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Abstract

Finding distributions of statistics in pattern-avoiding permutations has attracted
significant attention in the literature. In particular, partially ordered patterns
(POPs) have been extensively studied in various contexts. In this paper, we extend
the study of POPs to the domain of king permutations, introduced by Riordan in
1965 and later explored in a series of papers. A permutation oi0s-- -0y, is called
a king permutation if |o;41 — ;| > 1 for each 1 < ¢ < n — 1. As the main results
of this paper, we derive closed-form expressions for the generating functions that
simultaneously account for four permutation statistics: ascents, descents, left-to-
right maxima (or left-to-right minima), and right-to-left maxima (or right-to-left
minima), on king permutations avoiding any flat POP of size 4. As a special case,
we provide distributions of descents over length-4 flat POP-avoiding king permuta-
tions. Moreover, we discuss several restrictions that result in the non-existence of
king permutations satisfying them. In particular, we note that no separable king
permutations exist.

1. Introduction

A permutation of length n is a rearrangement of the set [n] = {1,2,...,n}. Let
Spn be the set of all permutations of [n], and & be the empty permutation. A
permutation o = oi09---0, € S, avoids a pattern P = PP, --- P, € Si if no
subsequence 0,04, - - - 0y, has the property that o;, < 0y, exactly when P; < Pp,.
For example, the permutation 41235 avoids the pattern 321. Let S, (P) denote
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the set of permutations in S,, that avoid pattern P. Let ¢" = ¢,0,_1--01 and
0= (n+1-01)(n+1—09)---(n+1—0y,) denote the reverse and complement of o,
respectively. For example, (2341)" = 1432 and (2341)°¢ = 3214. If ¢ is any sequence
of distinct numbers, then the reduced form of o, denoted as red(o), is constructed
as follows: we replace the smallest element in ¢ with 1, the second smallest element
with 2, and continue this process inductively. For instance, if ¢ = 3524, then
red(o) = 2413.

For a permutation ¢ = o1---0, € S, and 1 < ¢ < n — 1, we say that 7 is
an ascent (resp., descent) in o if o; < 0441 (resp., o; > 0;41). We denote the
number of ascents (resp., descents) in o by asc(o) (resp., des(c)). Moreover, an
element o; in o is a right-to-left maximum (resp., left-to-right mazimum) if o; is
greater than any element to the right (resp., to the left) of it. We use rmax (o) and
lmax(o) to denote the number of right-to-left maxima and left-to-right maxima in o,
respectively. Analogously, an element o; in o is a right-to-left minimum (resp., left-
to-right minimum) if o; is smaller than any element to the right (resp., to the left)
of it. We use rmin(o) and lmin(o) to denote the number of right-to-left minima and
left-to-right minima in o, respectively. In this paper, “g.f.” stands for “generating
function”.

1.1. Partially Ordered Patterns

A partially ordered pattern (POP) P of length k is defined by a k-element partially
ordered set (poset) M labeled by the elements in {1,...,k}. An occurrence of the
POP P within a permutation o = o109 - -0y, is a subsequence o;, - - - 0;, , subject
to the conditions that 1 <i; < --- < < n and 0y, < 0y, if and only if the label
j is less than the label m in the poset M. For example, the POP

occurs two times in the permutation 24135, namely, as the subsequences 241 and
413. Clearly, avoiding P is the same as avoiding the patterns 231, 312, and 321 at
the same time. POPs of the form in Figure 1 are flat POPs, and they are of interest
in our paper. POPs have been studied in different contexts in permutations; see
[4, 6, 8, 12, 13, 15, 14, 17, 20, 21].

Figure 1: The form of flat POPs.
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1.2. Separable Permutations

The separable permutations are those which can be built from the permutation 1
by repeatedly applying the direct sum @ and skew sum © operations [7]. Bose,
Buss and Lubiw [5] introduced the notion of separable permutation in 1998, and
it is well-known [16] that the set of all separable permutations of length n > 1 is
precisely S, (2413,3142). Separable permutations appear in the literature in various
contexts (see references in [7]).

Any o € 5,(2413,3142) has the following structure (see also Figure 2 for a
schematic representation, where a permutation is viewed as a diagram with a dot
in position (i,0;) for each element o; of o):

oc=LiLs---LyynRyRy—1 -+ Ry
where

e for 1 <i<m, L; and R; are non-empty (# €), with possible exception for L
and R,,, separable permutations which are intervals in o (that is, consist of
all elements in {a,a +1,...,b} for some a and b);

e [1 <R <Ly<Ry<---< Ly <R, where A < B, for two permutations
A and B, means that each element of A is less than every element of B. In
particular, Ly, if it is not empty, contains 1.

