)

Let U1 := DU + xℓV and V1 := −xU. Set U1 = U ′
1δ1(U, V ) and V1 = V ′

1δ1(U, V ),

where δ1(U, V ) = gcd(U1, V1). Since x ∤ R′
1, we get x ∤ U. Then δ1(U, V ) = 1. By

the same proof as in Case 1, we have V ′
1 is not a qth power. Also, by Lemma 5, we

have that

|bα(U, V )| < |∆||δ1(U, V )|−2.

Since δ1(U, V ) = 1, we see that

|bα(U, V )| ≤ |x|ℓ.

By Equation (3.12), we can conclude that q
√
|x|2j−ℓ−1|bα(P,Q)| ≤ |x|ℓ, i.e.,

|bα(P,Q)| ≤ |x|ℓ−2j+1|x|qℓ = |x|(q+1)ℓ−2j+1,

and so

|bα(P,Q)| ≤ |x|(q−1)ℓ+1.

The three cases show that α has bounded partial quotients.

As a corollary of Theorem 5, we re-obtain a result of Baum and Sweet by taking

q = 2 and D = 1.

Corollary 2 ([2, Theorem 1, p. 598]). Assume α ∈ F2((x
−1)) is a root of the

irreducible equation

xT 3 + T + x = 0.

Then α has bounded partial quotients with bounded degree at most 2.
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The method developed at the beginning of this section also gives a criterion for

formal Laurent series to have unbounded partial quotients. Let

F =

{
P

Q
∈ E :

∣∣∣∣α− P

Q

∣∣∣∣ < ∣∣∣∣αq +
D

C

∣∣∣∣1/q
}
.

Recall the following lemma of Lasjaunias [4].

Lemma 8 ([4]). Let α be an irrational element in Fq((x
−1)) satisfying

α =
Aαq +B

Cαq +D

where ∆ = AD −BC ̸= 0. Suppose that there exists P/Q ∈ F such that∣∣∣∣α− P

Q

∣∣∣∣ < |∆|
1

q−1 |Cαq +D|
2

q−1 and |bα(P,Q)| > |∆|
1

q−1 .

Then α has unbounded partial quotients.

We now state and prove our last main result.

Theorem 6. Assume α ∈ Fq

(
(x−1)

)
is an irrational root of the equation

xT q+1 +DT + xℓ = 0,

where ℓ ≥ 1, and D ∈ Fq[x] is such that D(0) ̸= 0. If |α| < |x|−((q−1)ℓ+1), then α

has unbounded partial quotients.

Proof. Assume |α| < |x|−((q−1)ℓ+1) < 1. By Lemma 4, we have

|α| =
∣∣∣∣α− P0

Q0

∣∣∣∣ = 1

|bα(P0, Q0)||Q0|2
.

Therefore,

|bα(0, 1)| = |bα(P0, Q0)| = |α|−1 > |x|(q−1)ℓ+1.

Clearly, |bα(0, 1)| satisfies the second condition in Lemma 8 because

|x|(q−1)ℓ+1 > (|x|ℓ+1)
1

q−1 = |∆|
1

q−1 .

It remains to show that P0/Q0 is in F and satisfies the first condition in Lemma 8.

Since |α| < |x|−((q−1)ℓ+1) < 1, we have

|xαq| < |x|−(q(q−1)ℓ+q)+1 < 1.

Since |D| ≥ 1, we have |xαq| < |D|, so that

|xαq +D| = |D|. (3.13)
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It follows that |αq +D/x| = |D|/|x| ≥ |x|−1, and thus∣∣∣∣αq +
D

x

∣∣∣∣ 1
q

≥ |x|−
1
q > |x|−((q−1)ℓ+1) >

∣∣∣∣α− P0

Q0

∣∣∣∣ .
Hence, P0/Q0 ∈ F. From (3.13), we have |xαq +D|2/(q−1) = |D|2/(q−1) and so

|∆|
1

q−1 |xαq +D|
2

q−1 > |x|−((q−1)ℓ+1) > |α|,

i.e., P0/Q0 ∈ F satisfies the first condition in Lemma 8. Therefore, the partial

quotients of α are unbounded.

Applying Theorems 5 and 6 to the case q = 2, we obtain the following result of

Lasjaunias.

Corollary 3 ([4]). Let ℓ ∈ N and let D ∈ F2[x] be such that D(0) = 1. If α ∈
F2

(
(x−1)

)
is an irrational root of the equation

xT 3 +DT + xℓ = 0,

then

i) for |α| ≥ |x|−(ℓ+1), the partial quotients of α are bounded by |x|ℓ+1;

ii) for |α| < |x|−(ℓ+1), the partial quotients of α are unbounded.
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