For example, if 0 = 2165743 then L, = 21, L, = 65, Ry = 43, and Ry = «.

1.3. King Permutations

A permutation o € S, is a king permutation, or a king n-permutation, if |0;41 — o;| >
1foreach 1 <i<n-—1. Let K, (resp., K,,(P)) be the set of all king n-permutations
(resp., avoiding a pattern P). Let K(P) := U,>0K,(P). King permutations were
studied in the literature in [1, 2, 9, 11, 18, 19]. Let A, be the number of all
king n-permutations. Riordan [19] derived a recurrence relation for A, in 1965:
A():Al:L A2:A3:0, andforn24,

An=Mm+1DA1—(n—2)A,_2—(n—5)An_3+ (n—3)A,_a4.
The initial values for A,, are

1,1,0,0,2, 14,90, 646, 5242, 47622, 479306, 5296790, 63779034, . . . .
It is known [9] that for n > 4,

A, =l + ;(—1)’f y (’;:11) (" - k) 2 (n — k).

i=1
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— possibly empty || !

Figure 2: A schematic view of the permutation diagrams corresponding to separable
permutations. Each L; and R; is a separable permutation.

Moreover, Flajolet and Sedgewick [11] showed that

A(t) — ZAntn — Z M

n>0 n>0 (1 + t)n

1.4. Results in This Paper

As the main results of this paper, we derive closed-form expressions for the gener-
ating functions

Ap = Ap (-’137]77 q,u, ’U) — Z Z xnpasc(a)qdes(o)ulmax(o)vrmax(o)
n>0o0ecK, (P)

and

AP = AP(.T,]), 4,8, t) — Z Z xnpasc(o)qdes(a)slmin(a)trmin(o)’
n>0o0€ecK, (P)

where P € {Py, Py, P3, P,} for Ap (resp., P € {Q1,Q2,Q3,Q4} for Ap), and the
patterns are given in Table 1 along with references. We only need to consider
two cases given by Theorems 3 and 4; all other cases can be obtained by applying
reverse and complement operations and renaming variables in Ap. As numerous
specializations of our results, in particular, we give distributions of descents over
K(P) for length-4 POPs. Moreover, in Section 2.1, we discuss several restrictions
that result in the non-existence of king permutations satisfying them. In particular,
we show that no separable king permutations exist.
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Name POP P Reference Name POP P Reference
2 3 4 1
P \V Theorem 3 Q1 /I\ Corollary 2
1 2 3 4
13 4 2
Py \V Theorem 4 Q2 /I\ Corollary 5
2 13 4
12 4 3
Ps \V Corollary 4 Q3 /I\ Corollary 6
3 12 4
12 3 4
Py \V Corollary 1 Qa /I\ Corollary 3
4 12 3

Table 1: The POPs for which we derive joint distributions of 4 statistics.

2. Pattern-Avoiding King Permutations

2.1. Non-Existence Results for King Permutations

Theorem 1. For n > 2, we have K,(P) = 0 for P in the set

2 31 31 2 1 2 3 2 3
{127217132,213,231,312,V,V,V,A7A,A,I .71 o’
1 2 3 1 2

2 31 31 2 13

N O=—@ o

?}'

Proof. The statement is clear for a length-2 pattern, since the only permutation
avoiding it is not a king permutation.

Next, note that the reverse and/or complement of a king permutation is a king
permutation. Additionally, if P is a POP in the set, then its avoidance involves
avoidance of a non-monotone length-3 pattern. Hence, it is sufficient to prove the
statement for P = 132. We do it by induction on n with easily checkable base cases
n = 2,3,4 (no king permutation exists for n = 2,3 and each king permutation of
length 4 contains one occurrence of P). Now, if n > 5 and o = o'no” € K, (132)
then every element in o’ is larger than any element in ¢”. Hence, o’ (after reducing
its elements) and ¢’ are 132-avoiding king permutations of smaller size, and at
least one of them is of size at least 2. However, by the induction hypothesis, such
permutations do not exist, which completes the proof of our theorem. O

Remark 1. Note that P-avoiding king permutations for P € {123,321} exist (see
Problem 1 in Section 3).

The following result appears as Theorem 3.10 in [1], but we provide an alternative
proof.

Theorem 2 ([1]). No separable king permutations of length n > 2 exist.
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Proof. We prove the statement by induction on n. No king permutation of length
n = 2,3 exists, and both king permutations 3142 and 2413 are the forbidden pat-
terns in separable permutations. Suppose now that n > 5. Referring to the struc-
ture of separable permutations in Figure 2, we can assume that in a given separable
king permutation o, R, is non-empty (if R,, = 0, we can proceed similarly with
L, # 0). The length of R,, must be at least 4, or else o cannot be a king permuta-
tion. But by the induction hypothesis, no R,, can exist, which completes the proof
of our theorem. O

Remark 2. Note that Baxter king permutations exist (see Problem 2). Baxter
permutations are a natural superset of non-separable permutations (see Section 3
for a precise definition).

2.2. King Permutations in K, (P1), Kn(P4), Kn(Q1), K.(Q4)

2 3 4
Theorem 3. For P, =N}/, we have
1

Ap = 3, (1)

ol

where
A =—1—uvz + pquz® + (pg*v + pquv?)z® + (p*¢*v® + pgv® + pg®uv® — p?que® — pgPuie?)z*

1 (p2¢30? — p2quv? + 2p2¢30% + pgvd — 2p?¢2ued — pgPue®)zd

+ (2p2q47}3 _ 2p2q3u2v3 +p2q4v4 _p2q3u2v4)$6 + (p2q5v4 _ p2q4u2v4)$7;

B = —1+4pguz” + pg*va® + (p°¢*® + pg®v?)a? + (p°¢*v® + 2p°¢*0® + pg*v?)a®
+ (2p2q41}3 +p2q4’U4)l‘6 + p2q5v4x7.

Proof. We define the following g.f.’s:

BP1 _ Z Z xnpasc(a) qdes(o')ulmax(a),vrmax(a);
n>1loceK, (P1)

On=

OP1 _ Z Z JL,npasc(cr) qdes(a)ulmax(a)vrmax(o’);

n>2c0€K,(P1)
on—1=1

Dp, = Z Z xnpasc(a)qdes(o)ulmax(a)vrmax(a).
n>3ocecK, (P1)
op—2=1
Let 0 = 01090, € K,(P1). When n = 0, the empty permutation £ makes
a contribution of 1 to the function Ap,. When n = 1, the only permutation 1
contributes the term wvz to Ap,. For the lengths n = 2 and n = 3, no king
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1
Figure 3: Related to case (b) in the proof of Theorem 3

permutation exists. For n > 4, to avoid the POP P, it is necessary that either
on=1,0,-1=1,0r 0, 5 =1. Otherwise, the element 1, along with some elements
to its right, will form an occurrence of P;. Hence, we have

Ap, =1+ uwvx + Bp, —uvx + Cp, + Dp,,

which leads to
Aplprlfcpl 7Dp1 = 1. (2)

For n > 1, we now proceed to consider three distinct scenarios.

Case 1: o, = 1. We have 0 = 0’1, where red(¢’) € A,,_1(P1) and ¢’ does not
end with 2. For n = 1, the sole permutation results in the term wvz. Let n > 2.
Clearly, king permutations either end with the smallest element or do not end with
the smallest element. So, the g.f. for o’ is Ap, — Bp, — 1. Also, o,, contributes quz,
since it is a right-to-left maximum and forms a descent with ¢,_;. Hence, the g.f.
for such o’s is

Bp, = wvx + quz(Ap, — Bp, — 1),

which leads to
quzAp, — (1 + quz)Bp, = qur — uvzx. (3)

Case 2: 0,-1 = 1. We consider the following way to form o. Take a permutation
T =mm  Mp_1 € Sp_1 and insert the element 1 into it as shown in Figure 3. As
a result, we obtain o = (m + 1)(me + 1) -+ (mp—2 + 1)1(mp—1 + 1).

For o to be a king permutation avoiding P;, m must avoid P;. Also, we must
have 7, _o # 1 and 7,1 # 1, which implies that m,,_3 = 1.

Moreover, we can conclude that m, 1 = 2. Indeed, otherwise, because 1 and 2
cannot be adjacent in m, 27, _4m,_om,_1 forms an occurrence of P;.

4

When n = 4, the term corresponding to o = 2413 is p?qu?v22*. We consider two

subcases for n > 5.

Subcase (i): 7 is a king permutation. Given that 7,3 = 1 and 7 € K,_1,
the g.f. for such 7’s is Dp,. When we insert the element 1 into m, the element 1
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L] L]
Ld
o Ld
L] L]
L] L]
1 1
MTp—3 > Tp—2 Tp—3 < Tp—2

Figure 4: Related to case (c) in the proof of Theorem 3

contributes a factor of px. Consequently, the corresponding g.f. for o is

Z xnpasc(a)qdes(o)ulmax(a)vrmax(a) _ pl’DPl )
n>>5

Subcase (ii): 7 is almost a king permutation, that is, |m;41 — ;| > 1 for each
1<i<n-3and |mr,—1 — 2| = 1. We have that 7 = mym9 - - - 7,-4132. The con-

2,,2,.4

tribution of the last four elements 2413 in o is p?q®v?2?, and the g.f. for 70 - - - T4

is Ap, — 1. Thus, the corresponding g.f. for o is
Z :L,npasc(o)qdes(a)ulmax(a)vrmax(a) — 1)2(12,1}2.,174(14131 _ 1>.
n>5
Summarizing the two cases above for o,_1 = 1, we have
Cp, = p*qu*v*z* + pxDp, + p*v*2*(Ap, —1).
After rearranging, we obtain:

p2®v?xtAp, — Cp, + pxDp, = p**v’a* — pPquv?a’. (4)

Case 3: 0,_2 = 1. Consider inserting 1 into 7 = mymy -+ 7Tp_1 € Sp—_1 as shown
in Figure 4. After this insertion, the permutation becomes

c=(m+1)(ma+1) - (mp_s+ Dl(mp_2+ 1)(mn_1 +1).

Since 7w must avoid Py, and 7,_2 # 1 and 7,_3 # 1, it follows that m,_1 = 1.

For n = 4, the term associated with o is pg>u?v?z*. For n = 5, we have o = 35142
or o = 53142 contributing the terms p?q?u?v3z® and pguvix®, respectively. For
n > 6, we consider the following two subcases depending on whether 7 is a king

permutation or not.

Subcase (a): For a king permutation 7, assume m = 7’1, and the contribution of
the element 1 to 7 is qux.
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When 7,5 > m,_2 (as shown schematically in Figure 4 to the left), it is required
that m,_4 = 2. Otherwise, the element 2, along with the three elements to its right,
will form an occurrence of the pattern P;. The g.f. for such 7’ is Dp,. Thus, the
g.f. for 7 is quaDp,. After inserting the element 1 into 7, the contribution of the
inserted element 1 to m is px. Therefore, the corresponding g.f. for ¢ is

E xn asc(o) des(a)ulmax(a)vrmax(a) _ pq’UI2DP1 )
n>6

Likewise, when m,_3 < m,_2 (as shown schematically in Figure 4 to the right), we
can conclude that m,_3 = 2. Then, the g.f. for 7’ is Cp,. As a result, the g.f. of 7 is
quzCp,. After inserting the element 1, the contribution of this 1 to the permutation
7 is qz. So, the g.f. for o is

Zmn asc(o) des(a)ulmax(a)vrmax(a) _ q2U$20P1.
n>6

Subcase (b): 7 is almost a king permutation. Specifically, 7 satisfies |m; 11 — m;
> 1 for every 1 <1i <n — 2, with the sole exception that |7,_s — 7,—3| = 1.
When 7,,_3 > 7,2 (as shown schematically in Figure 4 to the left), it is necessary
that m,_4 = 2 and 7,_o = 3. Otherwise, the element 3 will combine with three
elements to its right to form the pattern P;. In this situation, 7 can be expressed as
T =mmy - Tp—52431. The g.f. for myme - -m,—_5 is Ap, — 1. Hence, after inserting
the element 1 into 7, the contribution of the last five elements 35142 in ¢ is p?g3v32°.

Consequently, the corresponding g.f. for o is

Z xn asc(o) des(a) lmax(a)vrmax(a) — p2q3v3x5(Ap1 _ 1)
n>6

Likewise, when m,_3 < m,_2 (as shown schematically in Figure 4 to the right),
we have m,_3 = 2. Then, 7 takes the form © = w7y - m,_4231. The g.f. for
Ty -+ Tp—q is Ap, — 1 — uvx. Hence, the contribution of the last four elements
3142 in o is pg®v?x*. Thus, the g.f. for o is

Z xnpasc(a)qdes(o)uhnax(a)vrmax(o) _ pq3v2x4(Ap1 1 ’U,’ULL').
n>6

Summarizing the cases above for n > 4, we have
Dp, = pg*u*v’z* + (pg*uv® + p*¢*u’v®)x® + *va*Chp,
+ pquaDp, + p*¢* 0’2 (Ap, — 1) + pg*v*a* (Ap, — 1 — uvz).
After rearranging, we obtain:

(pg’v?a* + p*¢*v°a®) Ap, + ¢*va*Cp, + (pqua® — 1) Dp,

= (pg*v® — pg*uv*)a* + (P*¢*v° — p’Puv®)a’.
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By simultaneously solving Equations (2)—(5), we obtain the desired result. O

1 2 3

Corollary 1. For Py :\V , we have Ap,(x,p,q,u,v) = Ap, (x,q,p,v,u).

4

Proof. By reversing P;-avoiding permutations, we obtain Pj-avoiding permutations
and observe that ascents and descents, as well as right-to-left maxima and left-to-
right maxima, are interchanged under the reversal. O

1

Corollary 2. For @ :A\ , we have Ag, (z,p,q,s,t) = Ap, (2, q,p, $,t).

2 3 4
Proof. By complementing P;-avoiding permutations, we obtain )1-avoiding permu-
tations and observe that ascents and descents are interchanged under the comple-
ment, while right-to-left maxima (resp., left-to-right maxima) are transformed into
right-to-left minima (resp., left-to-right minima). O

4

Corollary 3. For Qs = /)N, , we have Ag,(7,p,q,5,t) = Ap,(2,p,q,1,5).

1 2 3

Proof. By reversing and complementing P;-avoiding permutations, we obtain Q4-
avoiding permutations and observe that ascents and descents remain unchanged
under the composition of these operations, while right-to-left maxima (resp., left-
to-right maxima) are transformed into left-to-right minima (resp., right-to-left min-
ima). O

We end this subsection by providing several specializations obtained by setting
the respective variables in Equation (1) to 1 starting with the generating func-
tion for Pj-avoiding (equivalently, Pj-avoiding, @Qi-avoiding, or Q4-avoiding) king
permutations:

Z Z xn_ —1—I+$2+2I3+I4
1+ 22+ 23+ 224 + 4x5 + 326 + 27

7200k, (Pr)

=1+z+2z" +62° +92° + 122" + 202° + 412° + 80z + - - - ;
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Z Z 2 gdes(@) =

n>0o0€Kn(Py)

11

—1—a+qz’ +q(1+ )z’ + q(¢° + ¢ — Da* + ¢*(¢° + 2¢ — 3)a® + 3¢ (¢ — D)2’ + ¢* (¢ — 1)a”

—1+qa2 + @223 + ¢2(q + 1)z* + ¢3(q + 3)@® + 3¢*ab + ¢a7

Z Z 2P max(e) _

n>0o0€Ky (P)

“1—uz+z?+ (u+1)2®+ 2 +u—2u?)z* +4(1 —u?)z® +3(1 —u?)az + (1 — u2)z7.
—1+4+ 22 + 23 4 22* + 425 + 326 + 27 ’

Z Z xnpasc(a) qdes(a) —

n>0o0€Ky(P)

—1— =z +pgz® + pe(1 + q)z° + pa(p(q — 1) + ¢*)z*
+p(g — 1)¢*(3p + q)2° + 3p* (¢ — 1)¢°x® 4+ p° (¢ — 1)q*2”
—1+p?¢*at(1 4 q)® + pgz? (1 + gz + ¢*a? + ¢°a?)

Z Z gy max(e) rmax(c) _
n>0oc€Kn(P1)

—1 —wvz + vz + v(1 + wv)z® + 02 (2 + u — 2u?)z? + v2(1 + 3v — 3u?v — u?)a®
+03(2 = 202 + v — u?0)z® + v*(1 — u?)a” )
—1 4 vz? + vzd + 20224 + v2(3v + 1)z + v3(2 + v)2b + viax” ’

Z Z znqdes(a)ulnIax(a) _

n>0o0€Kn(P)

-1 —uz +q2® + q(g + vz’ + q (¢ + ¢* + qu — v* — qu®) z*
+4° (¢ +3q — 3u® — qu®) 2° + 3¢%(¢ — u?)z® + ¢* (¢ — v?)z”

—1+q2? + ¢?23 4+ ¢*(1 + q)z* + ¢3(q + 3)2° + 3¢*z® + ¢5a7

2.3. King Permutations in K, (P:), K,(Ps), K,(Q2), K.(Q3)

1 3 4
Theorem 4. For P, z\V', we have
2

A
AP2 = E7
where
A=—-1—uvzr+ (pqu + pquv)ac2 + (quu'u + pqulv + pquzvz)x3
+ (P2Puw + pPquPv — p2PuPo + pPPuv?)at
T (PPu?v + 2P un? + pPPue? — p2?ute?)z® + pPPue?ad;
B = — 1+ (pqu + pquv)z® + p*quuvz® + (p**uwv + pPquv — p?g*u’v + p?¢*uv®)z?

+(p3q2u2v+p2q3u112 +p3q2u2v2)x5 +p3q3u2v2x6.

)
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Proof. We define the following g.f.’s:

BP2 _ Z Z xnpasc(a) qdes(a)ulmax(a)vrmax(o);
n>1oceK, (P2)

on=1

CP2 _ Z Z xnpasc(a) qdes(a)ulmax(a)vrmax(o’);

n>2oc€K,(P2)
on—1=1

DPQ — Z Z xnpasc(a)qdes(o)ulmax(a)vrmax(o).
n>1oceK,(Ps)
o1=1

Let 0 = 0109+ 0y € K, (Py). When n = 0, the empty permutation € contributes
a value of 1 to Ap,. When n = 1, the only permutation with the single element
1 contributes the term wvx to Ap,. For the lengths n = 2 and n = 3, there are
no king permutations. For n > 4, to avoid the POP P,, we must have o, = 1, or
on—1 = 1, or 07 = 1. Otherwise, the element 1, along with some elements to its
right, will result in an occurrence of P,. Note that both Bp, and Dp, count the
permutation 1. Hence, we have

Ap2 =14 Bp, —|—Op2 + Dp, — uvx,

which results in
Ap2—BP2—Cp2—Dp2 =1—uvx. (7)

For n > 1, we now proceed to consider three distinct scenarios.

Case 1: 0, = 1. As discussed in case (a) of Theorem 3, we derive
Bp, = uwvx + qvx(Ap2 — Bp, — 1),

which leads to
qurAp, — (1 + qux)Bp, = qux — uvz. (8)

Case 2: o0,_1 = 1. We consider a permutation 7 = mymy - m,_1 € S,_1 and
insert the element 1 into m as shown in Figure 5. Consequently, we obtain ¢ =
(m+1)(me+1) - (mp_o+ 1)1(mp—1 + 1).

To ensure that ¢ is a king permutation that avoids P», it is necessary for 7w to
also avoid P,. Additionally, we require that m,_o # 1 and m,_1 # 1. This set of
conditions implies that m = 1.

When inserting the element 1, we need to consider two distinct cases: m,_o <
Tp—1 and m,—o > m,—1. To facilitate our analysis, we introduce the following
notation: for o = o1 -+ 0, € K,,(P2), let AL(P,) (resp., A%2(P,)) denote the set of
Py-avoiding king n-permutations where o,,_1 < 0, (resp., 0,1 > 0,,); let D} (P,)
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1 1
Tp—2 < Tp—1 MTp—2 > Tp—1

Figure 5: Related to case (b) in the proof of Theorem 4

(resp., D% (P,)) denote the set of Py-avoiding king n-permutations where o, _1 < o,
(resp., on—1 > 0p) and o1 = 1. The respective g.f.’s (with five variables) are denoted
A}, A3, D}, , and D% . Note that

2 2 2 2

Ap, = 1—|—uvx—|—A};2 —I—A%;,Z.

We will now derive A}, and A%, .

Suppose n > 4. For 0 € AlL(P,), to avoid P, we only need to consider the
two cases of 0y = 1 and 0,1 = 1. When o; = 1, let ¢ = 1o’. Since o9 # 2
and red(c’) € AL_,(P), we must have o,,_; = 2. Hence, the corresponding g.f.
for red(¢’) is Cp,. The element oy = 1 contributes a factor of pux. Then, the
corresponding g.f. for o is puxCp,. When 0,1 = 1, clearly, the corresponding g.f.
for o is Cp,. Consequently, we obtain

A};z =puxCp, + Cp,,

or

Ab, = (1+ pu)C,. (9)

Similarly, for o € A2 (P), we have to focus only on two cases: o; = 1 and o, = 1.
When o1 = 1, let 0 = 10’. Since o3 # 2 and red(c’) € AL_,(P»), we must have
o, = 2. Hence, the corresponding g.f. for red(¢’) is Bp, — uvx. The element o7 =1
contributes a factor of puz. Then, the corresponding g.f. for o is puz(Bp, — uvz).
When o,, = 1, clearly, the corresponding g.f. for ¢ is Bp, — uvz. Consequently, we
have

A}, = pux(Bp, — wz) + Bp, — uvz,

or
A}, = (14 puz)(Bp, — uoz). (10)

Next, we will derive Dp, and D7, .

Suppose n > 4. For o € D} (P,), because o1 = 1, we have o9 # 2 and hence the
g.f. for o303+ 0y is Ap, — Dp,. The element oy = 1 contributes a factor of puz.
Hence,

D}, = pus(A}, — Db,). (11)
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Similarly, for o € D%(P,), we have
D3}, = puz(A}, — Dp,). (12)

When n = 4, the only permutation, o = 2413, contributes the term p?qu?v?z?

to Cp,. We consider two subcases for n > 5:

Subcase (i): m is a king permutation. Given that m; = 1, the contribution of
the inserted element 1 to Dp, (resp., D%,) is gz (resp., px). Consequently, the
corresponding g.f for o is

Z xn asc(o) des(o)ulmax(a)vrmax(g) — qull32 + pr%)Q
n>5

Subcase (ii): = is almost a king permutation, that is, if |m;11 — ;| > 1 for each
1<i<n-3and |m,—1 — mh_2| = 1. We consider the following subcases.

When 7,,_9 < m,-1 (as shown schematically in Figure 5 to the left), we can
conclude that m,_o = 2. Otherwise, the element 2, along with the three elements
to its right, will form an occurrence of the pattern P,. Then, w can be expressed as
m = 1lmg---m,_323. The g.f. for moms - --m,_3 is Ap, — 1. Hence, after inserting the
element 1 into 7, the contribution of the last three elements 314 in ¢ is pg?va?® and
the contribution of the first number o7 = 2 is pux. Thus, the corresponding g.f. for
o is

Z :Cn asc(o) des(a)ulmax(a)vrmax(a) _ pzqzuvx4(Ap2 o 1)

n>5
Likewise, when m,_o > m,_1 (as shown schematically in Figure 5 to the right), it
is necessary that m,_; = 2. Hence, 7 can be expressed as m = 1lmg - - - m,-332. The
contribution of the last two elements 13 in o is pgva?, and the contribution of the
first number o1 = 2 is pux. The g.f. for o903 - -- 0,24 is Bp, —uvz. Consequently,
the corresponding g.f. for o is

Z xn asc(o) des(cr)ulmax(o),urmax(a) _ pQ(JU’UZ'B(BP2 _ UUZU).
n>5
Therefore, when n > 4,
Cp, = p2quiva?t + qu};Q +pa¢D}2>2 +p2q2uvz4(Ap2 — 1) + p*quva®(Bp, — uvz),
which leads to

quzuvx4Ap2 + quuvasz —Cp, + q:EDllg2 + prIQ32 = p?Puvz?. (13)

By simultaneously solving Equations (9)—(13), we obtain

pquz?

1 +pum) Ap, + (pQU.’L‘Q + p?quuz® — pquxQ)sz —Cp,

(p2q2uvx4 +
(14)

2 10130, 2
usvx® — pqur
= p*u*vr® + p?Puvat — ra Pa
1+ pux
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Case 3: o1 = 1. We have 0 = 1o/, where red(¢’) € A,—1(P2) and ¢’ does not
begin with 2. For n = 1, the sole permutation results in the term uwvz. Let n > 2.
Clearly, king permutations either begin with the smallest element or do not. So,
the g.f. for o’ is Ap, — Dp, — 1. Also, o1 contributes puz, since it is a left-to-right
maximum and forms an ascent with oo. Hence, we obtain:

Dp, = wz + puz(Ap, — Dp, — 1),
which leads to

purAp, — (14 pux)Dp, = pux — uvz. (15)

By simultaneously solving Equations (7), (8), (14), and (15), we obtain the de-

sired result. O
1 2 4

Corollary 4. For P3 =N}/ , we have Ap,(z,p,q,u,v) = Ap,(z,q,p,v,u).

3
Proof. By reversing P>-avoiding permutations, we obtain P3-avoiding permutations
and observe that ascents and descents, as well as right-to-left maxima and left-to-
right maxima, are interchanged under the reversal. O

2

Corollary 5. For Qs :A\ , we have Ag,(z,p,q,8,t) = Ap,(2,q,p,s,t).
1 3 4
Proof. By complementing P»-avoiding permutations, we obtain QQ2-avoiding permu-
tations and observe that ascents and descents are interchanged under the comple-
ment, while right-to-left maxima (resp., left-to-right maxima) are transformed into
right-to-left minima (resp., left-to-right minima). O
3

Corollary 6. For Q3 = /), , we have Ag,(7,p,q,5,t) = Ap,(2,p,q,t,5).

1 2 4
Proof. By reversing and complementing P»-avoiding permutations, we obtain Q3-
avoiding permutations and observe that ascents and descents remain unchanged
under the composition of these operations, while right-to-left maxima (resp., left-

to-right maxima) are transformed into left-to-right minima (resp., right-to-left min-
ima). O

We end this subsection by providing several specializations obtained by setting
the respective variables in Equation (6) to 1, starting with the generating func-
tion for Ps-avoiding (equivalently, P3-avoiding, Qs-avoiding, or @Qs-avoiding) king
permutations:

Z Z L= —14+z4+z2 4zt
-1+ 2z — 22 + 23 4 o4

n>0c€ec Ky, (P3)

=1+z+z"+32° +52° + 82" + 152° + 302° + 582" + - - - ;
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(1+2) (=14 ¢°z" + ¢°2° + ¢z (2 + 2))

Z Z g des(o) — .
_ 355 2 4 2 2y’
"S00cin(Py) 1+ ¢3z5(1 4+ z) + ¢?z4(1 + 2z) + qz2(2 + = + z2)

Z n_ Imax(o) —1—udz® +u223(2 4 222 4+ 23) + ur (=14 2z + 22 + 223 + %)
z"u = :
SoecknPy) —14+u2z52+ z) + uz?2(2 + = + 222 + 23)

Z Z wnpa:;c(o)qdes(a) —

n>00€Kn (Pg)

—1 —a +2pga® + p(2+ p)gz’ + p’q(p + @)z’ +p’¢* (=1 4+ 2p + 9)z° + p°¢°2°®
=1+ 2pqz? + p3qzt(1 + qx)? + p2qz3(1 + gz + ¢222) ’

Z Z 2y max(o)  rmax(e) _

n>0o0€Kn(P)

—1 — w022’ +u2uad (14 22 + o1 + 22 4+ 2%)) + va(z + 0223 (1 + z) + v(=1 + = + 2% + z2)) )
—1 4 u2vz®(1 + v + vz) + uz2(1 + v222(1 + z) + v(1 + = + z2)) ’

Z Z andes(a)ulmax(a) _ (1 + um)(fl - 42(*2 + U)UI4 + q3uz5 + qux2(2 + m))
—1 4 @Buxd(1 + uz) + qua? (2 + = + ux?) + q2uzt(2 + u(—1 + 2z))

n>0o0€Knp (Pg)

3. Concluding Remarks

In this paper, we derive generating functions involving four statistics for POP-
avoiding king permutations. In particular, from our results we learn that the POP

2 3 4 1 3 4
P, =N}/ appears to be easier to avoid than the POP P, =N}/, in the sense
1 2

that the number of Pj-avoiding permutations is greater than that of Py-avoiding
permutations. We note that controlling additional statistics proved to be challeng-
ing in the context of pattern-avoiding king permutations. In particular, using our
approach for the patterns P;’s, we were unable to control the statistics left-to-right
minima, right-to-left minima, valleys, peaks, double ascents, and double descents.
We leave adding additional statistics to our enumerative results as an open direc-
tion for future research.

Additionally, we state the following open problems, the first one of which is
related to Remark 1. Note that the existence of an arbitrarily 321-avoiding king
permutation of length n > 4 follows from the fact that 2413 is such a permutation
that does not begin (resp., end) with the smallest (resp., largest) element, allowing
us to use the direct sum @ to concatenate any number of such permutations, which
will result in a 321-avoiding king permutation.

Problem 1. Enumerate 123-avoiding (equivalently, 321-avoiding) king permuta-
tions. The respective sequence is 1,1,0,0, 2,6, 13, 30, 76,198,518, .. ., for n > 0.

For the following problem, recall that Bazter permutations are permutations that
avoid the vincular patterns 2413 and 3142 simultaneously, where the elements cor-
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responding to the underlined elements must stay together in any occurrence of such
a pattern. Clearly, non-separable permutations are a subset of Baxter permuta-
tions. Note that the existence of an arbitrarily long Baxter king permutation of
length n > 6 follows from the fact that 25314 is such a permutation that does not
begin (resp., end) with the smallest (resp., largest) element, allowing us to use the
direct sum @ to concatenate any number of such permutations, which will result in
a Baxter king permutation.

Problem 2. Enumerate Baxter king permutations. For n > 0, the corresponding
sequence is 1,1,0,0,0, 2,8, 32,120,468, 1858, .. ..

The following problem deals with a subset of Baxter permutations that is a super-
set of non-separable permutations. This set of permutations has been considered in
[10] in connection with the so-called /3(1,0)-trees, which are in turn linked to planar
maps. Arbitrarily long permutations in the set exist for the same reason as above
for Baxter permutations.

Problem 3. Enumerate king permutations that avoid simultaneously the patterns
2413 and 3142. The corresponding sequence begins, forn > 0, with 1,1,0,0,0, 1,4, 14,
46,151,500, .. ..

Finally, the following problem deals with Schrdder permutations, which are per-
mutations that avoid both the patterns 4132 and 4231 simultaneously [3].

Problem 4. Enumerate king permutations that avoid simultaneously the patterns
4132 and 4231. The corresponding sequence begins, for n > 0, with 1,1, 0,0, 2, 8, 26,
88,310,1116,4078, .. ..
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